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PREFACE 


The present volume contains the more advanced parts of the 
differontial and integral caloulus, dealing mainly with functions 
of several variables As in Volume I, I have sought to make 
defimtions and methods follow naturally from mtutive ideas 
and to omphasize thoir physical interpretations—aims which 
are not at all incompatible with mgour. 

I would impress on readers new to tho subject, oven more 
than I did in tho proface to Volume I, that thoy aro not expeoted 
to read a book like this conseoutively ‘Those who wish to got a 
rapid gip of the most essential matiors should bogm with 
Chaptor IT, and next pass on to Chapter IV, only thon should 
thoy fill in the gaps by reading Chaptor IIT and the appondices 
to the various chapters. It 1s by no moans neoossary that thoy 
should study Chaptor I systomatically in advance. 

The English edition diffora from the Gorman in many dotails, 
and contains a good deal of additional mattor, In particular, 
the chapter on diflerential oquationa has boon greatly oxtonded, 
Chapters on the caloulus of vanations and on functions of a 
complex variable have been added, as woll as a supplomont on 
real numbers 

T havo again to express my very coidial thanks to my German 
publisher, Julius Springor, for his genorous attitude in con- 
sonting to the publication of the English odition. T havo also 
to thank Blackie & Son, Ltd, and their stall, eapocially Miss 
W Mz. Deans, for co-operating with mo and my assistants and 
rolioving mo of a considerable amount of proof roading. Finally, 
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J must express my gratitude to the fiionds and colleagues 
who have assisted me in preparing the manuscript for the press, 
reading the proofs, and collecting the examples, m the first place 
to Dr Fritz John, now of the University of Kentucky, and to 
Miss Margaret Kennedy, Newnham College, Cambiidge, and also 
to Dr. Schonberg, Swaithmore College, Swaithmore, Pa 
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CHAPTER f 


Preliminary Remarks on Analytical 
Geometry and Vector Analysis 


In tho mbeorpretalion and apphoation of tho mathomatioal facts wich 
form tho main subjcat of this sccond volume it 18 ofton convenient to use 
the simple fundamontal concopta of analytionl geometry and veotor 
analysis ITence, oven though many roadois will aliendy have «a certam 
lImowledge of these subjcats, 1¢ sooms advisable to summatizo then olomenta 
ma bnef miuoduotory chapter, This 


chapter, howeve1, necd not be studied 2 
before the rest of the book 18 road; tho B 
roade: 18 advised to refer to tho facta oy iar 
collected hore only when ho finds tho ra / Ps 
need of thom in studymg the Inter parts vd Ne 

of the book gS 


1 

| 

1 Rueoraneurar Co-orDINATES 
AND Vorors ! 
I 

| 

" 


Ly eg TY 


1. Co-ordinate Axes, 


‘To fix a pomt in a plano or m space, 
as 13 well known, we gonerally malo use So 
of a 1ootangula oo ordinate syalom In Pra / 
tho plane we take tivo porpondsoular xu 
linca, the w axis and tho y-ax19; mn space lig 1 —Co ordinate axes In space 
we take three mutually porpondioular 
lines, tho @ axis, tho y axis, and tho ¢axis Taking tho samo unit of 
longth on each axis, we assign to coach point of tho plane an @ co ordinate 
and a y co ordinato in tho usual way, or to each point in spaco an 
#¢0 ordinate, a y-co ordimate, and a z co oidinate (fig. 1) Convoisely, 
to overy sot of values (w, y) or (2, y, 2) thore corresponds juat ono point 
of the plano, or of space, as tho caso may bo, a point 1a completely 
determined by its co oidinatos 

Using tho thoorom of Pythagoras wo find that the distunce between tuo 
porte (a, 1;) and (2%, ¥g) 18 givon by 

te V0 my) Hd 
4912) 1 
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while the distance between the pomts with co ordinates (a, Yy» %) and 
(2, Yor 2) 18 
? om Vee, — B69)" (yr — Ya)® + (ay — 2)’, 


In setting up a system of icotangular axes we must pay attontion to 
the ortentation of the oo ordinate system 
In Vol, I, Chap Y, § 2 (p, 268) we distinguished betweon positive and 


¥ % 


) its 6 my 


Big 2——Right-handed system of axes lig 3 -~Left-handed syatem of axea 


negative senses of rotation m the plane The rotation through 00° which 
brings the posite a axis of & plane co-ordinate system into the postion of 
the positive y axas in the shortest way defines a senso of rotatton According 
as this sense of rotation 1s positive or negative, we say that tho system of 
axes 18 tight handed or left-handed (of figs, 2 and 8), Ii 13 ampossible to 
change a nght handed system into a left handed system by a ugid motion 
confined to the plane, A similar distmotion ocours with oo ordinate syatoms 


[ SE 


Yy ® 
% ¥ 
Fig 4—~Right-handed screw Fig §:—Loft-handed screw 


in space. Jor if one umagines oneself standing on the ty-plane with ono’s 
head in tho direotion of tho postive z axis, it 13 possible to distinguish 
two types of co ordmate system by means of the apparent orientation of 
the co ordinate system im the ay-plane If this aystom is right handed the 
system in space 1s also end to be mght handed, otherwise left handed 
(of figs 4and 5) A mght-handed system corresponds to an ordinary right 

handed screw; for if we make the ay-planc rotate about the z axis (in the 
sense presoubed by its orientation) and simultaneously give 16 a motion 
of translation along the positive z axia. the combined motion ig obvioualy 
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that of a mght handed acrow Similarly, a left handed system corresponds 
to a left handed seiew. No rigid motion m threo dimensions can transform 
@ left handed systom into a 1ight handed system 

Tn what follows wo shall always uso 14ht handed systems of axes 

Wo may also agsign an ouentation to 1 system of thieo aibitrary axes 
passing through one poimt, provided thoso axes do not all Le m ono plane, 
just as wo have done horo for a system of rcotangular axes 


2 Directions and Vectors. Formule for Transforming Axes. 


An oriented hne / im space o1 m a plano, that 1s, a lino traversed m a 
dofinite sonso, .opresonis a direction, ovory ouentod ne that can bo made 
to comcide with the hne 7 in pontion 
and senso by displacoment parallel to yf 
itself reprcsonis the sume ducetion It y 
1s customary to speafy a ducolon rola- 
tive to a co ordinate systom by diawing |, 
an oriented half lime in tho given duec- é, 
tion, stating from the ougin of tho 
co ordinate syatem, and on tins hall- 

Ime taking the point with oo ordimatos lay 6 ~The angles which a stiaight 
(a, B, y) which 18 af unit distance from Bsn HOEK ES WING -t8 aes 

the ougin ‘The numbeis «, 6, y aro 

onlled the direction cosines of the dneson 'Thoy aro the cosmes of the 
three angles §,, §,, 8, which tho o1onted line J makes with tho positive 
TAXIS, Yoxis, and zaxis* {of fig 6), by the distance formula, they 
satisfy tho rolation 


a 


ah BR yer] 


Tf we rostiict omaclves to tho ay plano, a direction oan bo speorfied by 
the angles 3,, 8, which tho olented Jimo 7 haying this divection and 
passing through tho o1gin forms with the positive a axis and y-axis, or 
by tho direation cosines « == 0048,, A = 0098), which satialy the equation 


of -|- BI 1 


A lino segmont of givon length and givon direction wo shall call a 
vector, more specifically, n bownd vector if Uno amtant point 14 fixed in space, 
and a free vector if tho position of the initial pom 18 immatoual In the 
followmg pages, and indeed thoughout most of the book, wo shall omit 
the adjectives fiee and bound, and if nothing 1a stud bo tho contrmy we 
shall alwaya teko tho veotors to bo froa vectors. Wo donoto vectors by 
heavy lypo, og a, 4, 0, x, A. Two hoo vootors ao said to bo oqual if 
ono of them can bo mado to coineide with tho othor by displacomont 
paiaticl to usclf Wo sometimes oall tho length of a veotor its absolute 
valuo and denote it by | @ | 


* Tho angle which one orlonted lino forma with anolhor may alwaya be 
taken as being botweon 0 and 2, for in what follows only the coslnes of suoh 
angles will be considered 
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Tf from the wuitial and finel pomts of a vector # wo drop perpen- 
diculars on an ononted Ime J, wa obtain an onented segment on ? corre- 
sponding to the veator., If the o1tentation of this segment 19 the samo as 
that of 2, we call its length the component of v a the duvection of 1, 1f tho 
orientations are oppoute, wo call the nogative 
of tho length of the segment the component of v 
an the duevtion of 1 Tho component of v in the 


t 
i 
v dircation of i we denote by »; If § 18 the anglo 
4 between the direction of v and that of 2 (of, 
' x fig 7), we always have 
le—-j0) |03 S—| U v= | v | cosd, 


Digg section of a vastor A veotor v of longth 1 18 called a wnit vector. 


Tis component m a direction / 1s equal fo the 
cosine of the angle between / and v, The components of a voolor v in tho 
directiona of tho threo axcs of a co ordimate system are denoted by 
Vy, Ug, Ys If wo transfer the mitral pomt of vw to the origin, wo seo thet 


| v |= VY 0,9 > 027 + 05%, 
If «, B, y are the direction cosines of the direction of wv, thon 
w%,=luio, 2=/|v/8, %=| 2 /y. 


A free veotor 15 completely determined by its components v4, ve vg: 
An equation 
v= WwW 


between two vectors 18 therefora equivalent to the three ordinary equations 
Vy == Wy 
Vy = Ws, 
Us = Ws 


There aro two different reasona why the uso of yeotora is natural and 


at(bre)=(a1b)+e 


Fig §—Commutative law of vector Pig 9 —Associative law of vector 
addition addition 


advantageous Turstly, many geomeliical concepts, and a still groater 
numbor of physical concepts, such as force, veloorty, acceleration, &o,, 
immediately reveal themselyea as vectors independent of the parlioular 
co-ordinate system, Secondly, we can seé up simple rules for caloulating 
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with veotors analogous to the rules for caloulating with ordinary numbers, 
by meang of these many arguments can be developed in a simplo way, 
mdependontly of the pritioular co o1dinate syatom chosen, 

Wo bogin by defining the sum of the two veotois @ and 3, For this 
purpose wo displace tho vector & parallol to itsolf until ita imal pomt 
coincides with the final pomt of @ Thon tho mifial point of @ and tho 
final pomt of & detormine a new vector ¢ (aco fig, 8) whose imtial pomt 
18 the mitial pomt of @ and whose final pomt 4s tho final point of & Wo 
call ¢ tho sum of @ and & and write 


a+ b=e, 


For this additive process the commutatiwe law 
a+b=b-+-a 


and the assocrative law 
a-+ (6+ e)=(a-+ 6)+-em a bo 


obviously hold, as a glance at figa 8 and 9 shows, 

Fiom tho definition of veotor addition we at onco obtain the “ piojes- 
tion theorom ”, the component of the sum of iwo or more vectors in a direction 
L ta equal to the sum of the components of the rndevidual vectors in thut direv- 
tion, that is, 

(G++ bj = ay -b by} 


Tn parlioular, the compononts of ¢ -|- 5 in tho dications of tho co ordinate 
OXOR ALG Gy -f- Dy, Gg -+ Dg, @y -- bg. 

To form tho sum of two veotois wo accoulingly havo tho following 
simplo rule, Z'he components of the eum are equal to the sume of the corre- 
sporting componenis of the summands, 

Every point P with oo ordinates (2, y, 2) may bo determined by tho 
position vector from tho ongin to 2, whose compononts in the direations of 
the axes aio just tho oo ordinatos of the pomt 2. Wo take thico unit 
veotors in the directions of tho tlice axos, @, m tho # direotion, @, in tho 
y dircotion, @, m the ¢direolion, If tho veotor v hag tho components 
Uy Vg Vg, thon 

U ss 040, f+ 0y0y + Ug@y, 


We onll vy = 00), Uy = Uy@q, Ug = V_0y tho veclor components of v. 
Usmng tho projection theoom stated abovo, wo casily obtain the trans. 
formation formulas which dotermmo (2’, y’, 2’), the oo ordinates of a givon 
pomt P with respect to the axca Oa’, Oy’, Oz’, in Lorms of (2, 4, 2), ile oo- 
ordinates with respeot to anothor sol * of axoa Ov, Oy, Oz which has the 
samo o1igin ag tho first sol and may bo obtained fiom it by rolalion, ‘Tho 
thice new axes form angles with tho thieo old axca whoso cosines may bo 


*Tt {a to bo noted that in aocordance with the convontion adopted on 
p. 8 both ayalems of axos are to be right handod, 
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expressed by the followmg scheme, whore for example , 18 the cosme of 
the angle between the a-axis and the z axis, 


[el yl 

a’ | os| Bi] vt 

y’ | %| Bal Ye 

2’ |¢3]| Bal vs 

From P wo drop perpondioulais to the axes Ov, Oy, Oz, thon feet bomg 
Py, Pe, P, (of fig 1, p. 1} Tho vector from O to P 1 then equal to 
the sum of the vectois from O to P;, from O to P,, and from O to Ps, The 
dircation cosines of the @ ax18 relative to the axes Ox, Oy, O2 are oy, By Y1 
those of tho y/ axis o% Aa Ye and those of the z’-axis a, Bs Ys By the 
projection theorem we know that «’, which 1s the component of the vector 
—> 
OP in the direotion of the x’-ax1s, must be equal to the sum of the com- 
> > > 
ponents of OP,, OP,, OP, m tho dircotion of the a” axis, so that 
a! = oye By + Y1% 


for «,% 18 the component of # m the direction of the w’-ax1s, and soon. 
Carrymg out sunilar arguments for y’ and z’, we obtain the transformation 
Sormutes 


w= oye + By + ye 
yf! = aye -+ Boy + Yee 
a = ge “+ Bsy + Ya% 


@ = 00 + choy’ -+ ofge’ 
y = Bye’ + Ba’ + By’ 
zoe yar! > yay’ -b 9". 


and convorsely 


If 


Since the components of a bound vector v in the directions of the axes 
are oxpressed by the formulm 


Oy = By — My 
y= Ye I 
V3 = Rg — ep 


im which (a, #1, %;) aro the co ordinates of the initial pomt and (a, Ys, %2) 
the oo ordmates of the final point of v, it follows that the same trans- 
formation formule hold for the components of the vector as for the 
co-ordina.tes: 


01’ = Ot “+ BY, + Yrs 
Ua! = Ody + Bade + Y20s 
V, = Kab, > Bats + Yaa. 


3. Scalar Multiplication of Vectors 


Following conventions like those for the addition of veotors, we now 
dofine the produot of a veotor vw by a number ¢: if v has tho components 
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Vs, Ug Va, thon cv 1s the vector with compononts cv,, cv,, cv, ‘This de 
fintfion agrees with that of vector addition, for v -- v= 2u, v-+ o- vu 
= 8v,andsoon Ife > 0, cw hay tho samo ducction aa v, and 1s of Jongth 
c|v|, ike < 0, tho dneotion of cv 1s opposite to the diucotion of v, and its 
longth 18 (—e)|#| If c= 0, wo see that ev 1s tho zero vector with tho 
components 0, 0, 0, 

We can also define the praduct of tavo vectois 2 and w, where this “multi- 
pheation ” of vectors satisfics rules of caloulation which aro in part similar 
to those of ordmary mullapheation, Thore are two difforent kinds of 
veotor multiplication We bogm with sealar multeplication, which iw tho 
simpler and the more impoitant for our pwposes, 

By the scalar product * wv of the vectors u and v we mean the moduet 
of thet absolute values and the cosine of the angle 8 between thew directions, 


uv = ||| vo] cosd. 


Tho soalar product, therefore, 18 sunply the componont of one of the 
veotors in the duection of the othe: multiplied by tho length of the second 
veotor. 

Fiom the projestion theorem tho dist sbuteve law for mullipheation, 


(u-+- v)w= uw -- vw, 


follows at once, while tho commutative law, 
UU = UU, 


is an immediate consequence of the definition 

On tho other hand, thero 19 on casontinl differonce between the scalar 
product of two voctois and tho ordinary product of two numbors, for the 
product can vanish although nether factor vantshes 

If the lengths of u and wv are not zero, the product uv vanishes rf, and 
only of, the two vectors tt and wv are nerpemdicula to one another, 

In odor to expicss the scalar produot im torms of tho components of 
tho two veotors, wo take both tho veotors # and vw with initial points at 
the oligm Wo donoto thoir vootor components by t, ty, tt, and 
V4, Ug, Ug rospootively, so thal v= 2, 4- g++ wy and v = v, -- Uy -+ Uy, 
In tho equation we = (44; {+ He - ttq)(¥, -+ Ug + Ug) Wo Can oxpand the 
product on tho right m accordance with tho rules of calculation which 
wo havo just established; 1f wo notico that tho produata 24,09, 14,09, tg, 
14,Vq) U4q%1, aNd 2t3V, Vanish because tho factors are porpenchoular to ono 
anothor, wo obtain wv == 14,¥, -+ ttg¥_-}- t#9¥g Now thio factors on the 
ught have the samo dircolion, so that by definition 4,0, = u,v, &o,, 
Wherd %, Ug, tg and 2, Ug, Vg aro Lhe componouls of # and v rospectively, 
Tlence 

UV = 01“ Ugdg - Udy 


This equation could havo been taken ag the defimtion of tho sonlar produat, 
and is an important rule for caloulaling tho acalar produot of two veotors 


* Ofton oallod tho inner product, 
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given 10 torms of the components In partuoular, xf wo take ~ and v as 
amt veotos with direction cosines of) dy, a and By By, Bs Lespeotivoly, 
the scalar product 1s equal to the cosine of the angle betweon v and %, 
which 38 accordingly given by the formule 


cos§ = 08, -| % 82 -+ shy. 


The physic? moanmg of the acalat product 1s exemplified by tho faot, 
proved in elementary physics, that a force f which movos a partiolo of umt 
masa through the directed distance vw docs work amounting to vu 


4 The Equations of the Straight Line and of the Plane. 


Let straight Ine in the ay-plane or a plane m wyz space be given. 
In order to find their equations we crect a perpendicular to the lne {or 


Tig 10 —The equation of a straight line 


tho plane) and spemfy a definite “ positive direction along the normal”, 
perpendicular to tho ne {or plane); 16 does not matter which of the tivo 
possibile directions 1s taken as postive (of fig 10) The vector with unit 
length and the direstion of the positive normal we denote by #. The points 
of the lino (or plane) are oharactorized by the property that the position 
veotor 7 from the origm to them has a constant projection p on the direo- 
tion of the normal, m other words, tho scalar product of this position 
veotor and the normal vootor # 1a constant §=IJf «, B (or %, B, y) are the 
direction cosines of the positive direction of the normal, that 1s, tho com- 
ponents of #, then 


on + By — p= 0 
(or = at + By + ye — p= 0) 


is the required equation of the hne (or plene), Here » has the following 
meaning’ the absolute value | p| of p 18 the distance of the Ime (or plane) 
fron the omgin Moreover, p 18 positive if the lme (or plane) does not 
pass through the omgm and # 1s m tho direction of the porpendioular 
from the origin to the Ime (or plane), » is negative if the ino (or plane) 
does not pass through the ongin and # has the oppoute ducotion, » 18 
zero uf the lme {or plane) passes through the origin Convorsoly, if a, 6 
(or «, 8, 7) are direction cosmes, this equation represents a line (or plane) 
at a distance p from the origin, whose normal has these direction cosines, 
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The oxpression ot + By — p (or ae -+ By -+ yz—- p)} on tho loft hand 
pide of this so called normal or canontcal form of the equation of tho 
straight line (o1 plane) also has a geomotieal meanmg for any pomt P 
(w, y) not lying on the line (ot plana) Sime ev -- By (or ov -+- By + yz) 18 
the projection of tho position vector fiom O to P on the normal, wo see 
at onco that the ewpression ox -+ fy — p (or ox-+ By ++ ya— p) 18 the 
perpendicular distance of the pout P from the line (or plane) and 18 positwe 
for pounts on one side of the line or plane (namely, that on which the normal 
19 positive) and negatwe for poinis on the other side, 

Fiom the canonical fon of tho equation wa obtam other forms of 
equation for the stiaigat lme (o. plano) by mulluplying by an abitiay 
non-vanishing factor, Converscly, an aibitiary Imeai equation 


Ag -- By -+- D= 0 (or Ar -+ By -- Cz -- D = 0) 


ropresents a atraight lino (or plane) provided tho coefficionis A, B (or 
A, B, OQ) are not all zoro,* In the second of theso equations, for example, 


we may divide by 4/4? -+ 23+ 07 and put 


te Se ii B 
ON aE BEE GEO aE TE OF 
oe Gj D 

A/ A® -|- BB OY P ‘Aa 4. 23 OF 


Tn this way we obtain an equation which is soon to 1epicsont a plano at 
a distance 9 from the ougin, whoso noimal has tho duestion cosineg 
a, B, y Couosponding romaiks hold for tho equation of tho stiaight Ino, 

A straight Hino in apaco may bo dotoammod by any two planes passing 
through tho line. Vor a hno m space wo thus obtam tivo hnoar oquations 


Aye -|- By “+ C12 ++ D, pon 0, 
Aga -}- Boy -|- Oye -|- Ds mrs 0, 


which aro satisfied by (4, y, 2), tho co ordinates of any pomt on tho lino, 
Seo an infimbo number of planca pass though a given lino, tus repro 
BsonLation of a line im apace 18 nob unique, 

Frequontly it is moro convenient to ropresont a lino analytioally m 
parametrio form hy moans of a parameter 4, It wo consider throo near 
funotions of f, 

@ thy + bjt, 
Y = yg + deal, 
% 28 Oy -+ Dsl, 


whore tho 6’s ato not all voro, thon na ¢ travorsos the numbor axis tho point 
(x, y, 2) desoribos a stinyght line ‘This wo seo at once by oliminating ¢ 
botavoon each pair of equations, whereby wo obtam two Inoar oquationa 
fo. %, 4, % 


*TfA = B= 0 (or A» B= O = 0), D must alao bo zoro, and any point 
of tho plane (o1 of space) sntisfios the equation. 


(R012) ae 
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Tho direction cosmes «, 6, y of the line m its parametrio form are 
proportional to the coofficients b,, b,, 63, For these ducotion cosines 216 


et ced Bic tas) ie Es Med 


0 


Fig, 11,--Parametric representation of a atraight tine pissing thiough two pointe 


proportional (of fig 11) to v% — %95 yy — Yo: %,— %, tho differences of the 
co ordinates of two pomts P,, P, with co ordinates 


My = Gy + byt) Vy = Gy + bat, Pay = hy oo def; 
and 
Wy = Ay | Vilas Yq = Oy -b Ooty, y= Ag f+ Daly 
Flonae 
P,P, 008 8, = ag — = Bi(ty — 4), 
P,P, 008 8, == Yy —~ Yy 2 Dolly — 44), 
PyPy 008 8g == %y — 2 = Vglty — ty), 


where P,P, denotes the length of the segment P,P, Consequently 


ta —~ t 
a= ph, B= pb, y= pbs (whore 9 = ‘= 
Ws 


Since the sum of the squazes of the direotion cosines 1s umty, 1b follows that 
Go pone See ey B = ee: Se Y = pice tees 
LV ETO E +B LVS EL DP bg 8 AAA ah Dg 


where tho double sign of the aquare root corresponds Lo the faot that we 
can choose elther of the two possible senses on tho line, 


By means of tho direction cosmes we oan easily bring the parametric 
representation of the line mto the form 


Gx Ly ++ HT, 
Y= Yo + Br, 
@ ae ay tb YT 


where (%, Yo %) 18 a fixed pomt on the lme, the new parameter + 18 con 
neated with the previous parameter ¢ by the equation 


Hy} ar a + 
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From tho feet that ¢7 +- 8%-+ y? = 1 1 follows that 
uP (Vm w)® | (Ym Yo) -b (2 — %)* 


Honco the abyolute value of + 19 tho distance bolweon (% %os %) and 
(a, yz) ‘Tho sign of + indicates whothor tho direction of tho Imo 1s from tho 


pomt (%, Yur %) to the point (x, y, 2), or vice vorsa, m the flisl case 7 19 
positive, in the second nogative 


Trom this wo obtain « usoful expression for {#, y, 2), tho co ordmates 


of a poml P on the segmont joming tho points Po(r9s Yor 2) ANd Py(r45 Hs 2%) 
namely, 


= Agta bh Ady, YEs AnYo “bk Anas 2 = Age “fe Arey 


where Ag and A, mo positave and Ay -- Ay== 1, If + and +, donote tho dis- 


tances from Py of the pots P and P, 1eapeclively, wo find that Ay= 1 — =, 

v4 
and dy == ~ For af wo oaloulate o, any, fiom a, = % -- at, and aub- 
7 


1 
stitute this valuo, «= (a, — 29)/+,, In the oquation a = %% -- at, wo obtain 
the oxpression given above 

Let a straight lino bo givon by 


US Ay -b ot, 
¥ = Yo -l- Bt; 
2 %y-b YT 


Wo now secok to find the equation of the plano which passes through the point 
(Aq Yor %) and is perpondioular to tis lmo, Sinco tho direction cosines of 
the noimal to this plano aro «, f, y, Ue canonical form of tho requned 
equation 1s 


ar By | ya p= 0, 
and sinos the point {a tf, %) lies on Uno plane 
p= arg“ Allo} Yor 


Tho equation of the plano through (2, , %) perpendioular to tho line 
with diicotion cosines «, A, y 18 therefore 


At —~ weg)“ BY — Yo) + ¥(% —- 20) = 0, 


Tn tho samo way, tho equation of » straight lino in tho ay plano whioh 
passes through the point (% ff) and is perpendicular to tho line with 
dheelion cosines «, 8 18 


a( — ay) + Bly — Yo) = 0. 


Lotor we shall need a formula for 8, tho angle between two planes given 
by the oquations 


av -| By - yz — p = 0, 
aw’ | By -+ y'2 — ps 0, 
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Smee the angle betweon tho planes 18 equal to tho angle between thor 
normal vectors, tho scalar product of theso vectors 13 cos, 80 that 


cos § = aa’ -}- BB’ yy’. 
In the same way, for the angle § betweon the two stiaight Tinea 
ot -+ By — p= Oand oe -+- py ~ p’ = 0 


in the ay plano we have 
cos S == aon’ BB’, 


TXAMPLES 


1, Provo that the quantities 1, &g «++» Ya (p. 6), defining a rotation 
of axos, satisfy the relations 


0% + BiBs + yar¥o = 9, at + B+ yF= 1, 
nts + Bog + Yo¥s = 9, Og ++ By" + yg? = 1, 
Chay “+ Bsr + Yay = 0, Oy4 + Bg? + yg° = 1, 


2 Tf aand b aro two veotors with initial pomt O and final pounta A and 
B, thon the veotor with O as umitial pomt and the pomt dividing AB im tho 
ratio @ 1 —~ 0 as final port 18 given by 


(1 ~~ Oje+ G8. 


3. The centre of mass of tho vertices of a tetrahedron PQRY may he 
defined aa the point dividing AZ8 in tho ratio 1+ 3, where JM 18 tho contro 
of mass of tho tuangle PQ. Show that this dofinstion 1s independont of 
the ordor in which tho vertices are taken and that it agrees with tho genoral 
dofinition of the centre of mass (Vol I, p 283), 


4, If m tho tetrahedron PQRS the centres of the edges PQ, RY, PR, 
QS, PS, QR are denoted by A, A’, B, B’, O, O’ respectively, thon tho lines 
AA‘, BB’, OC all pass through the centre of mass and biscot one anothor 
thero 


5. Lot Py ..., Py, be # arbitrary partidles in space, with masaca 
Mj; May ++) Mq rospootively, Let @ be ther centre of mass and lob 
Py +++, Oy denote the veotors with initial pomt G and final pomls 
Pyyaeey Py Prove that 


Mp, + Magy + eee + My dy = 0, 


2 Tun Ara or A TRIANGLE, Tun VOLUME oF A 'TaTRARBDRON, 
Tim VrcroR MuLrIPLicATION OF VECTORS 


1. The Area of a Triangle. 


In order to caloulato the area of a triangle m the vy plane we imagine 
it moved patallol to itself until ono of 1t8 vertices 1s at the origin; let the 
other two vertices he Py(a,, 74) and Pg(ay, ye) (of. fig 12) We write down 
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the equation of the line joimng FP; to the o1gin in its canonical form 


"A 


bf pot y = 0; 
V%48 + yy? Vror+ ye , 


hones for tho distanco 4 of tho pomt P, from this Imo wo havo (except 
perheps for sign) tho expiession 


Ay —~Yrea V1Yo 
Vo byt 4/8 + ys? 
Since tho length of tho sogmont OP, 1a 4/2," -- ¥,2, wo find that twice the 
y 
B 
# 
0 na o*= 
Rig 12—~To illustrate the method for Fig 14 —Determiation of the sign of the 
finding the orea of 4 trinngle mien of  tiangle 


area of the triangle, which is the product of tho “basa” OP, and the 
altitude fh, 18 givon (oxcopt perhaps for sign) by the expression 


2A = Ry — Rats 


This expression can bo oithor positive or nogative; it changes align if 
wo interachango P, and Py, Wo now mako tho following assertion he 
expression A has a pogitive or negative value according as the sense mm which 
the vertices OPP, are traversed ta the aame as the sense of the rotation 
associated with the co ordinate aaca, or not Tnstoad of proving tho fact by 
more detailod invoatigation of the argument given above, which is quite 
fonsiblo, wo prefer to provo 16 by tho following mothod, Wo rotato tho tri. 
anglo OPP, about the origin O until P, los on the positive a axis, (‘The 
onao in which O, Py, Py lio on a hno, so that A = $(ty%/q —~ aa) = 0, oan be 
omitted ) This rotation loaves the value of A unallored, After the rotation 
P, has tho 00 ordinates x,’ > 0, 4,’ == 0, and tho co ordinates of tho new 
P, are #,’ and y’, ‘Tho area of tho tilanglo is now 


Ass rT 
and thoroforo has tho same align as yy’ ‘Tho sign of ¥,’, howover, fa tho 


same as the sign of tho gonao in which tho vortices OPP, aro travoraed 
(of. fig. 18), Our statomont ia thus proved. 
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For the expression 2%, — a4, Which gives twieo the area with 1ts 
proper sign, 16 18 customary to introduce the symbolic notation 


we g 
Vi Ya 


which we oall a two rowed determinant, 01 determanant of the second order, 

If no vertox of the triangle 15 at the ougm of the co ordinate system, 
og. if the threo vertices are (a, Yo), (ty Yr) (or Yah by moving the axes 
parallel to themselves we obtain the formula 


XYg — Uy = 


E 


~~ ty ty — Me 
Yi Yo Ya Yo 


1 
Am= 
2 


for tho area of the triangle, 


2 Vector Multiplication of two Vectors. 


In addition to the scalar product of two vectors we have tho imporlant 
aoncept of the veclor product * The 
vector product [ab] of tho veoloia a 

and & 1s defined as follows (of fig 14): 
We measure off @ and & from a 
[a b] pont O ‘Then a and 6 are tivo sides 
of a parallelogram m space ‘The veotor 
product [@5]= c¢ 1s a veotor whose 
length 18 numeuically equal to the area 
of the parallclogiam and whoso dureo 
tion 18 perpendicular to the plane of the 
patailelogram, the sense of dueoction 
bemg such that the rotation from @ to 
6 and e= [a8] right-handed (That 


A is, 1f we look at the plano from the 
Fig r4—Vector product of two Anal point of tho vector c, we see tho 
vectora aand & shortest rotation fiom the duection of a 


to that of 5 as a posilave rotation ) If 
@and & lie in tho same straight ine, we must have [ab] = 0, since tho 
area, of the parallelogram 1s zero, 


Rules of Calculation for the Vector Product. 


(1) If a+ Oand & + 0, then [ad] = 0 uf, and only if, a and & have the 
game direotion or opposite directions. 
For then, and only thon, the area of the parallelogram with @ and & 
as sides 18 equal to ze10, 
(2} The equation 
[a6] = —[64] 
holds, 


. dee called the oufer product, other notations in use for 1t ara a x 5, 
a . 
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This follows at once from tho dofimtion of [@d]. 
(3) If ¢ and 6 aro real numbeig, then 


[ea bb] = ab[ad}. 


For tho parallelogiam with sidos aa and 66 haa an area ab times as 
giont as that of tho parallologram with sides @ and & and hes in the samo 
plane ng tho lattor 

(4) The distubutive law holds: 


[a(d -+ e)} = [2b] + [ae], [(4 ++ e)a] = [ba] + [ea], 


Wo shall prove the first of theso formule, the second follows from xt 
when rulo (2) 1s apphed. 

Wo shall now give a geometrical construction for tho vector pro 
duct [¢6] which will demonstrate tho tiuth of the distubutive lew 
direotly. 


Let # be tho plano perpendicular to @ through tho point 0. We project 


B B 


b 
0 a A 


Rig 13—~T'o shaw that [a6] = [75'] 


6 orthogonally on 2, thua obtaming a vootor 5! (of, fig 18). Thon fad‘) 
= [26], for m tho fiat place tho prallologram with sides @ and 8 has tho 
samo bago and the samo allatudo ay tho parallelogram with sides @ and 
b’; and m the second placo tho direstions of [@’] and [¢5] aro tho samo, 
since @, &, 0’ lio in ono plano and tho sonso of rotation fiom @ to 5’ is tho 
same as that fiom @ to &, Sineo tho vestoia @ and & aro sides of a 1006 
angle, tho longth of [a6’] = [@4] 1 tho pioduot |@|{ 5’. If, therefore, 
wo inoreaso tho longth of 4’ in tho ratio |@|+1, wo obtain oa vootor 5 
which has the same longth os [ad’) But [ab] == [a@b’] ja perpen. 
dtoular to both @ and &, so that wo obtam [a4] == [a@d’] from 6” by a 
rolation through 90° about the lino a, Lho gonso of this ,olation must be 
positive whon looked at frum the final point of a, Such a rotation we shall 
oall a positive rolation about the vector a as arta, 

Wo oan thoreforo form [¢2] in the following way projoot & orthogon 
ally on tho plano J?, Jongthon 1 in the ratio | @| +1, and rotate it positively 
through 90° about the veolor @ 

To prove that [a(S + c)] = [a5] -+- [ae] wo proooed oa follows: 
and ¢ aro tho aides OF, OC of a parallelogiam OBDO, whoso diagonal OD 
is the sum 5-- @ Wo now porform tho throo opoations of projection, 
longthoning, and rotation on the whole puallologram OBDI instond of on 
tho individual veolors 4, 0, b-+ 0, wo thus obtain a parallologiam 
0B,D,O, whose sidos OB,, OO; aro the voators [a4] and [ac] and whose 
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diagonal 13 the product [a(a 4- c)] From this the equation [a8] + [ac} 
s= [z( -- c)] clearly follows (of fig, 16). 


Fig 16 Distributive jaw for the vector product of two vectors a and & 


(6) Lot @ and & be given by thew components along the axes, a1, dg, ay 
and 6, bp, by respectively. What 1s the expression for the veotor produot 
[@ 6] m terms of the vector components? 


We oxpross @ by the sum of ita vector components in the dircotions of 


the axes If @,, a, é, are the unit vectors in the directions of tho axes, 
then 


@ == My Oy -f MgGy + Ag@gy 
and similarly 


b ss be; ++ be@, “+ bye 
By the distributive law we obtain 


[ab] = [(a,2,) (b,@,)] ++ [(a,21) (bge@a)] + [(a, 41) (bg@5)) 
+ [(@g@q) (0, @1)] ++ E2222) (b2¢0)) + [(te@n) (O5¢5)] 
“} [(@g@) (Dy1)] + [(@g@e) (b2¢2)) -+ [(3@2) (2a¢q)), 


whioh by rules (1) and (3) may also be written 


[2b] = a,b[e,e,] -+ aybsfeyeg] -- aob,[e,¢,] 
{+ Qybaf neg] + @a0,[6g¢,] -+ Agboleges]. 


Now from tho definition of veetor product it follows that 
@, = [4,9] = —[eg@g], 2 = [@g@,] = —[e,@5], 63 = [e,e,] = —[e,0y). 
Hence 

[eB] = (agg — Aybo)ey + (aad, — Aybs)eg -+ (@,62 — agbs)@5 


The components of the vector product [a5] = ¢ are therefore 
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a ly 
by by 


’ fy = 


In physica wo uso the veotor pioduct of two veotors to ropresent o 
moment <A force facting at tho final pomt of the position veolor 4 has tho 
momont [ f%] about the ougin 


~ 3 The Volume of a Tetrahedron. 


Wo conser oa totiabedion (cf fig 17) whose voatices are tho origin 
and theo other pomts Py, Py, 2s with oo ordinates (45 Yar 21)s (Ras Yar %a)s 


c 


Fig 17-—Detormination of tha volume of a tetrahedron 


(%g) Ym 4g) respectively, ‘To express tho volumo of this tolrahodion in lorma 
of the co-ordinates of ils vortices wo proceod as follows, 'I"ho vootors 
%,= OP, and x)= OP, aro asides of a tuianglo whose aron ia half tho 
longth of the veotor produot [4,4]. ‘This vector produet has tho dircotion 
of tlio pei pendioular fiom Ps to tho plano of the triangle OP Py h, tho 
longth of tlis perpondioular (the altilude of tho tetrahedron), Ja thoroforo 
given by tho acalar product of tho vootor v= OP, and tho unil vootor 
in the direotion of [4,%,]; for h is equal to the componont of OP, in tho 
dueation of [v2], Sinco the absolute valuo of [4,2] is twieo tho mea A 
of tho tangle OP,P,, and since the volumo V of the Letrahedron is equal 
to 44h, wo have 


V wm [4p %g] 9) 
Or, sinco Lho componenta of [vg] aro given by 


Wy ey th 
Ya Wy Ya 


ay 
aq My 


We can wilte 
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Ve= 1 {» Yr A 
re fc) 


‘ Ta }. 
Ya 4 %, Ya 


Thus also holds for the cage m which O, Pj, P, he on a stinight lne; in 
this case, itis true, the direction of [4,%,] 1s determinate, so that 4 can 
no longer be regarded as tho component of OP, in the dueotion of [4%,%5], 
but nevortheless A = 0, a0 that V = 0, and this follows also from the above 
expression for 7, since in this caso all the componenta of [7,%,] vanish 

Here agam the volume of the tetrahedron 1s given with o defimte sign, 
as tho area of the tmangle was on p 138, and we can show that the sign 
1 positive if the three axes OP,, OP, ,OP, taken in that order form a syatom 
of the samo type (mght-hanced or left handed, as the caso may bo) as tho 
co-ordinate axes, and negative if the two systoma are of opposite type 
For m the first cago the angle § between [%,,] and 2, les m the mterval 


a ay 
Ay My 


+ Ys + 2 


Ooscts ; and m the second case in the mtetval 5 = 8S 7, a8 follows 


immediately from the dofinition of [,,], and V 1s equal to 


| [47422] | | a3 | cosd. 
The expression 


w, |21 7 dog my os a my fi 
Yo Ry Xe &, Yo 
ocourring in our formule may be expressed more briefly by the aymbol 
% th % 
Xe Ya 4l> 
%e Ya *y 


which we call a three rowed determinant, or determinant of the third order. 
Writing out the two rowed determmants in full, we sce that 
By fy % 
Wg Ya %,| = Vslfseg — Vallee + Uplot, — WY a%e + CiYot, — Vays 
Ws Ys 2 
Just as in the onge of the triangle, we find that the volume of tho totra- 
hedron with vortioos (4; Yor %o)s (tr Yar %a)s (Lov Yor %a)s (War Yq, %g) Is 
yp 2% Am aA 
Fane Ry — % Ya Yo %— % | 
Bem ty Ya Yo %—- % 


EXAMPLES * 


1, What is the distance of the pomt Pa, yg, %) from the straight line 
i given by 


c= a+b, yect+d, z= e+ f? 


*Tho more difficult examples ara indicated by an astonish 
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2* Tind the sho.test distance between two straight lines 7 and / m 
space, given by the equations 


wo at-+ b vex at -b O° 
yr c+ d and y= of -}- a’ 
z= et -- f 2=eb-+ f%, 


8, Show that the plane through tho three pomts (ry. Wy, 21)» (@ar Yor %a)s 
(%g; Ys, 2g) 18 given by 
Sy -- & Wy mye 
Tt %—% ty map = 9 
eg ~~ % Ya ¥ Rg 2 
4 Ina uniform rotation let (a, B, y} bo tho dnecltion coymes of tho axis 


of rotation, which passes thiough the o1gin, and @ the angula2 volooily, 
Find the velooity of the poimt (%, y, 2) 


5, Prove Lagrange’s idontily 
[ay = | x Py (ay). 


6 The aroa of a convex polygon with tho vorlices Py(e;, 91), Palate, Yq)s 
oes Pulp Yn) 19 given by helf tho absoluto valuo of 


So 
Vi Ya 


Vy &q 
Ya Ys 


Uy) ey 


Yn-1 Un 


Wy, Vy 
Vr ¥ 1 


=i Lad inl -I- 
aa { eee | ‘ 


8, Siueiy ‘Tueorems oN DrteRMINANds oF ‘rim Sroonp 
AND ‘Turrp ORDER 


1. Laws of Formation and Principal Properties. 


The dotc:minants of the accond and thnd oder ocourrmg in the oal 
culation of the aron of a triangle and the volumo of a telrahedion, togothor 
with thon generahzation, tho delermmant of the nth order, or n rowed deter. 
minant, aro vory important in that they onable formal oaloulations in all 
branches of mathomatics to be expressed in a compact form, Ioe wo 
shall ¢ovolop the properlios of dotormmants of tho scoond and thud onder, 
those of Iugher ordor wo shall necd but seldom It may, howovor, bo 
pointed out that all the pumoipal thootoms may be genoialized at once 
for determinants with any numbor of 10ws. ‘Tfor tho thoory of thoao we 
must refer the 1eade1 to books on algobiw and dole: minants,* 

By tho defimiions (pp, 14, 18) the determinants 


@ b 6 
and |@ e f 
ghh 


a b 


*Of, og 0. W Turnbull, Ze Lheory of Determinants, Matrices, and In 
variants (Blackio & Son, Ltd, 1029). 
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are exprossions formed in a definite way from ther eloments a, &, c, @ and 
a, b, ¢, d, ¢, f, g, h, k vospectively ‘The honzontal lnes of sloments (such 
as @, e, f nm our example) are called rows and tho vertical Imes (such as 
0, f, &) aro called columns, 
Wo need not spend any tims in disoussmg the formation of the two 
rowed determmant 
a b 
d 


For tho three-rowed determinant we give the “ diagonal rule” which 
exhibits the symmetrical way mm which the determmant 1s formed. 


| = ad — be 


Wo repeat the first two coltwmns after the thnd and then form the 
produat of cach trad of numbers in the diagonal lines, multiply the pro- 
duots associated with lmes slanting downwaids and to the mght by -+1, 
the others by —1, and add In this way we obtain 


abo 
a4 _, wh + bfg + edh 


| TO afh — bik. 


We ahall now prove several theorems on determmants, 

(1) If the rows and columna of a determinant are wlerchanged, the value 
of the decermmant 18 unaliered, That 1, 
a b a@ 6 
o a b @ 


abo ad g 
de fls|boe hh 
guk of hk 


= 


This follows immediately from the above exp) ossions for the determinants, 
(2) Ef two rows (or two columns) of a determenant are wnterchanged, the 
agn of the delermmmant is altered, that 1a, the determinant is multiphed by 
—I, 
In yirtue of (1) this need only be proved for the columns, and i oan 
he venfied at once by the law of formation of the determmant given above, 
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(3) In section 2 (p 18) wo mtroduced three rowed determinants by tho 
equations 


Yi % ay UY Uy 
% Ya 7% vei, “+ Ya 2 “+ es a 
Wa Yo Be Yo eg 2 Ye 

Using (2), wo write tlis m the form 

My yt 

Yr YW 4 ay 
Yn Yo fa | == @ —_ ~% 
. : 3h Ya 2a Ye W_ By tM a Ya ; 


then in the determmants on the mght tho elomonts aro in the same order 
ag on the left If we interchange tho last two 1ows and then wrte down 
the samo equation, using (2), we obtain 


ey 2 
aM (aa Wy By My 
%y Yn Sy) ay + Yo —— Ra ’ 
Ys Ty &%, Vs Ys 
@_ Yn % 
and similarly 
My Uy %y 
Ya Ry Tq %, Ys 
%y Yq @q | = Wy — th -|> 
Ys 4a tg 2 ty Ys 
My Ys %y 


Wo call those three equations the expanszon + terme of the elements of tho 
third row, tho second row, and the first row respectively By mterchangmg 
columns and rows, which according to (1) docs not altor tho valuo of the 
determinant, we obtam the oxpansion by columns, 


y Yt 
2 z % 
ara sr we, | a hee VT ayy | Mt 1 
Yo % Yo % Ya %% 
ty Yo % 
A z 
5 - 7 as eg | by A, Og Pe 
2 Ya i ty 2 ales By Ys ey 
e, Yo % 
My tM 
%_, Ye wy WA 
VW. Ya Ry) my — Ra ~+ 2 ‘ 
tq Ya ty Ya % Ya 
% Yo % 


An immediate consequonce of this is the following theorem: 

(4) If all the elements of one rot (or column) are nuultyplred by a number 
p, the value of the determinant 1a mullaphed by 

Trrom (2) and (4) we deduces the following 

(5) If the elementa of two rows (or two columns) are proportional, that is, 
if every clomont of one row (or column) is the produot of tho coresponding 
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eloment in the othe: 1ow (or column) and the same factor p, then the de 
lermanant 13 equal to zero, 

For according to (4) we oan writo the factor outside the determimant 
If we then interchange tho equal rows, the value of tho detormmant is 
unchanged, but by (2) 16 should change sign Hence its value 18 zero 

In particular, a detormmant m which one row or column consists 
entirely of zeros has the valuo zero, as also follows from the doflmtion 
of a determinant, 

(8) The sum of two determinants, having the same number of rows, which 
differ only an the elemenis of one row (or column) 13 equal to the determinant 
which cotnerdes with them im the rows (or columns) common to the two de 
ternunanis and an the one remaming row (or column) has the sums of the 
corresponding elements of the two non-rdentieal rows (or columns) 

For example 


abo am o a b-+m e 
de fi[+tild a fl=|d e+n fil. 
g hk gq pk g h+p &b 
For 1f we expand in terms of the rows (or columns) in question, wluch 


in our oxample consist of the elements J, e, k and m, n, p 1espectively, and 
add, we obtam the expiession 


ad f a 6 a@ co 
ie ae eis fy aks 
(— mt [tet x eh 8), ny 
which clearly 18 yust tho expansion of the determmant 
a b4+-m 6 
d ée-+au f 
g ht+opik 


in terms of the column b--+m, e+n, h-+» This proves the state 
ment, 

Similar statements hold for two rowed determmants, 

(7) If to each element of a row (or column) of a determmant we add the 
same mullple of the corresponding element of another row (or cohumn), the 
value of the determinant 18 unchanged 

By (6) the new determmant ja the sum of the orginal determinant and 
a determmant which hag two proportional rows (or columns); by (5) 
this second dete: minant 18 zero,* 


*Tho rulo for expansion in terms of rows or columns may be extended to 
define dotermmants of the fourth and highor order Given a systom of sixteen 
numbers 

a Ob & ay 
ay bg ty dy : 
dy by ty dy 
hy by O4 dy 


for oxample, we define a determinant of tho fourth order by the expression 
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Tho following examples illustrate how the above theo1ems are applied 
to the evaluation of detorminants Wo have 
a0 0 
0 e O|= ack 
00k 


ag we can prove by the diagonal rule A determanant we which the 
elements wm the so called princrpal diagonal alone differ from zero 18 equal 
to the product of these elements 
Tivaluation of a determinant, 
1 jJ-l 2 0 0 
1—1] l{=] 1 —1 = Lj (second row added to the first}, 
—l1 1 #2 —~l ii 


2 0 0 -1l 
1—i 1 =2| 11 (expansion in terms of the first row) 
—-l1 11 
Ionca 1 1l-d 
I-i ljs—4 
—l 1 1 
Another oxamplo is 
lw oe 1 a “a lL @ a 
Ly pil=|0 yor PHt=10 yaw Ym al, 
1s & I 2 za GO 2—-a@ B— af 


Tf wo now oxpand this in terms of the firat column wo oblain 


1 y-+@ 
=(y~2) a) a 


y-e ya 


ee a = (y— 2) (@— a) @—y), 


2. Application to Linear Equations. 


Dotorminants aro of fundamental impoilanoo in the theory of lnoar 
equations. In oidor to solve the two equations 


av -- by = A, 
ct + dy = B, 
for # and y, wo multiply tho fist cquatzon by ¢ and the second by a, and 


by Gg dy My Oy dy ty Dy dy fly bs Cy 
ay by Oy dy ai by ay €g ds ft 0; tly by dy = dy ay by ty r 
by oy dl yt dy ky by tl ay by Cy 


and similadly wo cnn mlroduce determinants of the fifth, sixth,. — , wth odor 
in sucoossion Ib turna oub that in all essential propertios those agroo with tho 
determinanta of two or threo rows, Determinania of mora than throo 1ows, 
however, cannot be oxpanded by tho “ diagonal rule”. Wo shall not consider 
futhor dotatla hore, 
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subtract the second from tho first, then wo multzply the fhat equation by 
é and the second by b and aubtiact. We thus obtain 


(bo — ad)y = Av ~ Ba 
(ad —~ beja == Ad — Bb, 


or a b _ A § ao __|@ A 
ele dj 1B al? Ve adi Io BI’ 
If we assume that the determinant 
ab 
o od 
is different from zero, these equations at once give the solution 
A b a A 
es Ba _ |e B 
~ te bl * fa al’ 
o 6d o 6a 


which can be vorified by substitution If, however, the determinant 
ab 

. i vanishes, the equations 
a b 

0 a| 
would lead to a contradiction xf ether of the determmants 
Ab 


a ob 


: o a 


qg 


+ ¥ 


| 


Ab 
Ba c OB 


@ Al ona 


were different from zero Hf, however, 


A b aA 
Bd o 8B 


our formule tell us nothing about the solution 

We therefore obtain the fact, which 1s particularly important for our 
purposes, that a system of equations of the above form, whose determinant 18 
dafferent from zero, ahvays has a unique solution 

If our system of equations 13 homogeneous, that 18, f A == B= 0, our 


onloulations lead te the solution w= 0, y= 0, provided that : : + 0, 


~~ 


= 0, 


Tor three equations with three unknowns, 
da -+- ey + fz = B, 
ge + hy +- ke = O, 
a similar discussion Ieady to & similar conclusion Wo multiply tho first 


equation by ; + the second by al °|, the third by F : 


hh 7 


add, thus obtaimng 
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éef] ,|/@ ef, |b ¢ 
“faa Tn ale AN 

e f be b 6 
+a {be 5, altel, af 

ef] pa o boel)_ ,le fl lb o be 
+a{o h | fl k +a Abn h lk I; rela 


But by our formule for the oxpansion of a determmant in torma of the 
olements of a column, this equation can be writen in tho form 


abe bo 4 6 ob 6 A bo 
e|d e fl-+yje ¢ fi-2zlf e¢ fl=!IB e fl, 
g hk hhh bhi On L 
By rule (4) the coefficients of y and z vamsh, so that 
abo Alto 
eid e fle=IBoe fh 
ghk Chh 


In the samo way wo doiive tho equations 


abo aA o 
yid e¢ fl= B fi, 
g hk g Oh 
abo aba 
aide fl=- e Bi 
g hh g h Oo 
Tf tho doterminant 

abo 

die f 

g& kh 


18 not zoro, tho last three equations give us tho valuo of tho unlnowns, 
Provided that this doteummant 18 not oro, tho oquations oan bo solved 
uniquely for a, y, 2 If tho doterminant ia zoo, it follows that tho right- 
hand sides of the abovo oquations must also bo vo1o, and tho equations 
therofore cannot bo solved unless A, B, O satisfy the apecial condilions 
which aro oxprossod by tho vanishing of every dotorminant on tho 
right, 

Tf, in partioular, tho syatom of oquations is homogoncous, so that 
A= Be O= 0, and xf ats dotorminant is difloront from zoro, it again 
follows that w= y ex z== 0, 

In addition to the oases above, in which the number of equations is 
equal to tho numbor of wnknowns, we shall occasionally moot with 
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systems of two (homogoncous) equations with three unknowns, 6g, 
as -+- by -|- oz = 0, 
de 4- ey -[- fz == 0, 
If the three determinants 
a b 
ad e 


are nob all zero, if, for example, D, + 0, our equations can first be solved 
for cand y, this gives 


b 
Dy = é , Dy = 


2D, 2D, 
t= ——y = 
Di y dD 


or 
a-ys2=D, Dy, Dy ‘ 


Geometrically this has the followmg meaning. we are given two veotors 
u and v with the compononts @, b, ¢ and d, e, f respectively We seck a 
vector 2 which 1s perpendiculai to 2 and v, that is, which aatialios the 


equations 
uxc=0, vx= 0, 


Thus 2¢ js in the direstion of [227] 


EXANPLIS 
1 Show that the determinant 

a b 

ade 

g h 


a 


a oy, 


can always be reduced to tho form 


a 0 0 

0p 0 

00 ¥ 
merely by repeated application of the following processes: (1) intorchang- 
ing two rows or two columns, (2) adding a multiple of one row (or column) 
to another 1ow (or column), 


2, If the three determinants 


& fly 
b, by 


by by 
Cy 


a a, 


y ’ 
Oy Cg 


do not all vanish, then the necessary and sufficient condition for the 
existence of a solution of the three equations 

ayt -- doy == d 

o,% + oy = f 
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a ay ad 
18 D= b, by e|/=0, 
oy 0, f 


3 State tho condition that tho two stimaght hnes 


em ast -|- by t= Cyt «fr ay 
yedttb, and ymet-+ d, 
== fgt -+ bs Z == Cal -|- d, 


aithor interscot or are paraliel, 


4*, Prove the propeilics (1) to (7), given on pp 20-22, for dolor 
minania of the fourth order (defined on p 22 (footnote)) 

§ Provo that the volume of a teliahcdion with vortioos (%, #4, 2); 
(Tay ta» #a)s (Ras Yor Za)» (Mar Yu» Za) 19 Given by 


My Mh 
i eo Ya Bs 
ty gy Ba 
%, Ya % 


3 


4, Arrina TRANSFORMATIONS AND ‘tum Murrirerioarron 
oF DETERMINANTS 


Wo shall concludo these prelimmary romaika by digoussing the simplost 
facie iclating to the so onlied affine transformations, at the samo tine 
we ahall obtain an important theorem on determinants, 


1. Affine Transformations of the Plane and of Space. 


By » mapping or bansformation of a portion of space (or of a plano} 
we mean & law by which oroh point has assigned to it another point of 
space (or point of tho plane) as wage pol, tho point itsolf wo call tho 
original nowt, or somotimes tho mode? (m antithesis to the wnage) Wo 
obtain a physical oxprossion of the concept of mapping by imagining that 
the portion of spaco (or of the plano) in quostion 1s ocoupied by some 
deformable substance and that our transformation represents a doformetion 
in which overy point of tho substance moves from 148 original position 
to a cortain final position. 

Using a reotangular systom of co ordinates, wo tako (x, y, 2) a8 the oo 
ordinates of tho original point and (2, y’, 2’) as those of the corresponding 
Image point. 

Tho transformations which aro not only tho simplest and most easily 
understood, but are also of fundamental importance for the gonoral ansgo, 
are the affine tranaformatons. An affine transformation 18 ono in which 
the co ordinates (x’, y’, 2’) (or in the plano (a’, y’)) of the mage point ara 
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expressed linomly in forms of those of tho origmal pomt. Such e tank 
fo1mation 1s therofore given by tho three equations 


a’ == aa -|- by + oz + m 
y = da + ey + fa +n 
a == gut hy -- ke + 9, 


or in the plane by the two equations 


wo == av + by +m 
yf = ov + dy -+ 


with constant coefficients a, b,. . These assign an mage pomt to every 
point of space {or of the plane) The question at once arises whethor we 
oan interchange the relation of mage point and ongmal point, that 15, 
whether every point of space (or of the plane) has an original point corre- 
sponding to 1t, The necessary and sufficient condition for this ws that the 
equations 

at + by -- 0% = a — m 

du + ey -+- fz =4y'—” or 

get ly-+-k=2’ —p 


ae + by = a —~ m 
ce dy= y’ — 1" 


shall bo oapable of being solved for the unknowns a, y, 2 (or v, y), no 
matter what the values of a’, y’, 2’ aro By seotion 3 (p 24) an affine 
transformation has an mverse, and in fact a unique mmverso,* provided 
that its determmant 


abo 
Aald e fl, or a=|° ib 
gkhk 


is different from zero, We shall confine our attention to affine trans- 
formations of this type, and shall not discuss what happens whon 
A=0Q 

By mtroducing an intermediate pomt (#”, y’’, 2’) we oan resolve the 
general affine transformation nto the transfo1 mations 


wo” = av -+ by +- 0% 


oa b 
yim dat ey tse Ot non tay 
a == gu -b hy + he 
and 
enetm  teettn 
yey pn or yf = yl bn 
gaa gl tp 


Here (2, #/, 2) is mapped fizat on (a, y”, 2”) and then (#”, y”, 2”) 1a mapped 
on (#’, 9’, 2’), Since the sccond transformation 1s merely a parallel translation 
of the space (or of the plane) as a whole and 1s therofore quite easily undosr 


* That is, every 1mage pomt has one and only one origmal point, 
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stood, wo may rostriot ourselves to tho study of tho fiat Wo shall thore- 
fore only consider afine transformations of tho form 


a’ = ar -}- by + 0 
y’ = de -+- ey + fe or 
zg! = ga -}- hy +. he 


With non vanishing determinants, 
The results of section 8 {(p 25) for lmear equations enablo us to express 
the mnverse transformation by tho formule 


te: aor’ + By’ + 0's’ = ala? te b’y" 
y= d’a!’ -+- ey’ +f’ or oe ee - fe 
ax gf + bly! -- Ws! : 


in which a‘, b’, . are cortam expressions formed from the coefficients 
a,b, ... Because of the uniquoness of the solution, the o1igmal equations 
also follow fiom these lattor. In partioular, from 1 = y = 2 = 0 1b follows 
that 2’ = 4’ = 2’ = 0, and conversely 

The characteristic geometrical properties of affine transformations 216 
stated in the following theorems 

(1) In space the wnage of a plane 73 a plane; and in the plane the vmage 
of a shaght lne 18 @ straight line, 

Tor by section 1 (p 9) we oan write the equation of the plane (or the 
Ine) in the form 


a! = ar -} by 
y= ou + dy 


Aw -+- By-+ 024+ D=0 
(or Ag+ By + D= 0), 


The numbers A, B, 0 (or A, B) are not all zero Tho co ordinates of the 
image pots of the plane (or of the Ime) satisfy the equation 


A(a’e! -- by’ + 0'2’) + B(d’r! + e’y’ +- f’2’) 
+ O(g’a’ + h’y + Ve) -+- D=0 


(or Ala’e! 4- By’) + Blo’! + Vy’) + D = 0) 


Heneo the image pomts themselves lie on a plano (or a Ime), for tho oo 
efficients 


B=WA+e¢B+H0 


A! =: a'A + d’B + 9/0 
e 
O' = ofA ++ f’B + VO 


A’ A+ a) 
B= WA+d'B 


of the co ordinates 2’, y’, 2’ (or 2’, y’) cannot all be zero, otherwise the 
equations 


a 

VA + 0B + /O=0 , , 

x ie _ : Speed 
WA+eB+WVO=0 (a bd + dB = 0 


CA + fB+VO=0 


would hold, and these we may regard as equations in the unknowns A, B, 0 
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(or A, B} But we have shown above that fiom theso equations 16 follows 
that d = Bez V== 0 (01 A = B= 0) 

(2) Phe wmage of a shraight hne 1m space ws a sharght hue, 

This follows immediately from tho faot that a stiaight me may bo 
regarded as tho mteraection of two planes, by (1) 169 umage is also the mters 
seotion of two planes and 1s therofore a straght lme 


(3) The wages of two parallel planes of space (or of two parallel lines of 
the plane) are parallel, 


For if the images had pomts of intersection the origimals would have 
to interseet m the ougmal pomts of these interscotions, 

(4) The wnages of two parallel lines wn space are two parallel lunes 

Tor ag the two lines le m a plane and do not mtorscot one anothor, 


the seine 18 true for thon images, by (1) and (2) Tho images are thercfos 
parallol 


The zmage of a veolor w 18 of course a vector v’ leading from the unage 
of the muitial pomt of v to the image of the final pomt of w Sineo the 
components of the yveotor are the differences of the corresponding co- 
ordinates of tho imtial and final pomts, under the most gencral affine 
transformation they are transformed according to tho equations 


0,’ == av, -+ bv, ++ cv, 
We’ = dv, -+ ev, + fds 
de’ = gv, -b dg + hevg, 


2 The Combination of Affine Transformations and the Resolution 
of the General Affine Transformation 
If we map a pomt (a, y, 2) on an image point (2, y’, 2’) by means of the 
transformation 
a! == an -|- by -- 02 
yf = dz + ey + fz 
a = ge -l- hy -+ ke 


and then map (2, 4’, 2’) on a point (@”, y”, 2”) by means of a socond affine 
transformation 


vw” = aye -+ by! + 0,2" 
yl =e diya’ 4 egy’ + fe 
alt me gy’ + hy’ + hye’, 


thon we readily seo that (a, y, 2) and (x, y”, 2”) are also rolated by an affine 
transformation and in fact 


gl = age + boy + 0g 
yf! = dye + egy +- fz 
2 = gam -+ hoy + Raz 


whore tho coofficients are given by the equations 
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ts = a4 -4 bd -|- C17, by = a,b -/- bye -|- eh, Co = aye -}- bf + ok, 
dy= dat ed-+ fig, e: = dyb-+ ee+ fib, fy = dot egf-+ fh, 
ga = G2 + hyd + dag, fhe gb + hye + Ah, hg que Ayf + Ayh. 


We say that this Jast transformation is the combination or tesultant of the 
fist two Ifthe determinants of tho firat two transformations aro different 
from zero, the inversos can be formed, hence the compound transforma 
tion also has an mverso Tho coofficients of the compound transformation 
aro obtained from those of the o1gmel transformation by multiplymg 
corresponding clements of o column of the firat transformation and of a 
row of the second, adding the thice products thus obtained, and using this 
“ product” of column and row as the coeffiaent which stands m the 
column with the same numba as the column used and m tho tow with 
the same number as the row used, 
In the same way, combination of tho transformations 


of = aa. by anal v= ay -- by’ 
y’ == ow -- dy y= ou’ -- dy’ 


gives the new transformation 


a ma (aya + bye) -+ (a,b -|- Dyad)y 
o/” = (6,0 + dyo)x -|- (4b -+ dyd)y, 


By a primbve transformation we mean ono m which favo (or ono) 
of the thice (01 two) co ordinates of the imago aro tho snmo as tho como 
sponding co ordinates of the origmal points TPhysoally wo may think of 
a primitive tiansformation as one in which the space (or plane) undergoes 
a stretchmg in one dircotion only (the strotohing of course varying from 
place to place) so that all the pomis are simply moved along a family of 
parallol hnes A piimitive affine transformation m which tho motion tala 
place parallel to the a axis 38 analytically roprosonicd by formulso of tho 
bype 

of = aa -- by 4- 02 
yy or 
a’ mg 


a’ ox an -[- by 
y! = yp 


The general affine transformation im the plane, 
a! mx ae -|- by 
y’ = ou - dy, 
wilh & non-vanishing determmnant, can be oblamed by, a combination of 
mrimitwe vansformations 
Tn the proof we may assume * thata +: 0, We introduco an intormodiate 


* Ifa = 0, thon & -: 0, and wo oan rolurn to the asa a +}: 0 by Intorchangmy 
wand y Such an intewchango, ropresonied by tho Uansformation Xexy, 
Y = &, is iteolf offootod by tho threo successive primitive tranafotmations 


Ama-y &> & Xu —~Loi gy 
my ° meh imgno Ym gy m™ i, 
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pomt (&, 4) by the prumitive transformation 
Emar-+- by, y= % 


whose determinant @ 1s differcnt from zo1o, Wrom &, 7 we obtam 2’, gy’ 
by a second prumiive transformation 


with the doltexminant 


This gives the requued icsolution into primitive transformations, 
In a sunilar way the affine transformation in space 


vw’ = aa -+- by + oz 
yf == da + ey + fe 
w= gat hy + ha, 


with @ non vanishing determinant, can be resolved into primiiwe hansforma- 
Hons, 


Of the thiee determinants 


a b 
dé 


a 6 b 6 


© Aad e f 


ot least one must be different from zeio, otherwise, as the expansion in 
terms of tho clements of the last row shows, we should have 


abo 
@e fl[=0 
g hk 


As in the previous case, we can then assume without loss of generality 


(2) thot [5 ]-# 0 and (2) that ak 0 ‘Tho Grub mntormediato point 


(, y %) 18 given by means of the equations 


Ex av -- by + cz 
y= Y 
Cm Re 


The dotorminant of this pumitive transformation 13 a, which is not zero 
For the scoond transformation to &, x’, C we wish to put & = &, U = %, 
and also to have y/ =y’ Ono primitive transformation then remains, If 
in the equation ¥/ = y’ = da 4+- ey + fe we mntroduce the quantities &, », ¢ 


instead of w, y, z, wo obtam the second primitive transformation im the 
form 
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Gf am & 
1%, , lla b _lj@ ¢ 
Cea ald lotala 7S 
Ce b 


lia 
The determinant of this transformation 18 — 


A sO ‘Tho third transe 
é 


formation must thon be a|a 
a’ =a 
y= 9! 
abo 
(? é a b def 
tov 19 Mle |g hl ig hb bly 
4 eight le ae 
de ad ¢€ i oe 


3 The Geometrical Meaning of the Determmant of Transforma- 
tion, and the Multipheation Theorem. 


Irom the considerations of the piovious seotion we oan find the 
geometrical meaning of the doterminant of an aifine tzansformation and 
at tho same timo an algobraio thooiem on tho multiphoation of 
determinants 

We considor a plane tuanglo with vertices (0, 0), (24) Y4)s (39 Yo)» Whioso 
area 18 given (section 2, p 14) by the formula 


1 


— 


9 


Yr Us 


Wo shall mvestigato tho relation betwoon A and the aron A’ of its 
image obtained by means of a pimutivo affino transformation 


a = ae - by 
y! = I, 
The veitioos of tho imago tuangle have the ao odinates (0, 0), 
(ax, -t- bys, yy), (dag -+ bygy 4), and thorefore 
1 1 
é os 


; — — fans aan) 


2 


ay’ Ue Gey by, ary + by, 
Wy Yat ih Ya 
This determmant, however, oan bo transformed by tho theoroms of gestion 3 
(p 22) an tho following way: 


1 
é — 
Al 5 


ass -- Dy aay -|- Dyg 
Uy Ya 


1 tt 


a 2 


os 
V1 Ye 


= + 


that is, 


A’ = aA, 
(8012) 3 
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if we had taken the primitive tiansfo1mation 
vw == & 
y’ = cv -- dy, 
we should have found in the same way that 
A’= dA 


We geo, therefo.e, that a primitive affine transformation has the effect 
of multiplyimg the area of a tangle by a constant independent of the tr 

angle * Since the goneral affine transformation can bo formed by com- 
bining pumittve fiansformations, the statement remams tiue for any 
affine transformation J the case of an affine transformation the taho of 
the area of an wnage triangle to the area of the onigunal irrangle 1s constant 
and widependent of the chore of triangle, depending only on the coefficients of 
the transformation In order to find this constant ratio we conade: mn 
particular the trranglo with vertices (0, 0), (1, 0) and (0,1), whose area A 
ig 4. Since tho smage of this triangle accoiding to the transformation 


x’ = ae + by 
yf = om + dy 


has the vertices (0, 0), (2, 6), (2, @) 118 area 18 


lla bl ,la b 
2\e @ c ad 
and we thus see that the conslant ratio of area A’/A for an affine trans- 
formation 18 the determinant of the transformation 
For transformations in space we can plocced in oxaotly the samo way 
If we consider the ftetrahedion with the vertices (0, 0, 0), (ap Yu 2) 
(Has Yor ®a)r (Xs Yoo 23) And subjeot it to the primitive transformation 


ee ae + by -- 0% 
y= y 
a oe 2, 


the umage tetrahedron has the vertices (0, 0, 0), (aa, -+ by, + ces ty 21), 
(aity ~+ Big ++ C&er Yor Za), (A%_ + bYg “+ C2, Hg, %), 80 that its volume V’ 1 


1{™ bby 0% ty h OYg tp 2% ag + Dg + rey 


y’ fmt a ty Yo Ys 
4 @ %% 
a Vy Ws 
alt tH Yo Yste 
% % Ry 


* Tf no vertox of tho triangle lies at the origin, the same fact holds, mm virtue 
of the general formula for the area given on p 14, 
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where V is the volume of tho ouymal tetiahcdion Jor the volume of the 
imago given by tho prumitive transformation 


2’ = % 
yf == de} cy + fa 
= 2 
wo similmly find that 
Vv’ = eV, 
and fo. the primitive tiansformation 
a’ =m 
yy 


ef = gu-l- hy -+ ke 
we find that 
V’ == LV 


From this it follows that an arbitiary affine transformation has tho offeat 
of multiplying tho volumo of a tolurhedron by a constant.” In order to 
find this constant for tho transformation 


a’ = aw-l by -- oz 
yf = du + ey ++ fe 
z= gu-b hy -b he 


we consider the totiahedion with tho vorlicos (0, 0, 0), (1, 0, 0), 
(0, 1, 0), (0, 0, 1), whoso mmago has tho vortices (0, 0, 0), (a, d, 9), 
(5, ¢, ), ( f, %) Yor tho volumos ¥’ and V of tho imago and tho 
original wo theroforo havo 


abs 
def 
gh kh 


hence tho determinant 18 tho conalant sought, 


Tho sign of tho detorminant algo has a geomotitoal meaning Tor from 
what we have seon in section 2 (p 18) on the connexion botweon the sense 
of rotation and tho volume of tho totiahbedion or area of tho tilanglo, 1b 
follows at once that @ transformation wih a postive determinant preserves 
the sense of rolation, while @ transformation with a negative delerminant 
reverses tt, 


*Tf no veilox of the tetrahedion coinodes with tho oulgin, this thooiom 
follows from tho goneral formula for tho volume of a totrahodron (p. 18) 
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We now consider the combination of two transformations 


a! = an -+ by + 07 a” == aye’ -b by’ -}- 0427 
yf == da +- ey + fa yf ae dye! be egy’ + fx! 
z= gu + hy 4+- ke al ms gyal + hy’ 4- Ay2’, 


a”? x= (aya 4- byd 4 eyg)e + (ayb 4- bye + ogh)y + (ayo - b, f + osh)2 
yf” = (dia + ed 4- figye + (dyb + Ge + fib)y + (do + af + Skye 
x = (gat + hyd + Ayg)e + (gid + ye + Ayh)y (ge -k Aa f+ yk) 


As wo pass from #, y, 2 to a’, y’, 2’ the volume of a tetrahedron 18 multiplied 
by 

abe 
def 
g hk 


+ 


as wo pass from 2’, y’, 2’ to 2”, y”, 2” by 
a by 
dy gy fy 
fi hy hy 
and by direot chango from #, y, 2 to «”, y”, 2” ik is multiplied by 
a+ bd-+- ag ab-+ veoh ae Bf-- oh 
dated+fg db+ee+ fh dot ef+ fir 
Kebhyd-+-kg gb+het hh got kyf-+ kyk 


This gtves us the followmg relation, Imown as the theorem for the 
multiplication of determmants 


a by gy Gy by ty 
&ag fy dz & fe 
fr ty ft, a 


Aylly  Bydy “+ Oya Aybg + Byey f+ Oya y0q t= By fa + Orbe 
yy + eye + fig Ayba + ete + fig diey + er fa + fike 
Gq + hydy + byga riba Hea te Megha 10a + Pa fa t+ dale 


As before, we call the elements of the determmant on the right the “ pro 


= ry 


ty by Oo Gz, dy oy 
duota" of the rows of |d, e f,| and the columns of [d, ¢ fy}3 at 
fr ty hey a 


the intersection of the + th row and the & th column of the product of 
the determinants there stands the expression formed from the 1-th row of 


m% b % ty by oO, 
d, ¢ f,| and the &th column of |d, ¢ fy} Smee rows and 
f1 hy G2 Tig hy 


columns are interchangeable, the product of the determinants can also 
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be obtamed by combmmg columns and rows, columns and columns, or 
rows and rows 

For two-rowed detoaaminants the corresponding thoo1em of comse 
holds, namely 


Ayla + Dydy  Ayeq + Dy, 
Oxy} Ayg  Cy0g + yd 


a, by 
oy dy 


(combining 2:0ws and rows, &o.)}. 


a, by 
dy 


Tx AMPLys 


1 Tivaluato the following determinants 


84 5 111 1 ii lw 2 
(az) l4 6 6], @)]1 2 4, Wile 38 44 @WMIl y pl. 
8 67 13 9 8-1 7 la 2 


2, Find the relation which muat exist between a, b, o in order that tho 
system of equations 
3¢ -+- 4y ++ Bz = @ 
4a -+- By -+ 62 = B 
be -+- dy -- Tz = 0 
may havo a solution, 


3*, (a) Prove the incquality 


ab 6 
Dexa bo of | Sv (ab -b b8-b oF) (09 + B+ 0) (a8 - 09 + 0"), 
a’ be? o” 


(b} Whon docs tho equality sign hold? 


4, What conditions must bo salusficd in order that the afline trans. 
formation 
as an -+ by, 4 = ov dy 
may leavo tho distance between any two pointa unchanged? 
§ Prove that in an affine transformation tho imago of a quadiso 
an’ -f- by -L oz + day + exe -- fye + gu -+ hy -|- taj = 0 
is another quadtic 
G*, Provo that tho affine transformation 
w == ce -|- by -- 0% 
yf = de} oy + fa 
wen gees hy - ke 


leaves at least ono direction unaltered 
7, Givo the formule for a rotation through the anglo @ about the axis 
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© y.z=1+'0 —1 such that the rotation of the plano a = z 18 positive 
when looked at from the pomt (—~1, 0, 1) 


8. Prove that an affine transformation transforms the contre of mass 
of a system of particles into the centre of mass of the mage particles 

9, Ifa, .+1 Ys denote the quantities on p 6, dofinmg a rotation of 
axes, then 


% fi 
oy Bs Ye 
a fis Ys 


= +1, 


CHAPTER IT 


Functions of Several Variables and 
their Derivatives 


Wo have already become acquainted with functions of sevoral 
variables in Chapter X of Vol I, and thote learned onough to 
appreciate ther importance and usefulness Wo are now about 
to enter on a more thorough study of these functions, discussmg 
proportics which were not touched upon m tho previous volume 
and proving theorems wluch there were merely mado plausible, 
No proof in this volume will mvolve previous knowledge of any 
proof developed nm Chapter X of Vol I, Yet the siudont is 
recommendad to read that chapter, as tho inturtivo discussion 
given thoro will assist him m forming mental images of matitors 
which are perhaps somowhat abstiact. 

Asa rule a thoorem which can be proved for functions of two 
variables can. bo extended to funclions of more than two variables 
without any essential change in the argument In what follows, 
therefo1e, wo shall usually confine ourselves 10 functions of two 
variables, and shall only discuss functions of three or moro 
variables when some special pomt ia involved 


1, Ten Conorrr or Furorion my tim Oasn or 
SmveRAL VARIABLES 
1. Functions and their Ranges of Dofinition. - 
Equations of tho form 
t= o--y, w= avy® or uss log(l —- 2 — y%) 
assign a functional value w to a pair of valuos (#, y), In the 


first two of theso cxamples a value of w 18 assigned to every pair 


of values (w, y), while in tho third the correspondonco has 4 
20 
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meanmg only for those pairs of values (2, y) for which tho 
mequality 2? -}- y? <1 is true, 

In these cases we say that us a function of the endependent 
variables © and y This expression wo use in general whenever 
some law assigns a value of was dependent variable, corresponding to 
each pair of values (a, y) belonging to a cortain specified set. Sim- 
larly, we say that «1s a function of the m vanables 2, Ta «++ Un 
if for every set of values (a,,%_,  , %,) belonging to a certain 
specified set there exists a correspondmg value of u 


Thus, for example, the volume # = «yz of a rectangular parallelopiped 
18 a function of the lengths of the three mdes x, y, z, the magnotio de- 
clination 18 a function of the latitude, the longitude, and the timo; tho 


BUM %y + ty+. . -- ey 19 @ function of the m terms wy %y + s % 


Tn the caso of functions of two variables we repicsent the pair 
of values (a, y) by a pont in a two-dimensional rectangular co- 
ordinate system with the co-ordmates # and y, and we occasionally 
call this pomé the argument pout of the function, In the case of 
the functions w= @-+ y and v= 2°y* tlis argumont pomt can 
range over the whole of the zy-planc, and we say that theso 
functions are dofincd in the whole wy-plano, In the case of the 
function u = log(1 — a? — y*), the pomt must remain within the 


cirole z* +- 4? <1, and the function 18 dofined only for points 
inside this circle, 


y 
Fig, 1.—A simply-connected region Tig 2-~A triply connected region 


As in the case of functions of a smegle variable, the arguments 
m the caso of functions of several variables may be ether “ dis- 
continuous ” or “ continuous”? Thus the average population per 
state of the United States depends on the number of states and 
on the number of mhabitants, both of which are integers On 
the other hand, lengths, weights, &¢ , are examples of continuous 
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variables In tho future wo shall deal almost exclusively with 
pairs of continuously vaiable aguments, the pomt (#, y) will 
be allowed to vary m a defimto “region” (or “ domain ’’) of 
the #y-plane, co.responding to the “interval” im tho caso of 
functions of one variable Tins region may consist of tho whole 
wy-plane; or 1b may consist of a portion of the plane bounded by 
a single closed curve O which docs not mtersect itself (a “ simply- 
connected region”, of fig 1), or 16 may bo bounded by sovoral 
closed curves. Jn the last caso 1 18 said to ho a “ multaply- 
connected region”, the number of the boundary curves giving 
the so-called “connectivity”, fig 2, for oxample, shows a 


iniply-connected region, 
y V4 


lp 


i@ 
I 
I 
i 
.- saav al 
OR -— K —-—»| 
Ye 3—A rectangular region lig 4—A clrculac region 


The boundary curves, and in fact every curve considered in 
this volume, will be assumed to bo sectronally smooth * ‘That is, 
we assume once and for all that every such curvo consists of a 
finto nwnber of ares, cach ono of which has a continuously- 
turning tangent at each of 1s points up to and meluding tho ond 
pomts Such curves, thorcforo, can at most have a fimto numbor 
of corners or cusps 

Tho most impoilant types of region, which recur ovor and 
over again in tho study of functions of several variables, axo (1) 
tho rectangular region (fig. 3), defined by mequalities of tho form 


aSenb 
eSyd, 


in which cach of tho independont vauables is restricted to a 
defimto mterval, and the agument point varies m a rectangle, 


® 
(2012) Gor, attlekwerse glalt, i 
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and (2) the cwcular region (fig 4), defined by an mequality of the 
form 


(oo + y— PPS, 


m which the argument pomt varies in a oelo with radius 7 
and centre (a, 8) 

A point P which belongs to a region 2? 18 said to be an mdertor 
point of R if we can find a circle with 11s contie at P lymg ontnoly 
within R. If P 1s an interior point of R, we also say that 2 1s 
a neighbourhood of P Thus any neighbourhood of P will contain 
a sufficiently small circle with P as contro 

We may bnefly remark that couesponding statements hold 
in the case of functions of more than two mdependent variables, 
e.g of three vamables #, y, 2 In this case the argument point 
Valles In a three-dimensional region instead of mm a plane region. 
In particular, this region may be a rectangular region, defined 
by mequalities of the form 


50S), cSySd, eSeSf, 
or a sphercal region, defined by an mequalty of the form 
(o— oF + (y— PP +e —ySr 


In conclusion, we shall mention a finor distinction, which, while scarcely 
essential for the purposes of this book, 1s nevertheless of umportance m 
more advanced study We sometimes have to consider regions which do 
not contain thor boundary points, that 1s, the pomts of the curves bound- 
ing them, Such regions are called open regions (of the Appendix to this 
chapter, p 98). Thus, for example, the region a4 + 4? < 138 bounded by 
the ocle a + y= 1, which docs not belong to the region; the rogion 
is therefore open If, on the other hand, the boundary pomts do belong 
to the region, as will be the case in moat of the examples which we shall 
disouass, we say that the region is closed, 


When we are dealmg with more than three mdepondent 
variables, say @, y, 2, w, our inturtion fails to provide a geometrical 
interpretation of the set of mdependent variables Still, we 
shall occasionally make use of geometrical terminology, speaking 
of a system of nm numbers as a pomt in n-dimensional space. 
By rectangular regions and spherical regions in such a space wo 
naturally mean systems of pomts whose co-ordinates satisfy 
inequahties of the form 


@ Sosa, bh SySb, %¢ S286, d&Sswsd, sea 
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or (@— a+ (y~ PP e—yP+ w-dsP4+ S20 


respectively 

We can now give procise expression to our defimtion of the 
concept of function m tho followmg woids Jf R 2s @ region in 
which the wndependent vairables x,y, .. may vary, and of a definate 
value urs assigned to each point (x,y, _ .) of thes sequon according 
to some law, then u== f(x,y, .. ) 08 saad to be @ function of the 
continuous independent varrables x, y, ; 

Té1s to bo noted that, just as In tho case of functions of ono 
vanable, a funcional correspondence associates a wnigue value of 
w with the system of mdependent vanables #, y, .. Thus if the 
functional value 1s assigned by an analytical expression which 


4 
is multiple-valued, such as ac tan u, this expression doos not 


determine the function completely. On the contrary, wo havo still 
to specify which of the sovoral possible values of the expression 
18 to bo used; m the case mentioned, we have still to state that wo 


are to take the value of are ton! which lics between ~* and 


aT 
“- go oF the value between 0 and 7, or we must male somo other 


similar specification, In such a onso wo say that the oxprossion 
defines several different singlo-valued branehes of the function 
(cf, Vol I, p. 17), If wo wish to consider all thoso branches a, 
once, without giving any one of them proforonce, wo may regard 
them as together formmg a multiple-valucd function. In this 
book, however, we shall make use of this idea in Chap, VIII only, 


2. The Simplost Types of Funotions, 


Just as in the caso of functions of ono variable, tho simploat functions 
are tho rational stegral funotions or polynomials, Tho most gonoral 
polynomial of tho fixst dogico (Z:near fumotion) 1s of the form 


wu sx ay -- by -- 0, 


whore @, b, and o a1o constants Tho gonoral polynomial of tho second 
degree has tho form 


wes an® -[ bry - cy +- dx 4 ey -- f. 


Tho general polynomial of any dogico is a sum of toms of the form 4,,,¢%y", 
Wwhoro the constants 4,,,, are arbitrary. 
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Rational fractional functiona aro quotients of polynomials, to this olnsa 
belongs 6g tho linear fractional function 


_ ae+ by -- 0 
aia + b’y +o” 
By extraction of roots we pass from the rational funotions to certain 
algebraic functions,* © g 


yy is fete 
7 apy? a 4 wy 


In the construction of more complicated functions of soveral variabloa 
we almost always fall back on the well known funotions of ono variable,t 


og 
u=sin(a aro cosy) or t= lop.y, 


3. Geometrical Representation of Functions, 


In Chapter X of Vol. I wo discussed the two pimoipal mothods for 
representing a function of two mdependent variables, namely (1) by 
means of the surface u == f(z, y) 1 xyu space, described by the point with 
co ordinates (x, y, u) as (x, y) ranges over the repion of dofinition of the 
funotion «, and (2) by means of the curves (contour linos) in the ay-plano 
along which # has a definite fixed value 4. Wo shall not repeat thia dis- 
cussion here, If the student is not already perfeotly familar with those 
methods of geometrical representation, ho would be woll advised to tun 
to the previous volume and read the discussion given there {(p 460 ef seq.). 


2, ContiInUITY 
1. Definition. 


The reader who is acquainted with the theory of functions of 
a single variable and has seen what an mportant part is playod 
in it by the concept of contmurty will naturally expect that o 
correspondig concept will figuro prominently m tho theory of 
functions of more than one vaiable Moreover, ho will know in 
advance that the statement that the function «= f(a, y) is 
continuous at the pot («, y) will mean, roughly speaking, that 
for all powis (€, ») near (x, y) the value of the function f(£, 7) 
will differ but litle from f(x, y). This idea we shall express more 
precisely as follows 

Phe function (x, y), defined wm the region R, +3 continuous at 
the pout (£, y) of R, promded that for every positwe number e tt is 
possible to find a positwe number 8 = 8(e) (sn general depending on 


* For an accurate definition of the term “ algebrato funotion " 429. 
t Cf also the section on compound famlinna (0, 00) notion * goo p, 119 
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e and tending to 0 with «) such that for all pounts* of the reguon 
whose distance from (&, y) ts less than 8 (that rs, for whach 


(@— €? -+ (y— PS), 
[/(@, v) —F(é 9) | S «. 


Or, in othor wo1ds, the relation 
IfE+A n +h) —f(é)| Se 


18 to hold for all pans of values (1, 4) such that 4? +- 12 8 and 
the point (€ + 4, 7 -- &) belongs to the region R, 

Tf a function 1s continuous at every pomt of a region F, wo 
say that rt 18 continuous an Zt 

In the definition of continuity we can replace the distance 
condition A? + i? S 8 by the following equivalont condition 

To every «> 0 there shall conespond two posiiwe numbers 
8, and 8, such that 


[f€+4q+)—-f(E | Se 


whenever | h| < 8, and | k] S &, 
The two conditions are equivalent, For if the origmal con- 
dition 18 fulfilled, so 18 the second zi 
if we take 5, = 6, = 6/4/2, and Gp : 
conversely, 1f the second con- 
dition is fulfilled, so 1s the first , 
if fo. 5 we take the smaller of the 
two numbers 8, and 8, 
The followmg facts aro almost 


obvious’ 

The sum, dofference, and pro- 
duct of continuous funchons are ° me 
also continuous, The quotrent of Figs 5-—Houndary point 


continuous functions 1s contunuous 

except where the denonunator vanishes, Continuous functions of 
continuous functions are themselves contunuous (cf section 5, No. 1, 
p. 70). In particular, all polynomeals are continuous, and all 
rational fractional functions are also continuous except where the 
denominator vanishes, } 


* Wig. 5 illustrates the onso whore (£, 4) loa on the boundary of 2 


t Another obvious fact, which, however, ia worth atating, is as follows, 
uf a function f(x, y) 18 conlinuoue in a region Re and 18 defforent from zoro at an 


46 FUNCTIONS OF SEVERAL VARIABLES  [Cuar. 


A function of several variables may have discontinuities of a much 
more comphoated type than a function of a single variablo Tor oxample, 
cdiscontinunties may occur along whole aros of curves, a8 in the caso of tho 
function «== y/x, which 1g discontinuous along the whole Ime a= 0 
Moreover, a function f(a, y) may be continuous im x for eaoh fixed value 
of y and contmuous in y for each fixed valuo of # and yot be a discontinuous 
function of # and y, This 1s exemplified by the funotion f(x, y) = ear 
f(0, 0) 0 If we take any fixed non zoro valuo of y, tlis function 
is obviously continuous as a function of @, as the denommator cannot 
vanish If y=0, we have f(a, 0)== 0, which 18 a contmuous funo- 
tion of 2 Similaily, f(a, y) 1s contmuous m y for cach flxcd value of 
2, But at every pomt on the lme y= x, eacept the pomt «= y= 0, 
wo have fiw, y)==1, and there are pomts of this hne arbitramly olose 
to the ongin Hencoo the function 1s discontmuous at the pomt 
go y= 0, 


Other examples of discontmuous functions will be found m Vol I 
(p 404) 


2 The Concept of Iamit in the Case of Several Variables. 


The concept of the limit of a function of two vamables is 
olosely related to the concept of continuity Let us suppose that 
the function f(#, y) 18 defined in a region J, and that (&, 7) 18 a 
pomt either withn 2 or on rts boundary, Thon the statement 
that the hmut of f(a, y) as tends to € and y tends to 7 19 18 
to be understood as having the followmg moanmg: for every 
«> 0 thee wad > 0 such that 


lf(@, ¥)—l]<e 
Sor alt pots (x, y) un R for which the inequality 
O0<@— sF+y—yPsk 


holds It 1s to bo noted that, just as m the case of functions of 
one variable, the pomt (a, y) 18 required to be distinct from the 
pot (é, 7) 

We symbolize the existence of the mut ? by writing 


hn f (2, y) = 1, or f(a, y) > 1 as (@, y) > (£, 9). 


y-r7 


snferror pont P of the region, wt t8 possible to mark off about P a nerghbourhood, 
eat @ earcle, belonging entirely to R, wm which f(x, y) 18 nowhere equal to zero, 
For if tho value of the function at P19 a, we oan mark off about P a circle x0 
small that the value of the function im the oirole differs from @ by Joss than 
a/2 and therefore is certainly not zero 
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For emphasis this 18 sometimes read “the double Imit as 
tends to £ and y tends to 7 of f(x, y) 18 2” 

Using the language of limits, we can say that a function 
f(m, y) 18 continuous at a pomt (g, 7) 1f, and only if, 


hm f(@, 9) =f(, 9) 
as 


We can sco the matter m a new light 1f we consider sequences 
of points We shall say that a sequence of points (a, 44), (a, 45), 
wee y ns Yn) + » bonds to a limit pomt (£, 7) 1f tho distance 
AV {(en— EP + Ya 7)*} tends to 0 a3 2 mezcases We can then 
show at once (cf, Vol I,p 47) that if f(a, y) -> 0 as (a, y) > (£, 7), 
then lim f(a; Yn) = 1 for every sequence of points (#,, ¥,) m R 


> 
which tends to (é,) The converse is also true; if lm f(a, y,) 
au}e 


4 ” 

exists and 1s equal 107 for evory scquonco (%,, ¥,) of pomts in R 
tending to (£, 4), then the double mit of f(«, y) as w-> ¢ and 
y > 7 exists and 1s equal tol We omit tho proof of this 

Tn our definition of Imt we have allowed the pomt (2, ¥) to 
vary in the egion 2 If we so desire, however, wo can imposo 
restrictions on the pomt (@, y) Tor examplo, we may require 1 
to he in a sub-region &’ of R, or on a curvo O, or in a set of pomts 
Min &, In this case wo say that f(x, y) donds to 2 as (a, ¥) tends 
to (&, ») m 2’ (or on C, orn M) Jt is of course understood that 
R’ (or C, or JZ) must contam points arbrizarily close to (€, 7) in 
order that the definition may bo applicable 

Our definttion of continuity then imphes tho two followmg 
roquirements' (1) as (x, y) tends to (, ») in BR the function 
f(x, y) must possess a lant 1, and (2) this lunat | must comede 
with the value of the function at the nowt (é, 7) 

Tt is obvious that we could dofine continmby of a function, 
not only in a region £& but also, for example, along a curve OC, 
in tho same way. 


3, The Order to which a Function Vanishes.* 


Tf the function f(x, ) 18 continuous at tho pomt (¢, »), the 
difference f(w, ¥) —f(é, 4) tends to zoro as @ tends to & and y 
tends to y. By introducing the now variables 2 == «— € and 


* Ting sub acotion may bo omitled on a firab ronding, 
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k= y— % we can express this as follows’ the function ¢(A, &) 
== f(é-+ h, n+ h) —f(& 7) of tho variables 2 and & tends to 0 
as # and & tend to 0 

Wo shall fiequently meet with functions such as ¢(h, 4h) 
which tend to zero * as # and & do, As in the case of one 1n- 
dependent variable, for many purposes 16 18 useful to describe 
the behaviour of d(4, 4) as h>0 and &->0 moro precisely 
by distinguishing between difforent “orders of vanishing” or 
“orders of magnitude” of (hk, 4) For this purpose wo baso 
our comparisons on the distance 


p= VIP hia V(e— £2 + (y — 9)? 


of the point with co-ordimates e== §-+- hk and y= y-+ & from 


the point with co-ordmates é and y, and make the following 
statement’ 


A function d(h, k)} vaneshes as p> 0 to the same order as 
p= Vh?-+ k4, or, more precisely, to at least the same order as p, 
provided that there 1s a constant O, wmdependent of h and k, 
such that the mequalety 

ph, k) | <0 


P 


holds for all sufficiently small values of p, or, more precisely, when 
there 18 a 8>0 such that the mequality holds for all values 


of k and % such that 0< Vh?+ <8, Further, wo say that 
(hk, 4} vanashes to a hagher order } than p of the quotient o(h, I) 
p 


tends to 0 asp—+>0 This is sometimes expressed by the sym- 
bolical notation t d(h, &) == o(p), 


* In tho older literature the expressions “ ¢(/, %) becomes infinitely small 
as fb and & do ™ or “ (A, 4) 18 infinitesimal” are also found These statomonts 
havo a porfeotly definite meaning if we regard them simply as another way of 
seying “ d(h, 4) tends to 0 as & and & do”, Wo novertheless prefor to avoid 
the misleading expression “ infinitely small ’’ ontirely 

tIn order to avoid confusion, wa would exproasly point ont that a Inghor 
order of vanishing for p—>0 imphes smaller values in the neighbourhood of 
p= 0, for example, p* vanishes to a higher order than p, and p* 14 smallor 
than p, when p 18 nearly zero 

+ ‘Tho letter o 1s of course chosen because xt ia the first letter of the word 
order If we wish to exprosa the statoment that ¢(/, 4} vanishes to at least tho 
same order as p, but not necessarily to a higher order, we use tho letter 0 instead 


of o, writing ¢(h, k)= O(p). In this book, however, we shall not use thia 
symbol, 
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Let us now consiler a fow cvamples, Sinco 


|| || 
Tepe Ta 


the components / and i of the distanco p in the dircotions of the w- and 
y axes vanish 40 at least the samo odor as the distancs itsclf ‘The samo 
18 true for a linear homogoncous funotion ah-+ b4 with constants @ and b, 


1 
or for the function psm-. For fixed values of « greator than ] tho power 


e* of the distance vanishes to a Inghor oder than p; symbolially, 
p*== o(p) for « > 1, Sumilaily, a homogencous quadratio polynonual 
ah? +. bk -+- ok* in the variwhles 2 and & vamshes to a lugher order than 
pas o->0, 

ah’ +. bhi -+ chA = ofp), 


Moro gonorally, tho following dofinttion is used. Tf tho 
comparison function w(h, &) 1s defined for all non-zero values 
of (kh, k) m a aulficiontly small civelo about the ougm, and 
is not equal to zero, then b(t, &) vanishes to at least the same 
order as w(h, k) as p-> 0 if for some suitably chosen constant 0 
the relation 


lh, h) | <0 


w(h, It) 
holds, and similarly, d(%, &) vanoshes to a ligher order than ah, kh), 
- ie Ph, A) 
or A(h, k) == o(eo(h, ke), if aT +0 whon p> 0, 


Tor oxample, tho homogoncous polynomial ah? -- bb -+- of ia at loast 
of the same order as p*, since 


| ah? + bhh + of | S (lal + a] B] +] ol) a+ a) 


1 
Also 9 = of ~ —), aince lim (p lo 0 (Vol. I, p, 195). 
e [ log p | ae Be) = ( 1]: } 


TSXAMPLES 


I, Disouss the bohayiour of tho functions 
(} AF mn sey’, 
(b) aA — Gxry? -- yt 
m the neighbomhood of tho ougin, 


2 How many constants docs the gonoral form of & polynomial Pia, y) 
of degros » contain? 
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3 Prove that the oxpression 
ad + buy? 4 caty + dye 


vanishes at a= y= 0 to at least tho same order ag p* = (27 +- 7), 
4, Find the condition that the polynomial 


P = aa + Qhay -+ oy* 
is of exactly the same oider as p? in the neghbowhood of w= 0, y= 0 


P p* 
26, both ~- and =~ are bounded), 
(26. both r d P bounded) 


6. Aro the following functions continuous at = y= 0? 


lent 9 wt ary ty? af + Sey + 
ape Oma OR re 


ive a __le-vl 
(2) — ee (6) esas, 
9 jf. 42 
(f) |e|% (g) ||, aye py [le V (x8 4- y*) , 
vern+ | 


6, Wind a 8(e) (p. 44) for those funotions of ffx, 5 which are continuous 


3, Tum Derivatives or A Funorion 


1. Definition. Geometrical Representation. 


If 1m a function of several variables wo assign definite numeri- 
oal values to all but one of the variables and allow only that one 


4 


> 

& 
t 
3 


fiat 


Fig, 6 Fig. 7 
Sections of u = f(x, 9) 
variable, say , to vary, the function becomes a function of one 
variable Wo consider a function u = f(a, y) of the two variables 
oe and y and assign to y a definite fixed value y= yy=o¢ Tho 
function v= f(s, yo) of the smgle vamable # which is thus 
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formed may be represented geometrically by letting the plano 
y= y, cut the surface w= f(x, y) (of figs 6 and 7) Tho 
curve of intelsection thus formed m the plane is represented by 
the equation w== f(x, Yo). If we dificrentiate thus funciion in 
the usual way at the pomt x == % (we assume that the dorivative 
exists), we obtam the partial derwatwe of f(x, y) with respect to x 
at the pomtb (x, Yo) According to tho usual dofinrtion of the 
derivative, this 1s the limi * 


lm S20 +s Yo) — Fo, Yo). 
h 


hk->O 


Geometnoally this partial derivative denotes tho tangent of the angle 
between a parallel to tho z-axis and tho tangont lino to the ourvo 
== f(x, Yo) It is thercfore the slope of the surface u == i(x, y) wm the direc- 
tion of the x axvs 


To repiesent these partial derivatives several different note- 
tions are used, of which wo montion the followimg: 


ie (@ + h, Yo) — f(@os Yo) 


h->0 h = f,(%o, Yo) = Un{ Loy Yo). 
hs 


If we wish to emphasize that the partial derivative 1s the limit 
of a diflerence quotient, we denote it by 


oe 3 
ay OF x J 


Hero woe use a special round lettor 0, instead of tho ordinary d 
used in tho differentiation of functions of one variablo, m ordor 
to show that we are dealing with a function of soveral variables 
and differontiatmg with respect to one of thom, 

Té 18 somotimes convoniont to uso Cauchy’s symbol D, mon- 
tioned on p. 90 of Vol I, and write 


Q 
sp Dal 


but we shall seldom use this symbol. 
Tn oxactly the same way wo define tho partial dorivativo of 


* Tf (2) 7) if o pomt on the boundary of tho rogion of defimtion, wo make 
the restriction that in tho passngo to tho limit the point (a + 2, #7) must always 
remain in tho region 
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(x, y) wth respect to y at the point (tq, Yo) by the relation 
Lo, % k) — f(a, 4 

m2 a Yort : F(X Yo) fy 


h->0 


Los Yo) a DJ (2%, Yo) 


This represents the slope of the cmve of mtorsection of the sm face 
u= f(c, y) with the plane «= a, perpondicular to tho #-axis 

Let us now think of the pomt (a, 4%), hitherto considered 
fixed, as variable, and accordingly omit the suffixes 0, In other 
words, we think of the differentiation as carriod out at any point 
(e, y) of the region of defintion of f(x, y) Then the two deriva 
tives are themselves functions of x and y, 


i Roi Of (a, 
Melts y= felt y= ie D snd ula, 9) = file, 9) = 


For examplo, the funotion uy = a%-+ 4% has tho partial derivatives 
Ug, = 2 (in differentiation with respect to a the tam y? 18 1ogaided as o 
constant and so has the derivative 0) and w= 2y Tho pat tinl derivatives 
of w == ay are uy = Baty and ay = a 


We smularly make the followmg defimtion for any numbor n 
of independent variables, 


Of (a; @yy oa Ma) od at h, %, * +9 a) — f (dey, @o5 eeey By) 
Oo h->0 h 


= f,(%) Wp, +, By) = Dy, f (% Bg, rers Ln) 


6 bemg assumed that the hmut exists 
Of course we can also form Jagher partial dervwateves of f(a, ¥) 

by agam differentiating the partial dorvatives of the “ first 
order”, f,(x, y) and f,(z, y), with respect to one of tho variablos, 
and repeating this process, We mdicato the order of diflerontia- 
tion by the order of the suffixes or by the order of tho symbols 
Ga and dy in the “denommator”, fiom night to left,* and use 
the following symbols for the second derivatives’ 

0 fof\ of 

Be (2 = Ggt oa Deal 


Q /2 0" 
oz (Z) a sy = fy Daf, 


* In Continental usage, on the other hand RS (#) 18 written a 
: ” On \dy dy Ou 
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a (a\ af 
iy (ae) = dyan = Sue Divah 


Y \e 
a (y\ af 
ay (i) = {yf far inl 


We likewise denote the thud partial dorivatives by 
2 ot) BOF 
On \da2/ dae = fens 


5 Cash 
dy Naat) Syaad = Fem 


0 / af asf 
5 (23,) = Feigy Jean &05 


and in general the n-th derivatives by 


a (ea ) cee 

Oa \dar-1) ~ dan = Som 

a (amtf\ anf 

5 (amt) Byars a 


In practice the performance of partial diflcrontiations involves 
nothing that the student has not met with already. For accoiding 
to the defimtion all the mdependont variables are to be kept 
constant except the one with respect to which we are drflerontiat- 
ing We therefore have merely to regard tho other variables as 
constants and carry out the differentiation according to tho rules 
by which wo diflerentiate functions of a single mdepondent 
vaniable, The student may novertheloas find it helpful to study 
the examples of partial diforentiation given in Chaptor X of 
Vol I (p. 469 & seg.) 

Just as in the caso of one independent variable, the possession 
of derivatives is a apecial property of a function, not enjoyed 
even by all contimuous functions.* All the samo, this proporty 
18 possessed by all functions of practical importance, except 
perhaps at isolated exceptional points, 


* Vor on oxplanation of tho tom “ differantiable *, which implica more 
than that tho partial dorivatives with respect to # ond y oxiat, soo p. 60 
té seq, 
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2. Continuity and the Existence of Partial Derivatives with 
respect to 4 and y. 


In the case of functions of a smgle vauable, we know that 
the existence of the derivative of function at a pomt implies 
the contmurty of the function at that point (cf Vol I, p 97) 
Jn contrast with this, the possession of partial derrvatives does 
not imply the continuity of a function of two variables og. the 

20Yy 

Ce ae 
everywhere, and yet we have alroady seen (p 46) that 1t is discon- 
tmuous at the orgm Geometrically speakmg, the existence of 
partial derivatives restricts the behaviour of the function in the 
directions of the @- and y-axes only, and not im other directions, 
Nevertheless the possession of bounded partial derivatives docs 
imply continuity, as 18 stated by the followmg theorem. 

Ef a function f(x, y) has partial derwatwes f, and f, everywhere 
im a regron R, and these derwatwes everywhere satrsfy the u- 
equahires 


function u (2, y)= 


with « (0, 0) = 0, has partial denrvatives 


| Fol, y) | <M, | Fula, y) | <M, 


where M ws independent of x and y, then f(x, y) is continuous 
everywhere m R 

T'o prove this we consider two points with co-o1dmates (7, ¥) 
and (a-++ A, y+ &) respectively, both lying m the region FR. 
We further assume that the two lne-segments joming these 
pomts to the pomt (%-+ h, y) both lic eniwely in FR, this 1s 
certainly true if (@, y) 1s a point mteror to R and the point 
(@-++ h, y + &) hes sufficently cloge to (x, y), We then have 


fe+ hy +h) — fe, y= {fethy th —f(a+ h, 9} 
+{fle+ h, y) — fla, 9}. 


The two terms in the first bracket on the mght diffor only m y, 
those im the second bracket only mw We can therefore trans- 
form both the brackets on the mght-hend side by means of the 
ordinary mean value theorem of the differential caloulus (Vol. I, 
p 103), regardmg the first bracket as a function of y alone 
and the second as a function of alone We thus obtain the 
relation 


Fa + hy y +b) — fle, y) = fe + h, y+ Ok) ++ hfe +0ah, y), 
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where @, and 0, are two numbers between 0 and 1 In other words, 
the derivative with respect to y is to be formed for a point of the 
vertical line jommg (#-+-h, y) to (w-+h, y+h), and the deriva- 
tive with respect to # 1s to be formed for a pomt of the honzontal 
lime joming (%, y) and (w-++-h, y) Sinco by hypothesis both 
derivatives aie less in absolute value than Jf, 14 follows that 


[f@ + h, y+ k) — f(a, y) |S M(|h| +f). 


For sufliciently small valucs of & and 1 tho mght-hand side 1s 
itself arbitrarily small, and the contmuty of f(x, y) 18 proved 


3, Change of the Order of Differentiation. 


In the examples of partial differentiation given in Vol. I it 
will be found that fy. = fry, 10 other words, 1 makes no drflorenco 
whether wo diflerentiate first with respect to w and then with 
respect to y, or first with respect to y and then with respect 
tox This obscivation depends on the following smporlant 
theorem: 

Lf the “mused” partial derwatiwes fy and fy, of a function 
I(x, y) are contenuous in a region R, then the equation 


Faw = Sow 


holds throughout the wmterror of that region, that 4s, the order of 
dafferentation with respect to x and to y 1s ummaten al 

The proof, hke that of the provious sub-section, 18 based on 
tho mean value theorem of the diflerential caleulus Wo consider 
tho four pomts (a, y), (+ A, y), (% y+ &), and @ +h, y-+ b, 
where 4=- 0 and &=:0 If (, y) 18 an mtortor pomt of tho 
region #, and h and & aro small enough, all four of these pomts 
belong to 2. We now form the expression 


A=fe+h yt h)—f@-+-h,y)—f@y+ +f ay). 
By introducing tho function 
f(z) = f(a, y + kh) — f(a, y) 


of the variable # and regarding the variable y mexoly as a “ para 
moter’, we can write this expression m the form 


A= $le-+h) — ¢(a), 


Transforming the nght-hand side by means of the oxdinary 
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mean value theorem of the differential calculus, we obtam 
A = hd'(w + 6h), 
where @ lies between 0 and 1 From the definition of (x), how- 
ever, we have 
g(a) = fol, y+ h) —~ fuls y); 
and sinca we have assumed that the “mixed” second partial 


derivative fy, docs exist, we can agam apply the mean value 
theorem and find that 


A = hhfygla + Oh, y 4- #1), 
where 6 and & denote two numbers between 0 and 1. 
In exactly the same way we can start with the function 
ly) = f(a +- hy y) — fe 9) 
and represent 4 by means of the equation 
A= ly + b) — ly). 
We thus arrive at the equation 
A=hlfn(e-+ Oh, y+ 0h), where 0<0,<land0<6,’<1, 
and. if we equate the two expressions for A wo obtam the equation 
Fuck@ + 8h, y + Oh) = fay + Oh, y + 0,'h). 


If here we let A and & tend smmultaneously 10 0 and rocall that 


the derivatives f,,(z, y) and f,.(2, y) are continuous ab the pomt 
(2, ¥}, we mmediately obtam 


f, yal®, Y) =f, ous ¥), 


which was to be proved.* 


* For more refined investigations 14 18 often useful to mow that the theorem 
on the reversibility of tho order of difforontiation can be proved with weaker 
hypotheses It 18, im fact, sufficient to assume that, m addition to tho fiist 
partial derivatives f, and fy, only one mired parhal derwatiwe, say fyy, existe, 
and thai this derivative 18 continuous at the pornt im question, To provo this, we 
return to the above equation 


A= fle + hy y +b) — f(x +h, y) — f(t, y tk) + f(x, 4), 
divide by #1, and then let & alone tend to 0 Then tho right hand side has a 
limit, and therefore the left hand side also has a lunil, an 


A =; (x + hy y) — Sylt ¥) 
pom h ° 
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The theorem on the ever sibility of the ordor of diflerentiation 
has far-reaching consequences In pailicular, we sco that the 
number of distinct devatives of the second order and of highor 
orders of functions of several vatables 1s decidedly smallor than 
we might at fist have oxpected, If we assume that all tho 
derivatives which we are about to form are continuous functions 
of the mdependent vaiiables in the region under consideration, and 
if we apply our theorem to the functions f,(2, 9), Sule, ¥)s faul® ¥)s 
&e , instead of to the function f(x, y), wo ative at tho equations 


Tay = Tei = fyem 


‘ee = Joay = Jie 
f ey = fi avey = f. ayyo i vaey = hf veya I, yuces 


and m genoral we havo tho followmg 1esult: 

In the repeated differentration of a funckon of two mdependent 
variables the order of the differ enérateons may be changed at will, mo- 
wded only that the derwatwes wm question are continuous functions * 


further, 16 was proved above with tho solo assumption thot f,,,, oxists that 
A ’ 
a Sule 1 Oh, y 1 8h) 


In viriue of the assumed continuity of fy we find that for arbilray e > 0 
and for all sufficiontly small valucs of & and 

Sul 9) ~ 0 < fag & Oh, y + OR) <fylem Yds 
whenco 16 follows that 


fuoles ye SE EI = fal 5 te, 9) 1 


hy) > , 
or jim Wea — ) ful ¥) = foals Ys 
that {s, Feylts 2) = fyglt 


*Tt is of fundamontal intorost to show by moans of an oxamplo 
that in tho sbsonce of tho assumption of tho continuity of tho second 
dorivative f,, or fy, the theorem need not bo true, and that on tho contiar 
foey can diffor from f,,, This 1s exomplified by tha function f(a, y) = ty ae 
f(0, 0) = 0, for which all the partial derivatives of second order exist, but are 
not contimuous, Wo find that 


“- Bam 9% 
& v) =i DS jig aE a ary, 


e->ro a ty? 

= . mw 4yf 
Oh elt £9) — F% 9) tm Pe ie: 
fylet 0) jam v rare a + ye , 


Ff, y) > Im 
t—> 


and consequontly 
Syl, 0) = 1 and f,,(0, 0) = +1. 


These two oxpressions are different, which by tho above theorom oan only bo 
due to the discontinuity of f,,, at the origin 
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With our assumptions about contmunty a funciion of two 
variables has three partial derivatives of the second oider, 


Jas Tis duis 


four partial de1vatives of the third order, 
Junin Teuyi Tau Suv: 


and mm general (n + 1) partial derivatives of the n-th order, 


Sons Soeays Soays ? Fay, Jn 


Tt 1s obvious that simular statements also hold for functions 
of more than two dependent variables T'or wo can apply our 
proof equally well to the mterchango of differontiations with 
respect to @ and z or with respect to y and z, &c, for each m- 
terchange of two successive differentiations mvolves only two 
independent variables at a tyme. 


EXAMPLES 
1 How many n-th deuvatrves has  funotion of thiee variables? 
2. Prove that the function 
1 


satisfies the equation 


Faso + Seen tg aes + fn, 24 = 0. 


8 Caloulate F 
ga [ete b 6 
sa) @ e+ f |, 
ax4 
: ] h kh+e@ 

4 Prove that 


Fila) fale) fg(er) 
oy) daly) galt) 
hy(2)  ha{z)—hagfz) 


§ Considering 


File) fallax) fa’x) 
'{y) dally) ga’{y) 
By'(z) ha'{z) hey) 


s 


Be Oy Bz 


4 


ab o 
def 
g hk 


as © function of the mmne variables a,b, . , 4, prove that 
(2) a@D,+ dD, + oD, = D, 


D= 
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(by* Dy Dy Dy 
Dy Ds Dy 


Dy, Dy Di 


= Di, 


4 Tom Tora, DirrerENtia, oF A FUNCTION AND I'ts 
GHOMETRIOAL MEANING 


1. The Concept of Differentiability. 


In the case of functions of one vauable the existence of a 
derivative 1s intimately connected with the possibility of approxi- 
matmg to the function »=f(£) m the neighbourhood of tho 
point # by means of a lmear function 7 = (€) This lmear fune- 
tion 18 defined by the equation 


P(E) == f (2) + (E — a) f"(a) 


Geometrically (¢ and. 7» beg current co-ordinates), ius .epresentis 
the tangent to the curve 7 = f(£) at tho point P with the co- 
ordinates = @ and »=/f(x); analytically, 118 characteristio 
foature 18 that 1b differs fiom the function f(£) m the neighbour- 
hood of P by a quantity o(A) of Ingher order than tho abscissa 
h== €—a (cf p 48) Henco 


f(é) — $8) = f(8) — f@) — (€ — a) f"@) = off) 
or, otherwise, 
fla-+- h) — f(a) — hfe) = o(h) = eh, 


where ¢ denotes a quantity which tends to zero asf doos, The 
term ff’(x), the “lincar part” of the meremont of f(x) corre- 
sponding to an incroment of A in the mdependent variable, we 
have already (Vol I, p 107) called the differential of tho funotion 
f(z} and have denoted 1+ by 


dy = Uf (a) = hy’ == hf'(@) 


(or also by dy = y'da, since for the function y= % the differential 
has the value dy= de== 1X h) Wo can now say that this 
differential is a function of the two mdopendent variables 
wand h, and wo need not restrict tho variable 4 m any way 
Of couse this concept of differential is as a rule only used when 
his small, so that the difforential Af’(w) forms an approximation 
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to the difference f(w-}- h)— f(z) which 1s accurate enough for 
the particular purpose. 

Conversely, instead of begmnmg with the notion of the der 
vative, wo could have laid the emphasis on the requirement that 
it should bo possible to approxmate to the function y= f(g) m 
the neighbourhood of the pomt P by a imear function such that 
the difference between the function and the linear approximation 
function vanishes to a higher ordor than the incroment A of the 
independent variable. In other words, wo should require that 
for the function f(¢) at the pomt ¢==@ there should exist a 
quantity A, depending on & but not on h, such that 


f(a h) ~ f(a) = Ah -+- o(h) = Ah -- eh, 


where ¢ tends to 0 with & ‘This condition is equivalont to 
the requirement that f(«) shall be differentiable at the pomt 4; 
the quantity A must then be taken as the derivative f‘(x) at the 
point #, Woe see this mmediately 1f we rewrite our condition in 


the form 
SR OEE tek igen Ee ma == A + € 


and then let 4 tend to 0, Drfforentiability of a funotion with 
respect to a variable and the possibility of approximating to a 
function by means of a Imear function in this way are therefore 
equivalent properties 

Tf wo notice that A -+- «= a(@, h) 1 a function of & which 
tends to A(x) as h-»>0, we arrive at tho oquivalent definition: 
f(x) is said to be differentiable at tho pomt x if f(a -+- h) — f(@) 
= ha(s, h), where the quantity a(a, h) 1s conimuous, as a function 
of h, at h=0 

These ideas con be extended in a perfectly natural way to 
functions of two and more vanables, 

We say that the function v= f(a, y) 18 defferentiable at the 
point (#, y) £16 can be approximated to in the noighbourhood of 


this pomt by a hnear function, that 1s, 1f 1b can be reprosented 
im the form 


fath y+ =fle, y) + Ab-+ Bh+ eh+ eg, 


where A and B are mdependent of the variables 2 and & and 
where ¢, and «, tend to 0 as kh and & do. In othor words, the 
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difference between the function f(a -+-h, y--h) at the poimt 
(o-+-h, y+-h) and the function f(e, y)-+ 4h -- BL which 18 
hnear m / and % must be of the order of magnitude* o(p), that 18, 
must vanish as p->0 to a Inghor order than the distance 
p= +/(? + ) of the pomt (# + A, y + &) from tho pomt (a, ¥). 

If such an approximato ropresontation 1s possible, 1b follows 
af once that the function f(#, y) can be partially differentiated 
with respect to # and to y at the pomt (a, y) and that 


Sfo= A and fy = B, 
For if we put = 0 and divido by h we obtain the relation 
I(@-+-+ h, u — f(a, y) =i A -- ey. 
} 


Since «, tends to zoro with f, as we pass to tho hmit 2 -> 0 tho 
left-hand side has a limit, and thet limit ws A. Similarly, wo 
obiam the equation f,(a, y) = B 

Conversely, wo shall prove that a function u== f(a, ¥) 38 
differentiable m the sonse just defined, that 1s, it can bo approxi- 
mated to by a lincar function, if it possesses condenuous deriva~ 
tives of the first order at tho point in question, In foot, we can 
write the increment 


Au= fle+ hy +h —S(o,9) 
of the function in the form 
Au= (f@-+h, y+ bh) fay + b}+{S@, y+ —S@ yh. 
As beforo (p. 54), the two brackets can bo expressed im tho form 
Au = hfe -- Oh, y +h) + Kefy(a, y ++ Oak), 


using the ordinary moan value theorem of tho difforontial 
calculus Smoe by hypothosis the partial douvatives f, and f, 
ate contimuous at the poms (a, ¥), we can write 


Soult -+ Oh, y ++ by = fr(a, y) + & 


* The equivalonco of theso two doflutions follows fiom tho following romarlc 
the inequality | eh + ek | Sle|v(2 t 4) always holds, whoro ¢ = | «| 
+ | €, | and tonds fo 0 as ¢, and ¢, do, Honce the rocond dofinition of diferontt 
ability follows from tha first Again, smoo |eV(h* 1 4)| S] e| [| + ab) 
if the second condition is fulfilled the difforence between tho function and tho 
linear approximation is of tho form e(| | | JED; whore -1S 0S +1, 
whence it follows that the roqgmremonts of the first dofinition are alo fulfilled, 
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and Fil@, y ++ Ogh) = f(a, Y) “lr Cas 


where the numbers ¢, and «, tend to zoro ash and do. We thus 
obtain 
Au = hfe, y) + hfy(@, y) ++ eh + eh 
a= hifa(e, y) ++ Ay (a, 9) + o(a/h? ++ 1), 


and this equation 1s the expression of the above statement.* 
We shall occasionally refer to 9 function with continuous first 
partial dorivatives ag a continuously differentiable function If 
m addition all the second-order partial derivatives aro contmuous, 
wo say that tho function is twice contmuously differentiable, 
and go on, 

As in the case of functions of one variablo, the definition of 
differentiability can be replaced by the followmg equivalent 
definrtion: the function f(a, y) 1s said 40 be differentiable at the 
pomt (x, y) if 


F@-+ hy y+ kh) — fa, y) = ah-+ Bh, 


where o and § depend on / and & as well as on @ and y, and are 
continuous as functions of f and & for h== 0, & = 0, 

No further discussion 1s required to show how these considera- 
tions can be extended to functions of three and moro variables. 


2. Differentiation in a Given Directicn, 


An important property of differentiable functions 1s that they 
not only possess partial derivatives with respect to # and y, or, 
as we also say, in the a- and y-directions, but thoy also have 
partial derivatives m any other direction By the derwative in 
the dvrection a we mean the following: 

We let the pont (w+ A, y+ &) approach the point (a, y) in 
such a way that 1b 1s always on the atraight line through (@, ¥) 
which makes the constant angle a with the positive a-axis In 
other words, h and & do not tend to 0 independently of ono 
another, but satisfy the relations 


h== pcosa and k= psina, 
where p 1s the distance 4/(h? + i) of the pomt (w-+- h, y- %) 


* Tf we assume tho existence only, and nat the continuity, of the derivatives 
fo ond fy, the function ia not necessarily differentiable (of, p, 65 e seq ), 
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from the point (x, 7) and tends toOas hand Ado If as usual 
we then form tho diflerence f(a -- A, y + 2) —f (2, y) and divide 
by p, we call the lmmit of tho fraction 


f(@-+ p cosa, y + psma) — f(w, y) 


Dz fla, y) =) 
«yt (2, ¥) Lae : 


tho derivative of tho function f(x, ) at the pomt (#, ¥) m tho 

cirection a, provided that the hmit exists In particular, whon 

a=0 we have h=0 and h= op, and we obtam tho patil 

derivative with respect to %, when a= 7/2 wo havo A= 0 and 

k= p, and we obtain the partial donvative with respect to ¥ 
If tho function f(#, y) 18 diflerentiable, wo have 


Flot hy y +k) fle, 9) = Mfe+ Wy + €p 


= p(f, cosa -+ fy sma -- ¢), 


As p tends to 0, so does ¢, and for the derwatwe wm the du ection 
a, we oblaun the expression 


Dey Ff (#, Y) = fa 0080. + f, sin a; 


aw os therefore a linear funchon of the derwatwes I, and f, in the 
x- and y-dueckons, unth the coeficrents cosa and sina ‘This result, 
always holds good, provided that the derivatives f, and f, exist 
and are contmuous at the pomt m question 


Thus for the radius veotor 7 == v(a +- y4) from tho ongin to tho point 
(z, y) we have tho pala! dorivalives 


HH & v vy 
t,o eee = 0090 and nS eee A= am 
eV yt ve Vat ye 


whore 0 donotes the angle which the radius veotor malkog with the x axis, 
Consequently, m tho ducotion « the function ¢ has tho derivative 

Deayt = 1 6080 4- 7y sin ® = cos) cose, ++ BNO BING = co8(O — a); 
in partloular, in tho direalaon of the radius vector itsolf this derivative has 
tho value 1, while in the direction papendioular to tho radius veotor if 
has the valuo 0 

In tho dicotion of the radius veotor the funotion # has tho dorivative 
Dia(#) = oad and the funotion y has the derivative Dcoy(y) = am, in the 
dircotion porpondicular to tho radius veotor they havo tho derivatives 
Dog pa jaye = and and Dep p.5/2)4 = 0080 respeotavely, 


The derivative of a function f{w, y) in tho direction of tho 
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radius vector 1s in general denotod by ute, 9) Thus we have 
the convenient relation 


) Od. AO 
= 008 8 = + eT 


where any differentiable function can be written after the symbols 
a0 @ 
ay Bat Dy 

Tt is also worth noting that we obtam tho derivative of the 
function f(z, y) in the direction a if, mstead of allowmg the 
pomt Q with co-ordinates («+ h, y-+ A) to approach tho point 
P with co-ordinates (w, y) along a straight line with the dwection 
a, we let Q approach P along an arbrirary curve whose tangent 
.ab P has the direction a or then if tho me PQ has the directaon 
B, we can write h == pcos, k= psf, and in the formule used 
in the above proof wo have to replace a by B But ame by 
hypothesis 6 tends to a as p> 0, we obiain the same exprossion 
for D ad (x, y) 

In the samo way, a differentiable function f(x, y, z) of threo 
independent variables can be differentiated m a given direction. 
We suppose that the direction is specified by tho cosmes of tho 
three angles which 1t forms with the co-ordinate axcs If we 
call these three angles a, 8, y, and 1f we considor two points 
(w, y, 2) and (+ A, y+ h, 2+1), whore 


h= p cosa, 
i == p cos f, 
L== p cosy, 


then just as above we obtam the expression 
J, oo8a + f, cos B -++ f, cosy 
for the derivative m the direction given by the angles (a, P; y). 


3, Geometrical Interpretation, The Tangent Plane. 


For a fonction u== f(x, y) all theso matters can easily bo 
illustrated geometrically Wo recall that the partial derivative 
with respect to x 1s the slope of tho tangont to the curve in which 
the surface is mtersected by a plane perpendicular to the vy-plane 
and parallel to the xu-plane In the same way, the derivative 1n 
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the direction « gives the slope of the tangent to the curve in which 
the surface 1s intersecled by a plane perpendicular 40 the xy-plane 
and making tho angle a with the w-ax1s The formula D, f(#, y) 
== f, cosa-+ f, sma now cnables us 10 calculate the slopes of 
the tangents to all such curves, that is, of all tangents to 
the surfaco at a givon point, fiom tho slopes of two such 
tangents 

Wo approximated to the differentiable function § = f(é, n) 
m the neighbowhood of the point (a, y) by tho linear function 


fé 7) = f(a, y) oP (é a aw) fy “F (y _ ius 


where € and 7 aro the cuvient co-ordinates Geometrically this 
lmear function represents a plane, which by analogy with the 
tangent Ime to a curve we shall call the ¢angent plane to the sur- 
face The difforenco between this linear function and the function 
S(& 4) tends to zoro as E— a=) and y—y=h do, and m 
fact vanishes to a highor order than «/(?-+ hk?) By tho dofi- 
nition of tho tangent to a plane curve, howovor, this states 
that the intersection of the tangent plano with any plane por- 
pendicular to the wy-plane 1s the tangent to the corresponding 
curve of intorsection, Wo thus see that all these tangent lines to 
the surface at the point (x, y, u) he in one plane, the tangent 
plane 

This property is tho geomotrical oxpression of tho differon- 
tiability of tho function at the pot (2, y, w==/f(a, y)), If 
(é, 7, ¢) aro curont co-ordmatos, the equation of the tangent 
plano at the point (a, y, w== f(@, ¥)) is 


E— us (E— a) fy-- (9 — yD fv 


As has already boon shown on p 61, the function is differon- 
tiablo at a given pomt provided that the partial domvativos aro 
continuous there In contrast wrth tho case whore thero 18 only 
one indepondent variablo, tho mero existence of tho partial do- 
rivatives f, and f, is not suffictont to onsurvo the diflorontiability 
of tho function. If the detivatives aio not continuous at the 
point m question, tho tangent plano to the surface at this point 
may fail 10 exist, or, analytically spealing, the difloronco Letwoon 
fla-+ h, y-+ &) and the function f(a, ¥) - dfa(a, y) -- bfy(a, ¥) 
which is moar in & and & may fnl to vanwh to a hiyher o1der 
than «/(H? -- h?), 


(0182 4 
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This 1s clearly shown by a simple example, We wute 


{(m y= 9 xk e=O0 or y= 0, 
fie y=|e| f e-y=0 or w+y=0 


Between theso lincs we define tho function m such a way that 1b is rope 
sented geometrically by planes Tho surface w= f(a, y) therofore consists 
of aight tnangular pieces of planes, meeting mn roof-like edges above tho 
hnes = 0, y= 0, y= ou and y= —x This surface obviously has no 
tangent plane at the ongin, although the deuvatives f,(0, 0) and (0, 0) 
both exist and have the value 0 The deivatives ac not continuous at 


the ortgin, however, 1m fact, as we readily sce, they do noé oven oxist on 
the edges * 


4 The Total Differential of a Function. 


As in the case of functions of ono variable, 16 is often con 
venient to have a special name and symbol for the lmear part 
of the morement of a differentiable function u= f(z, y) Wo 
call this near part the differenral of the function, and write 


= =F, FA Fae 
ENO Nes iT 5 Be ter a Oe 


Tho differential, sometimes called the total differential, is a 
funotion of four independent variables, namely tho co-oidinales 
@ and y of the pot under consideration and the meremonts 4 


* Another example of a similar type 1s givon by the function 


ise tet SO 
um f(r, ¥) Vat Ear if a + y* ch 0, 
a= 0 iff m=O v= 0 
If we introduce polar co ordinates this becomes 


r 
us g sn 28 


Tho firat derivatives with respeot to # and to y exist everywhere in the noghbours 
hoad of the ong and have the value 0 at tho origin itaolf ‘Chose derivatives, 
however; are not continuous at the origm, for 


aes - ==) eae saa 
re » ay Vert yi) Vat e yay 


Sf we approach the ongin along the « axis, x, tends to 0, while 1f wo approach 
along the y axis, u, tends to1 ‘This function 18 not differontiablo at tho origin; 
wt that pomt no tangent plane to the surface w = f(x, y) owsls, For the 
equations f,(0, 0) = f,(0, 0) = 0 show that the tangent plane would havo to 
comodo with the plane % = 0 But at tho points of the hne 0 = 7/4 wo have 
sin2@ = 1 and «= 1/2, thus the distance uw of the point of tho surface from 


the point of the plano does not, as must be the caso with a tangont plane, 
vanish to a lngher ordor than +. 
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and 4, which ate tho differentials of the mdependent vauableg 
or independent differentrals Wo need scarcely emphasize once 
moie thet this has nothmg to do with the vague concept of 
“infinitely small quantities” It simply means that du apploxi- 
mates to Au = f(a -|- h, y-+- &) —f(@, y), the merement of the 
funchion, with an ecrio: which 1s an arbitrarily small frac- 
tion of 4/(1?-L A") (itself arbitrarly small), provided that h 
and 4 ao swliciently small quantities Ineidentally, we thus 
collect the expressions for the difleront partial derivatives im one 
formula, For example, from the total differential we obtam the 


) 
partial derivative . by puting dy = 0 and dy = 1 


Wo again omphasizo that to spoalk of the total differential of 
a function f(x, y) has no meaning unless the function 1s differen- 
liable in the sense defined above (for which tho continuity, but 
not the moro oxistonco, of the two paitial derivatives suffices) 

If tho function f(a, y) also possesses continuous partial do- 
rivatives of Inghor order, we can form the differential of the 
differential df(x, y), that 18, wo can multiply its partial deriva- 
tives with respect to « and y by h= da and k= dy respectively 
and then add theso products In this difterentiation we must 
rogard h and & as constants, coricspondmeg io the fact that the 
difloontial df = hf, -- kf, 18 a function of the four independent 
vaables a, y, k, and k Wo thus obtam the second dsfferentral * 
of the function, 


af — =2(% : vr) : ace He) 
f= d(df) a one rege ae ao ay i 


Of jaa.g OF of 
et WF42 —%— hie”. IP 
5k i? 4 ‘ady his -+ Dy I 


OF eg OF OF aya 
= ot te aoe et oe 


Similarly, we can form the Aagher defferentrals 


auf Oxf of of 
4 = a a 3 eee 2 baal ‘oad 2 — i) 
asf = d(df) P 5 We b 35 a, da* dy -| 35 5 needy tt ’ 


* We shall later soe (p, 80 ef seg ) that the difforontials of higher order intro 
duced formally heio correspond exaotly to tho torms of the coriesponding ordor 
in the incroment of tho function 


68 FUNCTIONS OF SEVERAL VARIABLES = [Cnar. 
of oy Of ardy 
Mf! pt 4. daddy +6." dtd 
ely ae SMe dy ++ Ft y 


o1f 3 aif 4 


and, as we can easily show by induction, in gonoral 


pec OF a n otf i 
Of x, des +(") —— gh dy ew 


L/ ea"-1dy 
n anf n-l onf da n 
er (, — ) da dy" eae ae oy” 


The last expression can be expressed symbolically by the equation 
(w) 
a (Z do + Z iy) = (fod + fy dy) 


where the expression on the nght 1s first 40 be expanded formally 
by the bmomnal theorem, and then the expressions 
anf Onf 7 orf 
aaa satay dy... , iin dy" 
are to be substituted for the products and powors of tho quan- 
trties f,dz and f, dy 
For calculations with differentials the rule 


Ufo) = fdg + gdf 


holds good, this follows mmediately from tho rulo for tho 
differentiation of a product 


In conclusion, we remark that the discussion in this sub- 
section can immediately be extended to functions of moo than 
twe mdependent vanables 


5, Application to the Calculus of Errorg, 


The practical advantage of having the differential df = hfa ++ fy 08 0 
convenient approximation to the inctemont of the function f(a, Y): Att = 
f(%-+-4, y+ h)—f(x, y), a8 we pass from (x, y) to (w-+h, y+ 4), is exhibited 
particularly well m the go called “ enloulus of errors ” (of Vol I, p, 39) 
Suppose, for example, that we wish to find the possible error in the dotor- 
mination of the density of a solid body by the method of displacoment, 
If m 1s the weight of the body in ar and 7 ita weight in water, by Archi- 
medes’ prmeiple the loss of weight (m — m) 18 the waght of tho wator 
dwsplaced If we are using the ga, systom of umtg, the welght of tha 
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water displaced is numerically equal to 9 volume, and hence to the 
volume of the solid Tho density 9 13 thus given in terms of the mde- 
pondent variables m and # by the formula s = m/{m— im) Theo error 
mn the moasmement of the density ¢ caused by on c1101 dm in the measme 
mont of and an orior dm im the measurement of m 18 given approximately 
by tho total differontial 
as Os a 
pat tt 
da ae dm -- a m 


By the quotiont rule the partial douvatrves aio 
Os — ee een ane od = —- seal 
am (m— mj? dna = (m — any 
henoe the differential 1s 
pas —mdm -+- mdm 
(am — m)* 


Thus the ciior m 1s groatest if, say, dm is negative and di 1 positive, 
that 1s, xf mstoad of 2 wo measure too amall an remount m-- dm and 
instoad of m too large an amount m-+ dm Yor example, if a piece of brass 
weighs about 100 gi, in ai, with a poasiblo erro: of & mg, and m water 
weighs about 88 gm, with a posublo enor of 8 ing,, the donsty 16 given 
by our formula to witlin an orto of about 


88.6,.10-%-+ 100 8 10-4 


13 ry 9, 10-3, 


or about ono per cent, 


5, Funorrons or Funortons (Comrounp FuNOoTIONS) AND THE 
Inrropuotion or New Inperenpenr VARIABLES 


1, General Remarks. The Chain Rule. 


Tt often happons that tho function w of the independent 
vauiables », y 18 stated in the form of a compound function 


ue f(E, Wr oe ) 


where the arguments ¢, 7, ... of the function f are themselves 
functions of # and y: 


E= dl, y), 1 WS Yves. 
We thon say that 
w= f(é a. =f (Gla, 9), ola, y),...) = P@, y) 


is given as a compound function of # and y. 


~y 
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For example, the function 

ume eV gin (a -- y) = Fu, y) 
may be wntten as a compound function by meana of tho relations 
u=ésng=f(E, q) E= wy, gaat. 
Similarly, the function 
u= log (24 -+ y4} arosin V1 — a ~ = F(a, y) 

can be exmessed in the form 


w= qarosin€ = f(&, xy), 


Be V1l— at — yt, 4 = log(at + y'), 


In order to make this concept more precise, we adopt tho 
followmg assumption to begin with the functions = ¢(z, ¥), 
m= ua, y),. arto defined m a cortam region F of tho indo- 
pendent variables z, y As the argument poimt (#, ¥) varies 
within thus region, the point with the co-ordinates (£, 9, ...) 
always lies in a certain region S of gy. -space, in which tho 
function u=f(é, 7, . ) 18 defined Tho compound function 


u= fd, y), $@y), «.) = F(a, y) 
18 then clefined in the region F, 


In many cases detailed exammation of the regions # and § will be 
quite unnecessary, eg im the first example given above, in which the 
argument pomt (», y) can traverse the whole of the ay-plano and the 
function # = ef sm 1s defincd throughout the &q plane On the other 
hand, the second example shows the need for considering tho regions # 
and J in tho defimtion of compound functions For the functions 


baa/l—at— yt and n= log(at + 9) 


are defined only m the region RX consisting of the pots 0 <a4-+4- 77 SJ, 
that 1s, the region consisting of the cucle with umt radius and cenise tho 
origin, the contre bemg removed Within this icgion | &| <1, while 4 
ean have all negative values and the valuc 0 Tor the region 8 of pomts 
(E, ») defined by these relations the function ‘ are sin & 18 defined 


A continuous function of contmuous functions is itself con~ 
tmuous More precisely 


If the funeron u= {(é, 4, . ) 48 continuous on the region 8, 
and the functions = 4(x, y), n= (x, y), .. are continuous 


wm the region R, then the compound function u = F(x, y) ds con- 
fenuous in R, 
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Tho proof follows immediately fom the defintion of con- 
imuty Let (%, yy) be 1 pomt of F, and let £o, 7, be the 
corresponding values of &, y,.... Then for any positive ¢€ the 


diffcrence 
FE m+» )—S (Eo 10 ++) 
is numetically less than c, provided only that the mequalhties 
| é— Eo | <8, |7—~— no | <5, 


are all satisfied, who1e $ 18 & sufficiently small positive number 
But by the contmuity of P(x, ¥), x(a, up . these last mequahties 
are all satisfied 1f 


pales ly—-Yyl<» 


where y 18 a sufficiently small positive quantity This estabhshes 
the continuity of the compound function 

Turther, wo shall prove that a differentiable function of 
differentiable functions 1s 1tself differentiable This statement 1s 
formulated mote precisely m the following theorem, which at the 
same time gives the rule for the difforentiation of compound 
functions, or so-called cham rule: 

If &= d(x, y), n= W(x, y),  . are differentiable functions 
of x and y wm the region R, and ff, 4,. ) 2 a differentiable 
function of E, 4, «. m the regoon §, then the compound function 


u = f (h(a, ¥), ib(w, ¥), ' ) = Pn, y) 


is also a differentiable function of x and y, and us paral derwa- 
taves are gwen by the formule 


Py = frbo + Splat +3 
P, = fiby a Fihy Te a4 


Uy == UE “+ Uno + ’ 
Uy = UEy -b Uy + 


Thus in order to form tho partial dorivative with respect to » 
we must first dilerontiate the compound function with respect 
to all the functions ¢, 4, ... which depend on #, multiply each 
of these derivatives by the derivative of the corresponding 
function with respect to #, and then add all the products thus 
formed This is the goneralization of the chain rule for 


or, braofly, by 
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functions of one vauable discussed in Vol I, Chapter IIT 
(p. 153) 

Our statement can be written m a particularly smplo and 
suggestive form if we use the notation of drflerentials, 
namely 


du = Uyde + Uydy = uy, dé + u,dy-+ . 
== Up (Ende + Eydy) + u,(jode + ny dy) +. 
=m (by + tna t+ det (mey+ unk. )dy 


This equation means that the linear part of tho merement of the 
compound function u=f(é, 7, .)= F(x, y) can be found by 
first wirting down tlus lnear part asif €, 7,. wore the mdo- 
pendent variables and subsequently replacing d&, dy,.. by the 
lnear parts of the mcrements of the functions {== (a, y), 
7 = u(x, 7), This fact exlubiis the convenience and flexibihty 
of the differential notation 

In order to prove our statement we have merely 10 make uso 
of the assumption that the functions concerned are differentiable 
From this 1b follows that if we denote the increments of the 
independent variables # and y by Aw and Ay, the quantities &, 9,.. 
change by the amounts 


AE= dyAw + byAy + eAa + y,Ay, 
An = Yoha + fyAy + Aw -+- y,Ay, 


where the numbers ¢, , 1) Ye... tond to Oas Aw and Ay 
do, or as 4/(Aa® + Ay*) does Moreovor, if the quantities €, x, . 
undergo changes Aé, Ay, ., the function u= f(g, n,...) 18 
subject to an increment of the form 


Au=fpAE+fAg+ . +8,Ag+8An-+..., 


Where the quantaties 8, 8,, . tend to 0 as Ag, Ay, ... do, or 
as «/(Ag*-+ An? -- —_) does (and may be talon as exactly zoro 
when the correspondmg merements Ag, Ay vanish) 

Tf m the last expression we take the morements Aé, An, » 
as those due to a change of Ax m the value of 2 and a chango of 
Ay in the value of y, as given above, we obtam 


Au= (fbe+ iba » Ae 
-+- (feby + fatty + . )Ay-+ eAg-+- phy, 
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Hore the quantities « and y have the values 


es fyey + fé2 Hoe et feds + Ya 8y + 18, + eg fee 
y= fevs + five bo ek by da oy dg + 18, + edge 


On the right wo have a sum of products, each of which contams 
at least ono of the quantities €, cy 6.) Yu Yor 6 Op Oa 
Fiom this we seo that ¢ and y also iond to 0 as Aw and Ay do 
By tho results of the preceding section, howevor, this expresses 
the statement assorted m our theorem 

Tt 1s obvious that this result 28 quite imdependent of tho 
number of independent variables #, y, .., and remains valid o g 
if the quantities ¢, », . depend on only ono mdependent 
variable #, 80 that the quantity w is a compound function of the 
single mdependent variable a, 

If we wish to calculate the higho. partial dexvatives, wo have 
only to differentiate the 1ght-hand sides of our equations with 
respect 10 @ and y, troating f,, ff, .. a8 compound functions 
Confining ourselves for the sake of simplicity to the case of thice 
functions ¢, 7, and £, we thus obtain 


Yow tes e+ af me “+ Feeba" sie fen Ean - 2f Ne bab af te abe 
+; Sebum + SNe mr Lebwm 


Uny =fieé acy +f malty +f, eebuou bh ats otf y -[- é ve) +f, gmp -|- Nba) 
+ fel Gaby “+ &yba) Se&ay -F Stew =F Le bavs 


Uy fer € vt Ftv? “F See tft 2f, ins wy + af wel Sy a 2f, teeuoy 
“- Sebvw “f Fey + Sebw 


2 Examples,* 


1 Let us eonsidor the function 
AL xt eo" aln*y § Qxyaine wing +} vw 
We put 
E=a@anin’y, g= Qaysnasmy, C= y* 

and obtam 

Ey Qeam*y, jy = 2ysinvsny + 2aycosvsmy, fC, == 03 

by = 2 any cory, Hy = 2a amesny + ysma cosy, €, = 2y, 

Up Uy ug ef tats, 


* Woe would emphasize that the following differentlations oan alao be varied 
out dusotly, without using the ohain rule, 
(B912) 4? 
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Hence 
the, = Dex" Bin*y + zy sin slay + y* (x sin? y + y BIng BINY + ay COs sing) 
and 
thy == Bev sinty + Bey sinzelny +o (42 gin y cosy - mw sine siny 
++ vu sine cosy -+ ¥) 
2, In the cage of the function 
% = sin{a? -- y*) 
we put & = a%+ 4%, and obtam 
Uy = 22 008(07 + y*), wt, = 2y cos(v? + 4"), 
Uap 5 — 40? sin (a + oy?) + 2 coa(a? + y), they = — Ary sin (a? -+- y*), 
Uyy = — Ay? ain (24 -{- y) + 2 cos(e* + y*) 
3 In the oase of the function 
wu = are tan(a? -- ay + y*), 


the substitution 
B=, nea, C= 9? 


Ieads to ar 
“OTE ay FP 

Uy = data 
"OLE G+ ay + oh” 


3, Change of the Independent Variables. 


A particulatly umportant application of the facts developed 
on pp 69-74 occurs m tho process of changmg the independent 
variables Tor example, let w= f(€, y) be a function of the two 
independent vanables €, 7, which we mtorpret as rectangular 
co-ordinates in the €y-plane If we mtroduce now rectangular 
co-ordinates #, yin that plane (cf p 6) by the transformation 


f= 04% By, a= ayé -+- Ag7}; 
n= agt + By, y= BrE-+ Bon, 


the function v= f(&, 4) 18 transformed into a new frnetion of # 
and y, 


w= f(E, 1) = F(a, y), 


and this new tunction 1s formed from f(é, 7) by a process of com- 
pounding such as was described on p 69 We then say that 
new indepondent variables 2 and y have been introduced into the 
iclation u == f(é, 7) between the mdependent variables € and 7 
and the dependent vanable u 
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The rules of differentiation given on p 71 at onco yield 


ty = Up Oy -+ Ug, 
Uy = U8, + Uy Bos 


where the symbols t,, v, denote the partial derivatives of the 
function F(z, y), and the symbols %, u, denote the partial 
doutvatives of the function f(£, 7) 7 

Thus the partial derivatives of any function are tiansformed 
accolding to the same law as the mdependent variables when 
the co-o1dinate axes aro rotated This 1s tiue for rotation of the 
axes in space also 

Another impoitant type of chango of the mdopendent variables 
18 the change from rectangular co-ordmates (a, y¥) to polar 
co-ordinates (7, @) which aie connected with the rectangular 
co-ordinates by the equations 


= 70080, f= Ti -- y*), 
y=rsmd, 0 == arc cos ———z Ta Py a= ac 0 aE a 
On introduemg the ee ie we havo 
us f(w, y) = f(r cos 0, 7 810 0) = P(r, 8), 


and the quantity v appears as a compound function of the indo 
pendent variables 7 and 0, Teneo by the chain 1ule we obtain 


x sin 
Ug = Uyt'y UO y Og == Uy = — ty = thy 008 Y — ty, 
t i r 
a cos 8 
Uy == Uyty + Ugh, = uy! Li ps == Uy BIN Bf thy, 


Those yield the equation 


l 
Ug? > Uy? == 2," +f 2 Up", 


which is frequently of uso. By tho chain rule the Inghor 
derivatives are grvon by 


gin? ? cos 0 gin ? sin? 
= Uyp 0080 f> Ugg mg —— — Qty ——~ Uy 
x ra ¢ 
cos § sm g 
“+ 2g -_— 


y 
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cos § sin 2 cos? 0 — sin? 0 
Uy = Uy = Uy p COO 8B — Ugg ——— =F Uy 
4 
sin? — cos*@ ‘ gin 0 cos 0 
+ Uy 92 Tr ? ? 
120 cos? @ On, 08 # sind = 0 
ey == Upp 810 -h thao PY -L yg + 
cos @ sin . 
— 2Ug . 
72 


This leads us to the followmg formula, giving the expression 
appealing in the well-known “ Laplace’s” or “ potential” equa- 
tion Aw == 0 1n terms of a co-ordinates 


= ee ee OR 


Of the formule 
& y 
Un = Uy m + ty a tty co8O -+- w, s1n8, 


Uy = — Ug + Uy t= —tyr 9nd + uy? cos 8, 


which express the rules for the difforcntiation of a function f(x, 4) 
with respect to * and 6, the fist 1s the expression for tho 
derrvative of f(x, y) nm the direction of tho radius vector ¢ which 
we previously met with on p, 64 


In geneial, whenever we are given a series of relations definmg 
a cornpound function, 
U a= f (é Ds « )s 


f= A(x, ¥), = ab(ar, Y)s toe 


wo may regard 1t as an troduction of new independent variables 
wz, y instead of £,y, . Corresponding sets of values of the 
independent vanables assign the same value to uw, whether it is 
regarded as a function of £,7, ..or of 2, ¥ 

In all cases involving the differentiation of compound functions 


uf (8,9, +++) 


tho following pomt must carefully be noted We must distin- 
gush clearly between the dependent vanable u and the funo- 
tion f(£, 7, . ) which connects « with the independent variables 
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&,n, .. + The symbols of ciferentiation 2, u, have no mean- 
img until the functional connexion between Hf and the indepen- 
dent variables 1s oe When dealmg with compound functions 
“u=f(&n ..)= y), therefore, we really should not write 
Up, U,, OF Ug, Uy, bub ou imatead writo j,, f, or Hy, Ly respec 
tively, Yet for tho sake of bievity tho simpler symbols Up) Uys 
Up, Wy are often used when there is no nsk that confusion will arise 


The followmg examplo will serve to show that the result of differ entiating 
@ quantity depends on the nate of the functional connexion belwween 
ii and the mdepondent variables, that 15, 1t dopends on which of tho 
mdepondent variables aio kopt fixed during the differentiation With tho 

“odentioal” transformation = 4, y= y tho funotion u= 26+ 4 

becomes u= 20 -+ y, and wo havo uw, = 2, w= 1, If, however, wo 
introduce the now independent varables § = a (na before) and & + n= 2, 
we find that w= #-+4-v, 6o that t= 1, w= 1, That is, differentiation 
with respect to the same mdepondent vauable » gives differont resulla mm 
the two different casos, 


EXAMPLES 
l. Provo that the tangent plano to tho quadmo 
av’ -. by® + ez = 1 
at the pont (ag, fo; Zo) 18 
AN, + byYg Czy = 1, 
2, If w= u{a, y) 18 the equation of a cone, then 
Ugatlyy — Ugy" = 0, 


8 Prove that uf a function f(a} 18 continuous and has a continuoua 
derivative, then the dowvative of tho function 


f(a) @ I 

g(r) = ff(%) % 1 

f(%2) &q 1 

vanishes for a oertam value botween a, and a, 


4, Lot f(a, y, 2) be a function depending only on ¢ = V (a* ++ y? + 24), 
io. lot f(a, y, 2) = g(r). 
(a) Coloulate fing + fyy “ Sos 


(b) Provo that if fog fyy + Sg, = 0, it followa thet f= ~ “+ b (whore 
@ and & are constants), 


B TE f(t, Gey oy Wy) = Gr) = GW (a0? + 2 + 4s fb %%)), onloulate 


Fh0,00, ++ Sass + eat + foo, 
(of. ex, 2, B 58). 
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6* Find tho expression for fxg + fyy + fz, 1 three dimensional polar 
co ordinates, 16, transform to the variables 7, 0, p defined by 
© = rsinQ cosp 
y = 7rsin0 sing 
z= roos0 
Compare with example 4(a) 


7 Provo that the expression 
f a) Bi f ue 


1g unchanged by rotation of the co ordinate systom. 
8. Prove that with the Lnear transformation 


a= ab -+- By 
y== yb + 94, 


fonlts )s Lot ¥)s fyyle, y) ave respectively transformed by tho samo law 
as the coefhoients @, b, ¢ of the polynomial 


an? -+|- 2bay + oy", 


6 Tam Mean Vauur Tarorrm AND Taytor’s Tumorrm FOR 
Tuncrions or SEvmRAL VARIABLES 


1 Statement of the Problem, Preliminary Remarks, 


We have already seen m Vol I (Chapter VI, p 320 et seq.) 
how a function of a single variable can be approxumatod to in the 
neighbourhood of a given point with an accuracy of order higher 
than the n-th, by means of a polynomial of dogree n, tho Taylor 
series, provided that the function possesses de1ivatives up to the 
(1+ 1)-th order The approximation by means of tho lincar 
part of the function, as given by the differential, 1s only the firat 
step towards this closer approximation In the cage of functions 
of several variables, eg of two mdependent variables, we may 
also seek for an approximate representation in tho neighbourhood 
of a given pot by means of a polynomial of degree n. In othor 
words, we wish to approximate to f(z +- A, y + &) by moans of 
a “ Taylor expansion” m terms of tho differences # and & 

By a very simple device this problem can be reduced to what 
we already know fiom the theory of functions of one variable 
Instead of considering the function f(a + h, y -+ 1), we introduce 
yet another variable ¢ and regard the expression 


FQ) = fe + ht, y+ Md) 
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as a function of ¢, keepmg 2, y, 4, and 4 fixed fo1 Lhe moment, 
As é varics between 0 and 1, the pomt with co oidinates 
(@-+ ht, y+ At) traverses the lme-segmont jommg (7, y) and 
(v--+ h, y+ h), 

We begin by calculating the derivatives of F(t) If wo assume 
that all the derivatives of the function f(a, y) which we are about 
to write down are continuous in a region entirely contaming 
the line-segment, tho cham rule (section 5, p. 71) at once gives 


F'(t) = hy + If, 
F(t) = Mfg Ohh fay + fay, 


e 


and, m general, wo find by mathematical induction that the n-th 
derivative is given by tho expression 


FOX) = Af eb ‘~ Af ply -/+- ) jin? Te fin aya bh ef 


which, as on p 68, can be written symbolically m the form 
BP 0) = (hfs + hf Pg 


In this last formula the biacket on the night is to be expanded by 
the binomial theorem and then the powers and products of tho 


quantities Z and is are to be replaced by the corresponding n-th 


Onf = guf , 
derivatives -, ----~-,.... In all theso dorivatives the argu- 
Ou dat—ley 


monts @ + At and y -+ kt are to be wntten in place of w and y, 


2. The Mean Value Theorem, 


In forming our polynomial of approximation wo start from 
a mean value theorem analogous to that which we alroady know 
for functions of one variablo This theorem gives a relation 
betwoen the difference f(# -+ h, y + k) — f(z, y} and the partial 
derivatives f, and f, We oxpressly assume that these derivatives 
are continuous, On applyimg the ordimary mean value theorom 
to the function J(f) wo obtain 


t 2 
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where #15 a number between 0 and 1, and from thus 14 follows that 


fet byt fey = Ifa + Oht, y -+ Oh) 
“+ ef, (ee + Ohi, y ++ Okt), 


If we put t= 1 1m this, we obtain the 1equued mean value theorem 
for functtons of two variables m the form 
ie h, yt k) —f (2, y= hf,(%-+ oh, yb Oh) - kf,(a-+ Gh, y+ a) 
=hfté, 9)-+ MAE, 7) 

That 1s, the difference between the values of the funckon at the 
pots (x-+ h, y+- k) and (x, y) 09 equal to the differential at an 
ntermediate pont (E, 4) on the line-segment yoneng the two points 
Tt 1s worth notmg that the same value of @ occurs in both 
fe and f, 

The following fact, the proof of which we loave 10 tho roader, 
18 & simple consequence of the mean value theorem A function 
J (x, y) whose partial demvatives f, and f, exist and have the 
value 0 at every point of a region 1s a constant 


3, Taylor's Theorem for Several Independent Variables, 


If wo apply Taylor’s formula with Lagrange’s form of the 
reroamder (of Vol I, Chapter VI, p 824) to the function (2) 
and finally put é= 1, we obtaim Taylor's theorem for functions of 
two mdependent variables, 


S@+h, y+ kh) = fle, y) + {hfala, y) + bfx, y)} 
+5 {08fea(ts 9) + BiKfay (0, 9) + BYoy as WE + 


+o {fart y) + (*) br farry(@, ys ob kYfeal, ¥)} 
+ Bpy 


where 2, symbol:zes the remainder term 


Ra aay Melt Oh, y+ Oh) + Hfyle-+ Oh, y+ ORY, 
0<6<]1 


The homogeneous polynomials of degree 1, 2,.... 7%, m+ 1, 


IY TAYLOR’S 'THEOREM 81 


mto which the meremont f(a -- h, y-+ 4) ~ f(w, y) 18 thus split 
up, apart tom the factors 

Be Dek gee 

WP QP > CP a? @ ee 
are respectively tho first, second, .,, 2-th differentials 


df= Nf Be My, 
a= th hf . a= Msi 2 hh foy -+- Mf yy, 


e a e ] 


2 ct Hi ita (Sea + kf 


of f(w, y) at the pomt (#, y) and tho (n- 1)-th differential 
d"+3f of on mtormediato pomt on the lme-segment jommg (a, y) 
and (w--h, y-+k), lence Taylor’s theorem can be written 
more compactly ag 


fot h, y+ B=, )-+ He, +5 5 Ff, Y) +o 
+) onan +2 


whore 


ntl f(g Oh, O<#@<l 
Ry = ai wri" F(@ + Oh, y + Oh), <O< 
In general the romainder F,, vanishes to a fegher order than the 
term d"f just before it, that is, as h->0 and k->0 we have 
R,= of V(P a) 

In the case of Taylor’s theorem for functions of one variable 
the passage (n~» 0) to wine Taylor sertes played on m- 
portant part, leading us to the expansions of many functions in 
power series, With functions of sevoral variables such a process 
ig in general too complicated ere to an even greator degree 
than m the case of functions of one variable we lay the stress 
rather on the fact that by means of Taylor’s theorem the mere- 
ment f(x-+h, y+- k)—f(x, y) of a function is split up into 
Increments df, df, ... of different orders, 


TEXAMPLns 


1 Fmd the polynomial of the second degreo which best approximates 
lo the funolion sing siny in the neighbourhood of the origin, 
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2 If ffa, y) 19 & continuous function with continuous firal and second 
dorivatives, then 
~Hahy ~1ph 
Ferg (O, 0)= hm £(2h, 67" ) 2f(h, e7) + f(9, 0) 
h—> +0 a 


8 Prove that the function e~”+** oan bo expanded m a sories of Lhe 
form 
a 
a 
neo 74 


whioh converges for all values of + and y and that 


(a) 7i,,(2)} 1s 2 polynomial of degree x (a0 called IIermite polynomials), 
(b) FE’, (a) == Inf, 4(%) 

(c) Hypa — 2all, + WH, 1 = 0, 

(a) H”,, — Quit’, + 2nH, = 0 


4, Find the Taylor serica for the following funotions and mdieato thor 
range of vahdity. 


(2) 


1 
Pecan ERLE Oty, 
1 —g— y? (b)eé 


7. Toe AppLication or Vecron Mrtiops 


Many facts and relationships in the differential and integtal 
caleulus of several mdependent variables take a dooidodly 
clearer and simpler form 1f we apply the ideas and notation of 
vector analysis, We shall accordingly conclude this chapter with 
some discussion of the matter, 


1 Vector Fields and Families of Vectors. 


The step which connects vector analysis with tho subjects 
just discussed 1s as follows Instead of considering a single 
vector o1 a finite number of vectors, as in Chapter I (p 3), we 
investigate a vector manifold dependmg on one or moro con- 
tinuously varying parameters 

If, for example, we consider a solid body occupymg a portion 
of space and m a state of motion, then at a given instant each 
point of the solid will have a defimte velocity, represented by a 
vector 2 We say that these vectors form a vector field in the 
region m question, The three components of the field vector 
then appear as three functions 


Uy (Hy, Vy; sq), Up{@, My, %q), Uy( Wy, Ly, Wy) i 
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of the thiee co-ordinates of position, which we here denote by 
(1, Va, Uy) instead of (m, ¥, 2) 
A case of a velocity field 1s 1epresented in fig. 8, which shows 


4 — te 


- Oy 
Yo oe 


Tig 8—Tho veloclty field in a rotation 


the velocity field of a solid body iotating about an axis with 
constant angular velocity 

The forces acting on the pomts of a moving solid body hkewise 
foim a vector field As an examplo of a force fiold we consider 
the attractive force per unt mass oxerted by a heavy particle, 
according to Newton’s law of giavitation. By Nowton’s law 
all the vectors of this field of forco are directed towards the 
attiacting particle, and then lengths are mvoisely proportional 
to the square of tho distance from the particle, 

If we pass to a new rectangular co-ordinate system by rotation 
of axes, all the vectors of the field will have new compononts with 
respect 10 the new system of axes. If the two co-ordinate systoms 
are connesled by equations of the form (Chapter J, section 1, p, 6) 


Ey ayy 1 By + yyy 
Gy = yt -+ Brite ++ Yay 
by = ag “+ By, ~/+ yo 
y= 0&4 -f- ag&s -- ag 8, 
t= BE, + Bobet Babs 
Mg == 01 + yoke + aks 


or 
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respcctively, thon the relations betwoon tho components 141, tg, ty 
with respect to the s-systom and tho components (£1, fo &3)s 
we(f1, fo, £5), wg(&,, fo, €3) with respect to the now €-systom are 
given by the equations of transformation 


coy = aytly - Bytlg + yyy 

Ge == agtty + Patt, + Yatlg 

Wg = Ag; “+ Pate + Yay 
and 

Uy == ayy + agua + tgs 

Ug == By, -+ Brwo-l Bycog 

Ug == yyy ota -b Yqtdy 


respectively. (Cf Chap I, p 6) Tho components w,, w,, wg 
m tho new system thus arse fom the introduction of the new 
vaulebles and tho simultancous transformation of the functions 
representing the components in the old system, 

Whon in physical applications each pomt of a portion of space 
has assigned to it a definrte value of a function w= f(2, %,, %q), 
such as the density at tho pomt, and we wish to omphasizo that 
the property 18 not a component of » vector, but on tho contrary 
18 & property which retains the same value although tho co- 
ordinate system is altered, we say that the function 16 a scalar 
function or scalar, or, 1f we wish to emphasize tho association 
between the values of the function and the points of the portion 
of space, we speak of a sealar field, Thus for ovory vector field 2 
the quantatiy | 2¢ |® == 2,2 -}- 12+ u)418 a scalar, for 1b roprosonts 
the square of the length of the vector and therefore rotains tho 
same value independently of the co-oidinate system to which 
the components of tho vector are referred 

In the examples above the vector field z 15 given us to begm 
with, and its components with respect to any systom of rect- 
angular co-ordinates are therefore determned, If, convorsoly, 
in & definste co-ordinate system, say an 2-system, thore are given 
three functions 2, (&,, a%g, %y), Ug(y, Wg, Xa), Uy(1, %q, Uy), these three 
functions define a vector field with respect to that system, tho 
components of the field beng given by the three functions ‘To 
obtain the expressions for the components w,, we, ws m any 


other system we have only to apply the equations of transfor 
mation deduced above, 
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In addition to vector ficlds, we also consider mamlolds of 
veetors called fumalies of vectors, which do not correspond to cach 
point of a region in space, but are functions of a parameter? We 
express this by wiiting z == z(t) If we think of 2 as a position 
veetor measuied from the o1gin of co-ordinatcs m u,%,%a-space, 
then as ¢ varies the final pomt of this vector describes a curve 
in Space given hy thiee paiametiic equations, 


dy == f(t), Ug= Plt), Us = x(t). 


Vectors which depend on a parameter ¢ in this way can be 
dificientiated with respect to ¢ By tho derivative of a vector 
2#(£) we mean tho vector z(t) which 1s obtamed by the passage 
to the limit 

a w(t + h) — u(t) 
h->0 h 


and which accordmgly has the compononts 


1 Uh» __ diy, _ Wy 


ae 
Wo see at onco that the fundamental rules of differentiation 
hold for vectors. Virstly, 14 18 obvious that af 
w= uw -l- v 
then 
wo’ = u'-- vo! 


Further, the product rule applied to tho scalar produot 
of two vectors v and v, 20 = Uv, -+ Ugdg-+ Ud, (of. p. 7); 
gives 


d ) = uv’ -- uo, 


In the same way wo obtam tho 1ule 
d ee == [wv'] + [ev] 


fox the vector product, 
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2 Application to the Theory of Curves mn Space, Resolution of a 
Motion mto Tangential and Normal Components. 


Wo shall now make some simple applications of these ideas 
If x(t) 18 a position vector m 2%,%,-spaco which depends on a 
parameter ¢, and therefore dofincs a curve m space, the vector 
x'(t) will be m the direction of tho tangent to tho curve at tho 
pont corresponding to¢ For the vector «(¢-+ h)— 2¢() 18 1m tho 
direction of the lme-segment jommg tho pots (¢) and (¢-+ 4) 


(of, fig 9), therefore so 18 the vector mer hm #0 , which differs 


from it only m the factor 1/h As h->0 the direction of 
this chord approaches the duec- 
tion of the tangent If mstead of 
t we introduce as paiameter the 
length of the are of the curve meas 
ured from a definite starting-point, 
x (é+h) and denote diftorontiation with 
iespect to s by means of a dot, we 
can piove that 


a? + 0? - a? = I; 


this may also be written im the form 


Vig g Differentiation of the position x= a= i? 
yector of g curve 


{t+h 


The proof follows exactly the samo 
lines as the coresponding proof for plane curves (of Vol. I, 
Chap V,p 280), ‘The vector x 1s therefore of umt longth If 
we aga differentiate both sides of the equation #2 = 1 with 
respect to s, wo obtain 


xXx = 0 
This equation states that the vector + with components 2,(s), 


@,(s), 29(s) is perpendacular to the tangent. This vector we call tho 


curvature vector or pruneupul normal vector and its absolute valua, 
that 13, 1ts length 


hmm ht + a + a) 


we oall the curvature of the curve at the corresponding point, 
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The reciprocal p= 1/h of tho curvature wo call the radius of 
curvature, a8 befoie The pom, obtamed by moasurmeg from the 
point on the curve a length p in the dnuection of the principal 
normal vector 1s called tho centre of curvatiuie 

We shall show that this defimtion of the curvature agices 
with that given m Vol, I, Chap V (pp 280-8) Tor x 1s a vector 
of unrt length If wo think of tho vectors x(s -- 4) and se(s) a8 
measuied fiom a fixed origin, thon the diflerence x(s +- h) — x(s) 
will be represented, as in fig, 9, by the vector yommg the final 
pomts of tho vectors a(s) and %(s + h) If a1s the angle botween 
tho vectors %(s) and z(s-+- h), the length of the vector joming 
their final pomts is 2 sin a/2, since 2%(s) and ac(s + h) are both of 
unit length fence if we divido the length of this vector by a 
and let 2 -> 0, the quotiont tonds to the limit 1] Consequently 


im ; = lim ay {(aiy(8 -+ h) — a (s))* -- (wa(s + 2) — &a(s))? 
k—>0 i) h—>6 h 
+ (@(8 + h) — ttq(S))?}, 


Here the mut on the nght 1s exactly +/(a,2 -+ a2 -- 4,3), 
But a/h is the ratio of the angle betweon the dnections of 
the tangents at two points of the curve and the longth of aro 
between those points, and the limit of that ratio 1a what we have 
previously defined as the curvature of the curve, 

The curvature vector plays an important part in mechanics, 
We suppose that a particle of unit mass moves along a curve 
x(t), where ¢ 18 tho timo ‘The velocrty of the motion is then 
given both m magnrtude and in direction by tho vector x'(d), 
Where the dash denotes diflerontiation with respect to Simularly, 
the acceleration is given by the vector x(t) By the cham rulo 
we have 


ds 
ted 
someaaag 
(where the dot denotes diflorontiation with respoct to s), and also 
ds ds\* 
ff. 48 ates pinta % 
ead « (5) 


Tn view of what wo already know about tho lengths of % and 
X, this equation expresses the following facts: 
Tho “ acceleration vector” of tho motion is the sum of two 
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vectors One of these 1s directed along the tangent 10 tho curve, 
2 
and rts length 1s equal to a 
pot in its path (the tangential acceleration) Tho other 1s directed 
towards the centre of curvature, and is length 1s equal to tho 


squaie of the velocity mulliphed by the curvaturo (the normal 
acceleration), 


that 1s, to the acceloration of the 


3. The Gradient of a Scalar. 


We now return to the consideration of vector fields and shall 
give a buef discussion of certam concepts which frequently ariso 
In Connexion with them, 

Let u = f(a, %, %) be any function defined in a region of 
%%%q-aprce, that 18s, according to the terminology previously 


adopted, u 18 a scalar quantity, We may now regard the threo 
partial derivatives 


Hm =Se. Ma=Sey Ya= Sey 
in the #-system as formmg the thies components of a vector 2 
If we now pass to a new system of rectangular co-ordinates, tho 


é-system, by rotation of axes, the new components of the vector 
“# are given according to the formuls of p, 6 by tho equations 


Cy = yy + Bitar Ya 
Wy = agtly + Byte + yatta 
Wg = agtty 1 Putty - yotls 
On. the other hand, 1f we introduce the rectangular co-ordinates 


£1, §, 4 a8 new mdependent variables in tho function f(a, %) %g); 
tha cham rulo gives 


St, = fy “+ FB + FV 
Si, = fie, +f.,Bs +f e¥2 
Se, = fies SE FePs — FsVa 
Hence 
Oy =Sey We == fi, Ws = Sey 


and we thus see that m the new co-ordmate systom also the 
components of the vector 7 are given by the partial derivatives 
of the function f with respect to the three co-ordinates. Thus 
to every function f in throee-dimensional space there corresponcls 
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a definite vector, whoso components m any rectangular co- 
ordinate system are given by tho thice partial detsvatives with 
respect to the co-ordinates We call this vector the gradvent of 
tho function, and denote it by 


“= prad f. 


For a function of three variables tho giadient is an analogue 
of the derivative for functions of one variable 

In order 10 form a graphical idea of the meaning of tho 
gradient, we shall form tho derivative of the function m tho 
direction (a4, a, a3), Whore a1, d,, ag aro the three angles which 
this direction makes with the axes, so that cos*a, -+ cos*ay 
+ costas== 1 Tor this derivative wo havo already obiaimed tho 
expression 

DF == fy COB a, + fig, COB Ay ++ fn, COS Cy, 


If we think of a vector e of unit length in the chrection (a4, ag) ag); 
this vector will have components ¢, == G08 04, ¢g == COS Og, Cg = COS Ay 
Thus for the derivative of the function m the direction (a1, ag; ag) 
we obtam the expression 


DOF = e grad f, 


the scalar product of the giadiont and tho unit veotor in the 
chrection (a4, a, a3), 18. the projection of the gradient on that 
vector (cf, Chap I, p. 7) 

Tt 18 this fact that accounts for the mportanco of the concopt 
of gradient If, for oxamplo, we wish to find tho direction m 
which the value of the function mercases or decreascs most 
rapidly, we must choose the direction nm which the above expros- 
sion has the gicatest or least valuo, This cleaily ocours when 
the direction of ¢ 18 the samo as that of the giadiont or 18 exactly 
opposite to 16 

Thus the dweehion of the gradient 1s the durechon in which the 
function moreases most rapidly, while the direction opposite to that 
of the gradrent 18 that mm which the function decieases most rapidly; 
ihe magmtude of the gradient gwes the rate of imorease or decrease 

We shall return to the geometrical interpretation of the 
gracient in Chapter TIT (p 124), We can, however, immedi- 
ately give an mturtive idea of the direction of the giadiont, If 
1n the first stance we confine ourselves to vectors in two dimen- 
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sions, we have to consider the giadient of a function f(a, y) We 
shall suppose that tlis function 1s reprosented by its contour 
lines (or level lines) 


f(@, y) =e 


in the ay-plane Then the derivative of tho function f(#, y) in the 
direction (cf, p 62) of these level lines 1s obviously ze1o. For if 
P axid Q are two pots on the same level limo, the equation 
f(P) — {(Q) = 0 holds (the meaning of the symbols is obvious), 
and the equation will still hold if we divide both sides by A, the 
distance between P and Q, and thon let A tend to 0 Tho projoc- 
tion of the gradient m the direction of the tangent to the lovel 
line 18 therefore zero, and hence at every pount the gradient +8 
perpendicular to the level line though that pomi An oxactly 
analogous statement holds for the gradient m threo dimensions 
If wo represont the function f(a, %, %3) by 118 level suxfaces 


S (G1) Bq) %q) = 0, 


the gradient has the component zero in every duection tangent 
to a level surface, and is therefore porpendicular to the level 
surface 

In appheations we frequently meet with vector ficlds which 
represent the gradient of a scalar function, The gravitational 
field of force may be taken as an example 


If we denote the co ordimates of the attracting particle by (8,  &s), 
those of the attracted particle by (a, 29, %,), and ther masses by m and 
M, the components of the force of attraction are given by the expressions 


0 Ey — % 
A {(Er — 1)? + (Ea — & 2)" + (Es — @,)?} 
Oo Ey — &, 
af {(E, — 24)* + (bq ~ 2) + (Es — 9)?}? 
Eg 5 


OG — a + (Gr my ee ee 


Here O 1s @ constant with the value ym, where y 18 the “ gravitational 
constant’, (The factora 


a Ie. toni: Ree 
A/{(E — 21)® + (ba — Xp)? + (By — atg)*) &o,, 


are the cosimes of the angles which the le through the two points malres 
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with tho axcs) By differentiation wo aco at onco that these components 
are the derivatives of the function 


0 
/ {(E1 —~ 24)® -b (82 — to)® + (8) — %p)} 
with rospcat 40 the co ordmates a, %, % respectively, Tho force veotor 
apart fiom a constant factor 1s therofore tho gradient of the function 
1 1 
to /{(Ey — mF (Ee = ta) F (Ey — a9)) 

Tf a field of force 18 obtained from a scalar function by forming 
tho gradient, this scalar function 18 often called tho potential 
function of the field We shall consider this concept from a 
more general pot of view m tho study of work and enorgy 
(Chapter V, p 3650, and Chaptor VI, pp 415, 468-81). 


4. The Divergence and Curl of a Veotor Field. 


By differentiation wo have assigned to ovary function or 
scalar a vector field, the gradient. Similarly, by diflerentiation 
We can assign to every veotor ficld a certain scalar, known as the 
divergence of tho vector fiold, Given a specific co-ordinate system, 
the «#-system, we define the divergence of the vector w# as tho 
function 

divas hg pee Oty 

02%, 0%, 0 
1¢ the sum of the partial de.ivatives of the three components 
with respect to the corresponding co-oidimates Suppose now 
that wo chango tho co-ordinate systom to the é-system If the 
divergence 18 really to be o scalar function associated with tho 
vector field and indopondent of the particular co-o1dinate system, 
we must have 


Ow Cw. Ow 
dig ed, Sr 
iv u% aE | ai, BE, 


where ,, w., ws are the components of # in the g-system In 
fact, the truth of the equation 
Ou Oty Ot, Oa, 1 erg 1 Ot 


~ 
Ce ee ed 


Ox, O%y Ome 06, Of, 08s 


can be verified mmediately by applying the chain rule and the 
transformation formule of p 84. 
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Here we content ourselves with the formal dofinrtaon of the 
divergence, its physico-geometical mtc2prebation will be dis- 
cussed later (Chapter V, section 5, p 388) : 

We shall adopt the samo procedure for the so-called curd 
of a vector field ‘The curl 1s rtsolf 9 vector 


v= oul 
whose components 1, 1’) 7 a1¢ dofined by the equations 
Og Oy ey Ou, OUs 


=o et 


i ee 
? 
Qa,  Oatg * Ody Oy 


ae On) OX, 


In order to show that our defirtion actually gives a vector 
independent of the particular co-ordinate systom, we could vorify 
by chrect differentzation that the quantities 


Ow, dw, = ey _— tg __ Otvg Oey 

i aaa bf, De, P23 = 0g, ae, > Ps of, Of. 
which define the curl m terms of the new co-ordinates, a16 con 
nected with the quantrties 7, %, 7, by the equations of transio1- 
mation for vector components Here, however, wo shall omit 
these computations, smce m Chapter VI, section 6 (p. 396) wo 
shall give a physical mterpretation of tho curl which clearly 

brings out 1ts vectoual character 

The three concepts of gradient, divergence, and curl can all 
be related to one another if we use a symbolic vector with the 
components a i a 
Oa,” Otte Oa, 
nablat and 1s denoted by the symbol V ‘The gradient of o scalar 
field f (2, %, ag), grad f, 18 the product V/ of the scalar quantity 


fand the symbolic vector V, that 1s, 1b is a vootor with the com- 
ponents 


This symbolic vector 18 often called 


The ourl of a vector field u(x,, v2, %5), url 24, is the vector product 


[Vze] of the vector 2 and the symbolic vector V; finally, the 
divergence 1s the scalar product 


* Often called rotation (with the abbreviation 10+), 
ft After a Hebrew stringed mstrument of similar shapo 
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In conclusion wo mention a fow relations which constantly 
recur The cul of a qradeent 25 zer0, m symbols 


curl grad f== 0 


As wo casily sco, ts iclation follows from the reversibility of 
the order of differentiation 
The dweigence of a cutis zero, m symbols 


div cwl w= 0, 


This also follows directly from tho reversibility of the order of 
difkerentiation 
The dwergence of a giadvent 18 an oxtromoly nnportant expres- 
sion frequently ocourung in analysis, notably m the well-known 
‘“Laplace’s ” o1 “potential cquation” It 1s the sum of the 
three “ pimerpal ” second-order partial derivatives of a function, 
in symbols 
a Phe Oh 
div grad f= Af= Ho a+ ‘en 
where Af is written as an abbreviation for tho expiession on the 
right * The symbol 
a ee 
Oa? Oty” = arg” 
is called the Laplacian operator 
Finally, we may montion that tho termmology of voctor 
analysis 1s ofLen used m connexion with moe than three inde- 
pendent variables, thus a systom of » functions of n dependent 
variables is sometimes called a vector ficld im n-dimensional 
space Tho concopls of scalar multipheation and of the gradient 
then retain thor meanings, but m other respects the state of 
affairs 1s more complicated than m tho onse of three dimensions. 


EXAMPLE 


1, Tind the equation of the so called osculating plane of & nurvoe 
w= f(t), y= g(t), z= h(i) at tho pomt é,,1 0 tho limit of tho planca passing 
through three pomls of the ourve as these pomts approach the point with 
parameter t, 


2, Show that tho curvature veotor and the tangent veotor both lo in 
the osoulating plano 


*Tho notation Vf is alao used 
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3* Let «= 2(s) bo an aiintiary curyo m apnoo, such that te vector 
x(s) 18 three times continuously differontiablo (# 1s the longth of are) 
Wind the centre of tho sphoe of closost contiwt with the euive ab tho 
point 3 


4, If O18 a contmuously difforenttablo closed ourvye and A a point 
not on G, thera 1s a point B on O which has @ shorter distance from A 
than any other pomt on 0 Piovo that tho hno AZ is normal to the 
curve 


5, If 2 = x(8) 19 & ontve on a sphoie of unit radius, the oqueation 


oe Set — aot) am (LEYS) 


holds 
6 If « = x(t) is any paramotrio represontation of a ourvo, then tho 
ne 
veotor > with mtial pomt w hes in tho osoulating plane at x, 


7, The limit of the ratio of tho anglo betwoon tho osculatang plancs 
at to neighbouung pomts of a emvo and the Jongth of aio belween 
these two pomts, 1e tho derivative of tho wmt normal veoto: with 
respeot to the aro (s), 19 called tho torsion of tho cmvo, Let §,(s), §2(4) 
denote the unit vectors along the tangont and tho cuvature vealor of tha 
ourve x(8), by §3(8) wo mean the umt veotor orthogonal to §, and ¥q 


(the so called binormal veotor), which is given by [6,83]. Prove Ifienot's 
formulae 


g, = Eales 
Ba = —E./o + E5/t 
Es = —E,/*, 


where 1/p = % 1s the curvature and I/+ the torsion of x(a), 


8 Using tho vectors §), &, §, of Ex. 7 as co o1dmato veotors, find 


explessions for (a) the vector x, (b} the vector from tho potpt wv to the 
centre of the sphero of closest contact at a 


9 Show that « ourve of zero torsion is a plane curve 


10* Prove that if z= u(a, y) representa tho surface formed by the 
tangents of an arbitrary ourve, then (a) every osoulatang plano of tho ouve 
is a tangent plane to the surface, (b) u(x, y) satisfios tho equation 


eotyy — Ugy® = 0 
hl Prove that 
curl ourl # == grad div # ~~ Az, 
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Appendix to Chapter II 


L. Time TRinore.y or rum Pornr or AcoumuULATION In SEVERAL 
DIMENSIONS AND Its APPLICATIONS 


If wo wish to refine the concepts of the theory of functions 
of several variables and to establish 16 on a firm basis, without 
reference to intuition, we proceed im oxactly the same way as in 
the case of functions of one vaiable. It 1s sufliciont to discuss 
these matters in the case of two variables only, smce the methods 
are essentially the same for funclions of moie than two mde- 
pendent variables, 


1. The Principle of the Poimt of Accumulation, 


We again base our discussion on Bolzano and Weierstrass’s 
principle of the pomt of accumulation A pair of numbers (2, ¥) 
will be called a point P im apace of two dimensions, and may be 
represented in the usual way by means of a pomt with the rect- 
angular co-ordinates # and y in an wy-plane We now consider 
a bounded mfimte set of such pomts P(x, y), that 1s, the set 
is to contain an mfinrte number of points, and all the points are 
to lic in a bounded part of tho plano, so that |s|< Cand| y| <0, 
where (isa constant Tho principle of the pomt of accumulation 
can then be stated as follows every bounded wnfimte set of pounts 
has at least one point of accumulation That 1s, thore exists a point 
Q with co-ordmates (&, 4) such that an mfinite number of points 
of the given scot lie m every neighbourhood of the pomt Q, say 
ln every region 

|e—&| <8 |y—a| <8 


where § 1s any positive number, Oz, in other words, out of the 
mine set of pomts we can choose a sequence P,, Py, Ps... am such 
a way that these pots approach a mat pownt Q 

This principle of the pomt of accumulation is just as intuitively 
clear for several dimensions as 16 18 for one dimension It can be 
proved analytically by the method used m the corresponding 
proof in Vol I (p. 58), morely by substituting rectangular regions 
for tho intervals used there An casier proof can be constructed, 
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however, by usmg the principle of the pomt of accumulation 
for one dimension. To do this we notico that by hypothesis every 
point P(e, y) of the set has an abscissa 2 for which the mequahty 
|w|<Cholds fither there 1s an @ = % wihuch 1s the abserssa 
of an mfimte number of pomts P (which therefore lio vertically 
above one another) or else each x belongs only to a finite munber 
of points P In the first caso, wo fix upon 2p and consider the 
infinite numbor of values of y such that (#9, #) belongs 1o our 
set These values of y have a point of accumulation 4, by the 
principle of the pomt of accumulation for ono clmension Tienes 
we can find a sequence of valucs of y, B8Y Yy» Yo + » Buch that 
Yn > No, from which xt follows that tho pomts (ay, Yn) Of tho sot 
tend to the hurt pomt (a9, qo), which 1s thus o pomb of acoumnt- 
lation of the set. In the second caso, there must bo an infimte 
number of distinct values of # which are tho abscissw of pomts 
of the set, and we can choose & BeQUGNCO Wy, Vy, --- of these 
absciss tendmg to a unique hmit & For cach x, let Pala, Yn) 
be a pomt of the set with abscissa w, ‘Tho numbers y, aro am 
infimte bounded set of numbers, henco we can chooso a sub- 
SEQUENCE Yn. Yn + tending to a limit 7 Tho correspouding 
sub-sequence of abscisse w,,%,,, .. still lends to the Innit {, hones 
the pomts P,, P,,... tend 10 the limit poml (g, 9) En orther 
case, therefore, we can find a sequence of points of tho sob tending 
to a limit pomt, and the theorem 1s proved 

A first and important consequence of the pinciplo of tho 
point of accumulation 1s Cauchy’s convergence test, which can bo 
expressed as follows 

A sequence of pornts Py, Py, Pg, . . with the co ordinates (x, Y1), 
(Xm, Yo) (Xq Ya) + tends to a mit pore rf, and only if, for every 
<> 0 there 1s a suffia N= N(e) such that the distunce between 
the pots P, and Pay V(X_— Xm) (Yn — Ym) 18 less than 
« whenever both n and m are greater than N, 


2. Some Concepts of the Thoory of Sets of Points. 


The general concept of a limit poms is fundamental m many 
of the more refined mvestigations of the foundations of analysia 
based on the theory of sets of pomts Although theso mattors 
are not essential for most of the purposes of this book, we shall 
mention some of them here for the sake of comploteness 

A bounded sot of pomts, consisting of an infinite numabor of 
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points, is said to bo closed xf 1 contains all us lunit pomts, that 
18, lamit pomts of scquonces of pomts of tho set are again points 
of the set Tor example, all the pomts lymg on a closed curve 
or suiface form a closed set for functions defined. in closed sets 
we can stato the two following fundamental theorems’ 

A function which 8 continuous m a bounded closed set of 
points assumes a greatest and a least value wm that set 

A. function which rs contenuous in a bounded closed set rs 
uniformly contentious on that set 

The proofs of these theorems aie so like the correspuudmg 
proofs for functions of one variable that we shall omit them 

The least upper bound of tho distance between the pomts P, 
and 2, for all pairs of pomts P,, P,, where both pots belong to a 
set, 18 called the deameter of that sot. If the set 19 closed, this 
upper bound will actually bo assumed for a pan of points of the 
set, ‘The student will bo able to prove this easily, remembering 
that the distance between two points is a contmuous function 
of the co-ordinates of the pomts 

By using tho theorem that a continuous function on a bounded 
closed set docs assume its least valuo, we can readily establish 
the following fact: if a pomt P docs not belong to a closed set M, 
& positive least dastance from P to M emsts, that 1s, a pomt @ of 
M exists such that no pomt of M has a smaller distance from P 
than @ has. This cnables us to show that tho closed regions 
defined im section 1 (p 41) aro actually closed sets accordmg 
to the definition hero, Tor let 0 be a closed curve, and let & be 
the closed region consisting of all pomts interior to O or on C, 
we havo to show that all tho laut pomts of 2 belong to 2. Wo 
agstime tho contrary,1e that there is a pont P not belonging to 
£ which 1s a hinit point of R Thon, m particular, P does not he 
on C; hence by the theorem above 1t has a positive least distance 
fiom 0 (7 being 2 closed sect) We can therefore desonbe a circle 
about P as centre, so small that no point of O hes in the circle, 
wo have only to mako the radims of the circle less than the 
least distance fiom P to C ‘The pomt P is outside C, smce 
otherwise 16 would bolong to 2, and simco every pot m the 
small circle can be joined to P by a line-segment which does 
not cross the curve O, every point of tho cizele lies outside C, 
and so no pomt of the circle belongs to R But we assumed that 


P is a limit point of R, which requires that the oirole should 
(e912) 5 
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contam an infinite number of pomts of R Tonce tho assumpuon 
that there 1s a limi pomt of 2 which does not risolf belong to & 
londs to a contradiction, and our assertion is proved, ‘ho oxtonsion 
to closed regions R bounded by sevoral closed curves 38 obvious. 

A useful property of closed sets 1s contamed m tho éheorem 
on shrinkong sequences of closed sets: 

If the sets M,, My, M,,. ave all closed, and each set 18 con- 
tamed wm the preceding one, then there is a point (&, n) which belongs 
to all the sels 

Tn each of the scts M,, let us chooso a point P,. ‘The sequonce 
P,, roust orther contain an mfinite number of repetitions of somo 
one poms, or olso an infimte number of distinct pomts. If 
one pomb P 18 repeated an infinite numbor of times, then it 
belongs to all the sets; for if M,, 18 any ono of tho sols, P belongs 
to a set M,,, whore », >, and M,. 18 contamed in JZ,, I 
there are an infimte number of distinct pomia Pa, thon by the 
principle of the point of accumulation thoy possess a point o! 
accumulation (¢, 4). This pot belongs to cach AZ, Tor whon 
ever m >” the pomt P,, bolongs to JZ,, since 1b 1s & point o 
M,, which 18 contamed m M, Ilonco (é, 9) 18 « limit point o 
points P,, of M,, and since M,, 18 closod, (f, 7) 18  pomt of AZ, 
‘Thus m either case there exists a pomt common to all the seb 
Af, and the theorem is proved * 

A sot 18 said to be open xf for overy pomt of tho get we can fin 
a circle about the point as centro which belongs conipletely t 
the set An open set 1s connected if every par of pomts A and . 
of tho sot can be joined by a bioken (polygonal) Imo whic 
lies entirely m tho set. 

The word “domain” is often used with tho resbricle 
moaning of a connected open set Ags examples wo havo tl 
mntonor of a closed curve, or tho injerior of a cnclo with 41 

pomts of o radius removed. ‘The pomts of accumulation | 
a domam which do not themselves belong to the domamn a 
called the boundary pouts. The boundary B of a domain D ts 
closed set lere we shall sketch tho proof of Uns statemor 


* Tho assumption that tho sots A, aro closod ia ossontiel, as the follow! 
example shows Lot MM, bo the set O<a< i. Bach set is contatnod in | 
preceding, but no point belongs to all tho sots Tor if # = 0 the point belo 
to no sat, while if @ > 0 it belongs to no sot Af,, for which < <2 
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A point P which 1s n lit pomt of B docs not belong to D, 
for every point of D lics in a enclo composed only of pomis of 
D and hence devoid of pomts of B Iv 18 also a lamit pomt of D, 
for arbrtiuarily closo to P wo can find a point Q of B, and arbi- 
trauily close to Q we can find pomts of D  Tlence P belongs 
to B 

Tf to a domain D wo add 1ts boundary pomts B, wo obtain o 
closed sob fo. overy hut pomt of the combined set 1s erther 
a limb point of B and belongs to B, or is a hm pomt of D 
and belongs evther to D or to B Such sots are called closed 
regrons, and are particularly useful for our purposes, 

Finally, we define a neyghbourhood of 1 pomt P as any open 
set containing P., If wo denoto the co-ordinates of P by (&, »), 
the two simplest examples of neighbourhoods of P are the cncular 
neighbourhood, consisting of all pomts (2, y) such that 


(@ — EP + (y— 9)? < 88, 
and the square neighbourhood, consisting of all pomts (#, y) such 


that 
jJa~é{<5 and |y—y|<8, 


3. The Hemne-Borel Covering Theorem. 


A further consequence of the principlo of the pomt of aceumu- 
lation, which is useful in many proofs and refined mvestigations, 
is the Hewne-Borel covering theorem, which runs as follows’ 

If corresponding to every point of a bounded closed set M a 
newhbourhood of the point, say a square or a cucle, is assigned, 
it is posseble to choose a fine number of these newghbourhoods wm 
such a way that they completely cover M. The last statement of 
course means that every pomt of M belongs to at least ono of 
the finite number of sclected noighbourhoods, 

By an mdirech method the proof can be denved almost im- 
mediately from the theorem on shrinking closed sets, Wo suppose 
that the thooroem 1s false, Tho set AZ, beng bounded, hes m a 
square @, This square we subdivide mto four oqual squares. 
For at least one of these four squares, the part of M@ lying m or 
on the boundary of that square cannot be covered by a finite 
number of the neighbourhoods; for 1f each of the four parts of 
M could be covered in ins way, M itself would be covered. 
This part of M we call M,, and wo sce at once that JZ, is closed. 
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We now gubdivide the square contammg M, mto fom equal 
squares By the same aigument, the part M, of AZ, lymg m or on 
the boundary of one of these squares cannot be covered by 
finite number of the neighbourhoods Contunumg tho process, 
we obtain a sequence of closed sets M,, My, Msg, , cach on- 
closed in the preceding, each of these 18 contamed m a square 
whose side tends to zero, and none of thom can be covered by a 
finrte number of the neighbourhoods By tho theorom on shrmk- 
ing sequences of closed sets we know that there 1s a pomt (, 7) 
which belongs to all these sets, and hence a fortion belongs 
to M To the pomt (é, 7) there accordmgly conesponds ono of 
the neighbourhoods, contamimg a small square about (&, 7) 

But since each M,, contams (é, y) and 1s rtsolf contamed m a 
Square whose side tends to 0 as 1/n does, cach M,, after a cortain 
” 18 completely contamed m the small square about (é, y), and 
18 therefore covered by one neighbourhood of the sot The assump- 
tion that the theorem 1s false has thercfore led to a contradiction, 
and the theorem 1s proved. 


TEX AamMeLus 


1 A convex region 2 may be dofined as a bounded and olosed region 
with the property that if 4, Bare any two pomts belongmg to J, all 
points of the segment AB belong io 2, Piove the followmg stato- 
ments’ 

(2)* If A is a pomt not belongmg to R, there is a straight line 
passing through A which has no pomt m common with 2, 

(b}* Through every pont P on the boundary of J thoro 18 a atraight 
line 7 (a go called “line of support”) such that all pomts of # lic on one 
and the same side of 7 or on J itself 

(c) If o pomt A lies on the samo aide of every line of support as the 
pomts of 2, then A 3s also a point of R 

(2) The centre of mass of F 1s a, point of R, 

(e) A closed curve forms the boundary of » convex region, provided 
that 11 has not more than two pomts m common with any stimaight Ime, 

(f)* A closed ourve forms the boundary of a convex region, provided 
that its ourvature is everywhere positive (It is assumed that af the 
whole ourve 18 traversed the tangent makes ono complete revolution, ) 


2 {a) If J 1s an arbitrary closed and bounded set, thero 18 one “ lonst 
convex envelope” # of §,16 o set which 
{1} contains all pomta of J, 


(2) 18 contained in all convex seta containing 4, 
(3) 18 convex, 
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(6) # may also be desoribed in the followmg way 
A pont P is in #7 if, and only if, for every straight line which leaves 
nt points of § on ono and tho samo sido, P 1 also on thus side, 


{c) The centro of mass of S$ 18 a point of # 


2. Ton Conorret or Limrr ror Funorions or 
SEVERAL VARIABLES 


Wo shall find 14 useful to refine om conceptions of tho various 
limiting processes connected with several variables and 10 consider 
them froma single pot of view Ilo1e wo agam restrict om- 
selves to the typical case of two variables 


1. Double Sequences and them Limits, 


In the case of one variable we began with tho study of se- 
quences of numbors 4, where the suffix » could bo any mteger. 
Here double sequences have a coiresponding nnportanco These 
are gels of numbeis @,,, with two suffixes, whore the suffixes m 
and ” run through tho sequenco of all the mtegers mdepondently 
of one another, so that wo have og the numbeis 


Qyy15 G95 Gays &y3) Boos Mp1, Aya) Goa; ee 


Bxamples of such sequences aie the sets of numbers 


Gan = nm Gam ee on Cam = am 
We now make the following statement 

The double sequence 4, converges as n> © and m—-> o to 
a hamt, or more precisely a “double lamt”, 1 of the absolute 
dafference | Onn — | is less than an arbitrarily small pre-assigned 
positwe number « whenever n and m me both sufficiently large, that 
ts, whenever they are both larger than a cerlaan number N depend- 
wg only one Wo thon write 


lim. Gam F= b 


n> 0 
I~ 


Thus, for oxamplo, 


1 eee 


nw 1 “f 
Hi} © 
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n® 1 
and hm da c= lim { — -}- 2) == Q, 
neon 77 nro WE om 
ott A] Mow o 


Following Cauchy, we can determme, without teferrng to the 
limit, whether the sequence converges or not, by usmg the 
followimg criterion’ 

The sequence a,,, converges of, and only of, for every «c> 0 
a number N= Nie) emsts such that | dam — Un | < € whenever 
the four suffixes n,m, n’, m’ are all greater than N 

Many problems in analysis mvolving several variables depond 
on the resolution of these double limitmg processes into two 
successive ordinary limutmg processes In other woids, msteacd 
of allowing ” and m to morease simultancously beyond all bounds, 
we first attempt to keep one of the suffixes, say m, fixed, and lot 
*® alone tend to «© Tho limit thus found (f it exists) will m 
general depend on m, let us say that it has tho valuo J. We 
now let m tend to co The question now arises whethor, and 
1f so when, the lmmt of 1,, 18 identical with the o1ginal double 
hmit, and also the question whether wo obtain the same result, 
no matter which variable we first allow to merease, that 1s, 
whether we could have first formed the limit lim @,.,= A, and 


m—> oO 
then the limit lm 4, and still have obtained the same result. 
tt—> 


We shall begin by gainmg a general idea of the position from a 
few examples In the case of tho double sequence a,,, = —s when 
nm 18 fixed we obviously obtam the rogult lim a,,, = 1, = 0, and therefore 

lim J,,, = 0; the same result is obtamed f Wo perform the passages to the 


thon 0 
limit m the reverse order Tor the sequence 


however, we obtam 
IID. yyy = Oy, = 1 
h—->-% 
and consequently 
Him J, = 1; 
Ren pD 


while on performing the passages to the hmit in tho reverse order we firat 
obtain 
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in Gay, = Ay = 0 
m—>o 
and then 


lim A, = 0. 
no 


In this case, then, the result of the successive limiting processes is not 
mdependent of thew order 


him (lim @y,) 4 im (lum dpm) 
=> N—p Rp 2 Mh — 00 
In addition, if we let 2 and  morease beyond all bounds simultancously 
wo find that the double hont fails to oxist.* 
Another example 18 givon by tho scquence 


snr 
am mn 
Here the double lmmit lim @,,, oxists and has the valuo 0, sinoe the nu 


n> % 
m—> © 


merator of the fraction can novel oxaoed 1 in absolutovaluo, while thedenom 

nator incieases beyond all bounds Wo obtain tho samo hmut if wo frat let 

tend to ©, wo find that lm 4@,,,= A,= 9, so that hm a,==0. If, how 
mm 


—> «0 t—>- 

ever, we wish to perform the passages to the linntm the reveracorder, reeping 
m fixed and leitmg 2 morcaso beyond all bounds, wo encounter tho difficulty 
that lim sinn doos not exist, once the resolution of tho double limiting 


n—> 0 
process into two ordinary limiting processes cannot bo cauuued out in both 
Ways, 


The position can be summarized by means of tivo theoroms 
The fist of these is as follows 


If the double limit lm @y», = 1 oxists, and the sunple Imm, 
n—> 0 


imp © 
HM 44 = I, oxrsls [or every valuo of m, then tho limit ln 1,, 
Nn->@ : : ti> 0 
also oxists, and lim 2, == 1, Again, if tho double limit oxists and 
Hn 
has the value 2, and the limit lim a,,, == A, exists for every value 


I-09 
of , then lm A, also exists and has tho valuo lt, In symbols: 


No--> 0 

b= Mm Qy_ = lm (hm Gy) = lim (lim ay); 
H--> 00 HN —-P CO > N=» D HI 
tit-—> ® 


* Tro. if such a limit oxistod 16 would nocosyartly have tho valuo 0, slice 
ive onn make @,,, atbiliauly close to 0 by choosing # lage cnough and choosing 
m=n* On tho other hand, @,,., = % whenever = m, no matter how larga 
nis Thoso two facts contradiot tho asauinption that tho double limit oxiats, 


But even whon lim (lin @,,.,) =! Im the doubl it | 
sou Cun am) : es ( lnm ann) 16 double im : ares Any, My 
m9 
fail to exist, as is shown by the oxamplo 4, = u 


in — m) FT 
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the double limit ean be resolved mto simple hnutmg processes 
and tlus resolution 1s mdependent of the orde1 of the simple 
Imniting processes 
The proof follows almost at once from the defimtion of the 
double hmré In virtue of tho existence of lm ayy = 4, [01 every 
Hom OD 
Mow 
positive ¢ there isan N = N(c) such that the relation | @,,, — I]<e 
holds whenever » and m are both larger than N If wo now 
keep m fixed and let » inciease beyond all bounds, wo find 
that | hm @am—|=|t,—t|S¢ Ths mequalty holds for 
u—> 


any posttive ¢ provided only that m is larger than N(c), m 
other words, it 18 equivalent to the statement hm (lim aym) = b 
=> OD tt—> 00 

The other part of the theorem can be pioved in a similar 
way 

The second theorem 1s m some respects a converse of the 
first It gives a sufficient condition for the equivalence of a 
repeated lmutmg process and a double limit, This theorem 
18 based on the concept of unform convergence, which we define 
as follows 

The sequence &y, converges as n—> © to the lam 1,, uniformly 
unm, promded that the bat lm oy, = 1, exists for every m and in 


n> 
addttzon for every posite € rt 1s possible to find an N = N(c), 


depending on ¢ but not on m, such that |b, — Bam |< € whenever 
n>WN 


” I 
For oxample, the sequence 4@,,,, = ———_.. = — — 
E 2 a nm mam) om n+m 
uniformly to the limit /,, = —, a3 we sce immediately from the estimate 
m 


converges 


a ee, 
mom! nem 2 


wo havo only to put ¥ & a On the othor hand, tho condition for uniform 
& 


convergence does not hold in the case of the sequonce @,,, = or Tor 


n 
fixed values of m the equation lm a,,, = 1, = 0 14 always true; but the 
fh > 0 


convergence 1s not umform Jor if any particular valuo, say 1/100, is 
assigned to ¢, then no matter how large o value of n wo choose Lhe. ara 
always values of m for which | d,., —l,| = Gy exceeds «, Wo have 


only to take m= 2n to obtain @,,, = % which 1s + value diffeung from 
the limit 0 by moze than 1/100, 
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We now have tho following theorem: 
Lf the lumt lim a,,, == 1, earsts uniformly with respect to m, 


N—> 2 
and of further the hm lim 1,,== 1 exasts, then the double limit Lm dom, 


ieee np 
exists and has the value |. nee 
hm (lm @,,) = Lim Gn 
Ni DO ee O uo mw 
i> © 


We can then reverse the order of the passages to the Limit, provuled 


that tim a,,, == A, exists, 
m~> 


By making use of the mequality 
| Gam — 2 | — | Gam — L,, | “tr | bn L| 


the proof can be carried out just as for the previous theorem, 
and wo accordingly leave it to the reader, 


2. Double Limits in the Case of Continuous Variables. 


Tn many cases limiting processes occur mm which cortam sullixcs, 
eg m, a10 mtegers and merease beyond all bounds, whilo at the 
same time ono or more contmuous vauables #, ¥,  . , tend to 
hating values €, 7, .. . Other processes mvolve continuous 
variables only and not suffixes Ow previous discussions apply 
to such cases without essential modification We pomt out in the 
first instance that the concept of the mut of a sequenco of func- 
tions f,(x) on fr(w, y) a8 m—> © can bo classified as ono of theso 
hmuting processes We have already sron (Vol 1, Chap VII, 
p. 893—the definition and proofs can be apphed wnaliered to 
functions of several variables) that if the convergence of tho 
sequence f,(%) 19 uniform the limrt function f(z) 18 continuous, 
provided that the functions /,(x) are continuous ‘This continuty 
gives the equations 


Mi=! ee J (7) = lim (im Salt) = sate a ful) == lim {lim fol) 


tone f Hoe 0 ak 


which express tho reversibility of tho order of the passages to tho 
lumit 2 > 0 and a > &, 


Iu ther examples of the part playa by tho question of tho rovorsibility 
of the order of passages to tho hmit havo alroady occured, og m the 
theorem on the oider of partial differontiation, and wo shall moot with 

(8 012) pe 
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other examples later Here we mention only the oase of the function 


_vny 
flu y) = apy 


Lor fixed non zero values of y wo obtam tho lunit hm f(z, y) = —1, while 


t—*0 
for fixed non-zero values of we have lm f(1, y¥) = -k1 Thus 
y--> 0 
hm (lim f(2, ¥)) 4 hm (Imm f(z, ¥)), 
¥->0 4-0 iO pod 


and the order of the passages to the hmit is not mmateiual This 18 of 
course connected wath the discontinuity of the function al the ougin 


Tn conclusion we remark that for contenuous variables the 
vesoluiion of a double limit wto successwe ordynary lumi pro- 
cesses and the reversibility of the order of the passages to the lume 
are controlled by theorems which correspond exactly to those estab- 
lashed on » 103 for double sequences 


3. Dim’s Theorem on the Uniform Convergence of Monotonic 
Sequences of Functions. 


Tn many refined analytical mvestigations 1 18 useful to be 
able to apply a certain goneial theorem on uniform convergence, 
which we shall state and prove here Wo aloady know (Vol I, 
p 387 et seq.) that a sequence of functions may convoigo to a 
contmuous mrt function, even though the convergence is not 
uniform Jn an important special case, however, we can conclude 
from the continuity of the limzt that the convergence 1s uniform, 
‘This is the case m which the sequence ot functions 18 monotonic, 
that 18, when for all fixed values of a the value of the function 
F,{e) eather mereases steadily or decreases sLeadily as 7 increases. 
Without loss of generality we may assume that the values wnerease, 
or do not decrease, monotonically, wo can then stato the follow- 
ing theorem 

If in the closed requon R the sequence of continuous funcirons 
{,{X, y) converges to the continuous lun funchon L(x, y), and of 
at each pownt (x, y) of the reguon the wequalty 


Ft, y) = fy(e, y) 


holds, then the convergence rs unaform an RB 


The proof 1s mdirect, and is a typical examplo of the uso 
of the principle of the pomt of accumulation If the convergence 
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is not unifoim, a positive munber a will oxist such that for arbi- 
trarily large values of n—say fo1 all the values of » bolonging 
to the mfinile set 2, %, —tho value of the function at a 
pont P,, m the region, f,(P,), differs from f(P,) by more than a 
If we let » run though the sequence of values 7, %, .., the 
points P,,, Py, . will have at least ono pomt of acoumulation 
@, and smco #18 closed, Q will belong to 2 Now Lor every pomt 
Pm £& and every whole number p we havo 


F(P) = F,P) + 2,2), 


whee f,(P) and the “1emainder ” #,(P) aie continuous functions 
of the pomt P, In addrtion, 


RP ) a R,(P ); 


whenever n>, a8 we assumed that the sequonce moreascs 
monotonically In particular, for n> » the moquality 


fi,(Pa) = Ry(Pr) =O, 


will hold. If wo consider tho sub-sequence P,, Pay Pus» 
of tho sequence which tonds to tho limit pomt Q, on account of 
the continuity of 2, for fixed values of j4 wo also havo RQ) 2a 
Since im this hmrting process the suffix # me1eases beyond all 
bounds, we may take the index js as largo as we please, for the 
above moquality holds whenever » > p, and im tho sequence of 
pomts P, tendmg to @ thero are an mfintto number of values 
of tho suffix , hence an infintle number of valucs of n greator 
than » But the relation #,(Q) & a for all values of 4, contradicts 
tho fact that #,(Q) tends to 0 as » incieases Thus the assump- 
tion that the convergence 1s non-uniform leads to contradiction, 
and the theorem is proved, 


EXAMPLES 
1, State whether the followmg limits oxist: 
log 2)? — (log am)" 
im (oeny" — (Cogan)! 
(@) Pes (logn}* -+- (log m)* 
<> 1 


(b) ohm tan -+ tana : 
no->on L — tann tanm 
Mow > & 


1 v 

(c) lm — % ocos—, 

no M4 4 m 
Ha > 0 
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% Prove that a funotion f(a, y) 1s continuous, if 

(@) whon y 1s fixed f 18 & continuous function m a, 

(b) whon a 18 fixed f 18 umformly continuous m y, m the sonso that 
for avery ¢ there wa 8, independent of # and y, such that 


\ f(a, v1) —f(", y)| Se 
lna—y| ss 


3 Prove that f(z, y) 18 contmuous ot a = 0, y = 0, 1f the funotion 
Dt, p) = f(t cose, ism) 1s 
(a) & contmuous function of ¢ when 38 fixed; 


(4) uniformly contmuous m @ when ¢ 18 fixed, so that for every e thore 
is a 3, independent of ¢ and @, such that 


[O(t, py) — Dt, p)| Se 


lei —- 9|S8 


4, Prove that the complementary sot of a olosed sot 9 (ie. the sot of 
all pomts not mn 8) 1s an open set 


when 


when 


8, Homogunmous Functions 


We finally touch on one other special point, the theory of 
homogeneous functions, The simplest homogoncous functions 
occurring 1n analysis and rts applications aro the homogeneous 
polynomials in several variables We say that a friction of the 
form az -- by is e homogeneous function of the first dogreo in 
wand y, that a function of the form aa®-++ bay +- cy* 18 a homo- 
geneous function of the second degres, and m genoral that a 
polynomial m x and y (or um a greater number of varvables) 18 a 
homogeneous function of degree h +f wm each iam the sum of the 
wmdaces of ihe wdependent variables rs equal to h, that 1, if the 
terms {apart from constant coefficients) aro of the form a, 


arty, wh-?y?, ..., y* ~These homogencous polynomials have tho 
property that the equation 


J (ta, ty) = tf (e, ¥) 


holds for every value of %, Woe now say m genoral that a 
funchon {(x, y,...) 18 homogeneous of degree h of i satesfier 
the equaiton 


fm, ty, = Of, y,..) 
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Examples of homogencous functions which are xet poly nonnels are 
tan (*, (= 0), 


atom + Vat +H log “EM, (u= 2) 


i 
Another example 1s Fé cosine of tho anglo botweon two vectors with the 
rospective components a, ¥, 2 and uw, v, w 
auf yu-l- rw 
eee ees, (fh = 0), 
Vary fut ot + wit = 
The length of the vector with compononts a, ¥, 2 


1g an example of a function which 1s posidevely homogoncous and of the 
firat degree, that 1s, tho cquation definng homoyeneous functions does 
not hold for thia function unless ¢ 18 positive or z010 


Homogeneous functions which are also diflorentiable satisly 
the charactoristic Wuler’s relation 


fat Ufyt Bet. =A y% -») 


To prove this we differentiate both sides of the equation 
f(t, y, )=Pf(a, y, . ) with rospect to ¢, this 1s per 
mussible, smce the equation 18 an identity int. Applying the 
chain rule to the function on tho left, we obtain 


afte, yy.) balla, ty bo = WY ley) 


If we substitute ¢= 1 in this, tho statement follows 

Conversely, 1t 18 easy to show that not only 1s the validity of 
Wuler’s relation merely a consequenco of the homogeneity of tho 
function f(z, y, ), but also tho homogeneity of tho function 
18 & consequence of [ulor’s relation, so that Zuler’s relation ts 
a necessary and suffient condition for the homogeneity of the 
function, The fact that a function is homogencous of dogroo h 
can also be expressed by saying that the value of tho function 
divided by x depends only on tho ratios y/x, z/7,.. . It is 
therefore sufficiont to show that 1% ek from. — Buler 


relation that if new variables é=+ 2, 7 = y, C=... Oro 
introduced, the caer . 


Oe 8 nf Cb. )= GE, 8+. ) 


e 
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no longer depends on the variable é,16 that the equation g, = 
1s an identity In order to prove this we uso the chain rulo. 


n= fot tts dam gril 
ci. je 


ah Hi gh #1 


The expression on the mght vamshes in vniue of Huler’s relation, 
and our statement 1s poved, 

This last statemont can also bo proved m a moro elegant but 
less direct way We wish to show that from Euler’s relation 
follows that the function 


gt) = MF (an, Ysa ) — f(ta, ty, « +) 


has the value 0 for all values of ¢ IL 18 obvious that g(1) = 0 
Again, 


g(t) = BF, y, « 6) — afolte, ty, 1) — yfylde, ty meee 


On applymg Eulor’s rolation to the arguments tm, ty, . Wa 
find that 


i 
afalie, ty, .) + yfrlte, yy. +i = fe, ty, ++), 
and thus g(t) satisfies the differential equation 
; j 
gt) = att) >. 
If we write g{d) = y(t}t* we obtain g’(t) = ol + ty’(é), Bo tha 
y(t) satisfies the differential equation 
ty’) = 0, 
which hag the umque solution y = const. = ¢, Since for t= 


it is cbvious that y(t) = 0, the constant ¢ 1s 0, and so g(t) = 
for all values of t, as was to be proved, 


TWxaMrieg 


1 Prove that if f(a, y, z,.. }) is a homogeneous function of degree 
any k-th derivative of f 1s a homogencous function of degree hk — &, 


2 Prove that for a homogeneous function f of the fist degree 
Face + Suu + fax + r + 2S a + Wfny 4 ore 0, 


CHAPTER II 


Developments and Applications of the 
Differential Calculus 


1. Imericir Funorrons 
l. General Remarks. 


In analytical geometry it frequently happens that the equation 
of a curve is given, not in the form y= f(x), but in the form 
E(w, y)= 0, Accordmgly, a straight hne may be represented 
by the equation aw -+- by 4+- o= 0, or an ellipse by the equation 
ja? + y2/b®?= 1, To obtam the equation of tho curve in the 
form y= f(x) we must “solve” the equation F(a, y) == 0 for y, 

Agam, in Vol. I we considered the pioblom of findmg the 
inverse function of a function y=f(#), m othor words, tho 
problem of solving the equation F(x, y) = y — f(x) == 0 for the 
variable x These examples suggest the mportanco of studying 
the notion of solving an equation F(a, y)== 0 for x or for y, 
We shall now proceod to this investigation, and in section 3 
(p 153) we shall extend the results to functions of several variables. 

Tn the simplest cases, such as the equations mentioned above, 
the solution can readily be found im torms of elomentary funo- 
tions In other cases tho solution can bo approximated to as 
closely as we desire Wor many purposes, however, 16 is proforable 
not to work with the solved form of the equation or with these 
approximations, but mstead 1o draw conclusions about tho 
solution by studying the function F(a, y) itself, in which noithor 
of the variables w, y 1s given preference over tho other. 

The idea that evory function F(x, y) yields a function y == f(a) 
or ® == ¢(y) given implicitly by means of the equation F(a, y)=0 
lg erroneous, Qn the contrary, 1 18 casy to givo oxamples of 
functions F(«, y) which, when equated to zero, permit of no 

441 
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solution m terms of functions of ono variable Thus, for oxamplo, 
tho equation a? + 4? == 0 38 satisfied by tho single pair of values 
ac= 0, y== 0 only, while the equation a4-+ y*-- 1 = 0 18 satis- 
fied by no (real) values at oJl Tt 18 theroforo necessary to In- 
vestigate tho matter more closely in order to find out whothor 
an equation F(«, y) == 0 defines a function y= f(#), and what 
are the properties of this function, 


2 Geometrical Interpretation.* 


In order to clarify the simation wo think of tho funetior 
u= F(x, 4} as represented by a surfaco in thico-cimensional 
apaco Tho solutions of the 
equation F(x, y) = 0 are the 
game as tho simultancous 
solutions of the two equa- 
tions u== F(x, y) and u== 0. 
Geomotrically, our problem 
is to find whether curves 
y= f(x) or o= Aly) oxist m 
which the surface u = 2(a, y) 
intorsects the zy-plane (Llow 
far such a curve of mtor- 
seclion may oxtond does not 
concorn us here.) 

A fitst possibility 18 that 

Fig ~The surface u = xy the surfaco and tho plane 

may have no point in com- 

mon, Tor example, the paraboloid u= F(a, y) = «8 4- y® + 1 
hes entirely above tho sxy-plane. In such a case thoro 18 
obviously no curve of intersection, We therefore need only 
consider cascs m wich there 1s a pomt (%, Yo) al which 
F (xq, Yo) = 0, the values %», 7 aro called an “ mitial solution ”, 

If on initial solution oxists, two possibilities romain. Idithor 
the tangent plane at the pomt (a), Yo) 18 homzontal or rt is not. 
If 16 is, we can readily show by means of examples that the 
solution y= f(z) or a= ¢(y) may fl to exist, For example, 
the paraboloid «== 2? -+- y® has the initial solution w == 0, y == 0, 
but has no other point m the ay-plano Again, tho surface 
u= ay hos thd intial soluuon «=0, y= 0, and in faot 

* Of also Vol. I, Chap. X, aeotion & (pp 481-5) 
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intersects the ay-plane along tho lines w== 0 and y= 0 (ef 
figs 1,2) Butin no neighbourhood of the ongin can we 2eptesont 
the whole mnteisection by a function y = f(a) or by a function 
e= ¢(y), On the othor hand, 1b 18 quite possible for the equation 
J(x, y) = 0 to havo a solution, even when the tangont plane at 
the imitial solution 1s houzontal, as, for example, in tho case 
(y~- «t= 0, In the (exceptional) caso of a honzontal tangent 
plane, therefore, no definite gencial statement can be made. 

The remainmg possibilty 18 that at the mitial solution the 
tangent plano 1s not horizontal Then intuition tells us, coughly 
spealang, that the surlaco w= I(x, y) cannot bend fast enough 


Rig, 2-——-Contour Hnes of am xy 


to avoid cutting tho ay-planc near (a, Yo) na singlo well-dofinod 
curve of imtersoction, and that a portion of tho curvo noar tho 
initial solution can be repiesented by the oquation y = f(a) or 
#= A(y) The statumont that the tangent plane 1s not horizontal 
18 the same as tho statement that F(z, Yo) and Fy(a, Yo) aro 
not both zoro This 18 the caso which wo shall discuss analytically 
m the next sub-section 


3 The Theorem of Imphoit Functions, 


The general theorem which states sufficiont conditions for the 
existonce of imphort functions and at the samo timo gives a rule 
for differentiating them 18 as follows. 
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Ef F(x, y) has continuous derwatwes V, and Ty, and of ad the 
port (Xq, Fo) within us regron of definrtion the equation F (xq, yo) == 0 
es sainsfied, while Iy(xg, yo) ts not zero, then we can mark off about 
the pout (Xp, Yo) @ rectangle XS xX SX, ¥y SY Gq such that 
for every x wm the wterval x, SxS x, the equuton I(x, y) == 0 
determines exactly one value y = (x) lymg wm the mierval yy Sy 
Syn Las funchon satisfies the equation yo == [(Xo), and for 
every x in the wmterval the equaton 


E(x, f(x)) = 0 


as satisfied The functron f(x) ts contenuous and differentiable, 
and as derwatwe and differential are gwen by the equations 


== f'fg) =: #, = — ck 
yf = f'(g) = P, and dy = df (az) = 7" 
respectevely 

Wo shall assume for the present that the first pait of tho 
theorem, relating to tho oxistence and contimuty of the mmplicitly- 
defined function, 1s already proved, and shall confine oursclves to 
proving the diftcrentiability of the function and tho differentiation 
formule, the proof of the existence and contunuity of the solution 
wo shall postpone to sub-section 6 (p. 119) 

If we could differentiate tho terms of the equation J’(v, f(x)) = 0 
by the chain rule, the above equation would follow at once.* 
Since, however, the diflerentiabiltty of f(#) must first bo proved, 
we must consider the matter in somowhat gicater detail, 

Aa the deuvatives F, and FP, have boen assumod continuous, 
the function F(a, y) 1s differentiable Wo can therefore write 


Fat h, y+ kh) = F(a, y) + hb (2, y) + bP (a, y)-- eh enh, 
where ¢, and ¢, are two quantiles which 1ond to zero as 4 and & 
cdo or as p= +4/(1? + h*) does, We now confino our attention to 
pairs of values (w, y) and (@+-h, y+ k) for which both @ and 
w-+ A he m tho interval 2, So Sa, and for which y = /(%) and 
y+ k= f(@+ h) For such pairs of values we have (x, y) = 0 
and I(x -f h, y+ k) = 0, so that tho precedmg equation reduces 
” O= AF, -+ hE, + eh + egh. 

Wo assume that f(z) has been proved contmuous lence as h 


* Of, Vol I, p 483, 
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tends to 0, so does A, and with thom ¢, and «, also tend to 0 If 
we divide by AF, (which by hypothesis 1s not zero), the last 


equation pives 
Le * os ~ <1 ex 0, 
(+ s)i+e+e 


and on performing the ne to the limit 2 -> 0 we have 


mite 0, 


F ae al 


_fe+ai—f (2), 
i= A 


bls proves the differentiability of f(x) and gives the required rule 
for differentiation, 


y= tin 0+ DLO) uy bs Te 


h~->0 rvoh OB 


But 


We can also write this rule in the form 
I -. Fyy' = 0 
or 
a = Pada + Fydy = 0. 


This last equation states that im virtue of the equation F(a, y) = 0 
the differentials de and dy cannot be chosen mdopendently of 
one another, 

An imphirt function can usually bo differentiated moro easily 
by using this rulo than by first wizlmg down the oxplicrt form of the 
function Thorulo can be used whenever the oxphici representation 
of the function is theorelically possible according to tho theorem 
of umphert functions, even m cases where the practical solution 
im terms of the ordmary functions (rational functions, trigono- 
metric functions, &c ) 18 extremely complicated or impossible, 

Suppose that the second order partial derivatives of F(a, y) 


; F 
exist and are contmuous, In the equation y’ = — ak whose 


right-hand side 1s a compound function of , we can diflerontiate 
according to the chain rule and then substitute for y’ ita value 


ae 
F, This gives 
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af! — Page ey Polly + Py Pe 
F3 


as the formula for the second derivative of y = f(#). 


In the same way we can obtam the higher derivatives of 
f(z) by repeated chierentiation. 


4, Examples, 


1, Tor the function ¥ == f(x) obteamed fiom the equation of the circle 
F(a y) = a + 8-1 = 0 


we obtain the derivative 


This ean easily bo verified dneotly If wo solve for y, the cquation 
of the cirelo gives cithor the function y= V(1— v*) or the function 


y= —V¥() — 24), representing the upper and lower semicircles respeo- 
tively, In tho first case differentiation gives 


y" = ew bo ee 
4/(1 — a4) 
and in the second case 
py x 
ae Va ay 
Thus in both cases 7’ = — ; 


2. In tho caso of the lemmacate (Vol I, p. 72) 
Pla, y) = (a? + YP — 2a%(v? —~ y*) = 0 


it 19 not easy to solve for y For a = 0, y= 0 wo obtain F = 0, Fy, = 0, 
J, = 0. Here om theorem fails, as might be expeoted fiom the fact that 
two different branches of the lomniseate pass through the ogin Yor all 


pomts of the curve for which y + 0, however, om Lule apphes, and the 
derivative of the funotion y = f(x) 18 given by 


, Fy 4e{at + 4?) — date 

Fy ay +y) + day 
We oan obtam important information about the omve from this equation, 
without bringmg in the exploit expression for y Ifo. examplo, maxima 
or minima, may ocour where y’ = 0, that is, for a = 0 or for 12 -+4- y? = a, 
rom the equation of the lemniseate, y = O when # = 0, but at the origin 
there 18 no oxtreme value (of fig 26, Vol. I, p 72) Tho two equations 


therefore give the four points (+8 v3, +) as the maxima and minima. 
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3 In tho ease of the folsum of Descartes 
F(t y) = wb yp ~ Bary = 0 
(of fig 3), the explicit solution would bo oxccedingly inconvement, At the 


Fig 3—Tolium of Descartes 


origin, where the ourve interseots itaclf, our rule agai fails, sinco at that 
point F == y= Py= 0. Tor all pomts at which y' + aa we havo 


Accordingly, there is s zero of tho derivative when 2? ~ ay = 0, or, if wo 
use the equation of tho curve, when 


% == an/2, y= ar/4, 


6. The Theorem of Implicit Functions for more than Two Inde-« 
pendent Variables, 


The general theorem of implicrt functions can be extended to 
the case of several independent variables as follows’ 

Let (x, y,..., 2, u) be a continuous function of the independent 
variables X, y,..., % u, and let ut possess continuous paral 
derwatives I, N,, .,1,, 3, Wor the system of values Xo, Yq, +++ 
Zig, Ug corresponding to an wnterror port of the reqron of definition 
of Tr, let F(x, yo). «+ y By Ug) = 0 and 


F ul®os Yor +s «9 Sy Ug) HF 0, 


Then we can mark off an mierral vy Su Su, about uy and a 
region R contaunang (Xo Yq, ++» Zo) 1 as intenvor such that for 
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every (X, Y, , 4) im R the cquaiton I(x, y, . , % u) = 0 28 
satisfied by exactly one value of u m the wmloval u, Susu, 
or this value of u, which we denote by us= L(x, y, «0.» 2), the 
equavon 


EUG, Yy voy Bi S(O, Ys eee ZO 
holds ulentrcally an BR; 1 additron, 
Ug = f(y Yor s + » 20) 


Lhe function £ ts a contenuous function of the independent varrables 
x,y; ,»%, and possesses continuous partial de wateves given by 
the equatrons 

# at Ff. ud 9 == 0, 

i yt £ wi ho 0, 


F,+ Fy f,=0. 


For the proof of the existence and continuity of f(a, y,... » %) 
We refer the reader to the next sub-section (p 121) Tho formula 
of differentiation follow from thoso for tho caso of ono independent 
variable, smee wo cane g loty,...,2 1emam constant and thus 
find tho formula for f,. 


If we wish, we can combine our differentiation formule in 
the single equation 


Fide + Fydy-+-...+ P,de-+- Fydu= 0, 
Tn words, 


Lf mn a funchon W(x, y,. ., 2, u) the variables are not inde- 
pendent of one another, but are subject to the condition It = 0, 
then the linear parts of the mnorements of these variables are hkeunse 
not wndependent of one another, but are connected by the condatron 
di? = 0, that ts, by the Wnear equation 


Feda+ Fydy+. + F,de-+- Fidu= 0, 


If we here replace du by the expression u,dx -+- u,dy—-.,, 
-+- u,dz and then equate the coofficient of cach of the mutually 
independent differentials dx, dy,. . , dz to zero, wo again obtain 
the above difforentiation formule 
Incidentally, the concept of imphert functions enables us 
to give a genoral defimtion of the concept of an algebrare function, 
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Wo say that w= f(a, y, . )18 an algebraic function of the inde- 


pendent vanables #, y,...1f w can bo defined mmplicitly by an 
equation F(x, y,..., u)= 0, where J 1s a polynomial in the 
arguments #, 7, ..., 4, buelly, wf u “satisfies an algebraic 


equation” All functions which do not satisfy an algebraic 
oquation aro called #anscendental, 


As an example of our differentiation formule wo consider tho equation 
of the sphere, 


at y®-+- ut? — 1 0, 
For the partial derivatives we obtam 
st 
ware as ly =~ 4, 
and by further differentiation 


1 aF |. a8 
Ugo Emme om -fe = ly + ' 
mw ue ws 
2 RY 
cs aa ha ema 
$e ee 2s 4d = a? ++ 
re is ar a 


& Proof of the Existonce and Continuity of the Implicit Functions, 


Although in many special cases the oxistence and continuity 
of implieit functions follows from the fact that the equation 
E(x, y) = 0 can actually be solved in terms of the usual functions 
by means of some special device, yet xt 1s still necessary to givo 
a general analytical proof of the oxistence theorem stated above, 

As a first step we mak out a rectangle 4, Se¢S%,¥,SySYo 
m which the equation F(x, y) = 0 determmes » unique function 
y= f(x) We shall make no attompt to find the largest rectangle 
of this type; we only wish to show that such a rectangle exists 

Since F(a, y) is continuons and F’,(29, yo) +: 0, we can find 
a rectangle R, with the point P(x, yo) as contro, so small that m 
the whole of 2 the function 7, remains difforent from zero and 
thus is always of the same sign, Waithout loss of generality we 
can assume that this sign 18 positive, so that J, 18 positive every- 
where in #2, otherwiso, we should moroly have to roplace the 
function F by —J', which leaves the equation F(x, y) = 0 un- 
altered. Since J’, > 0 on overy linc-sogment # = const. parallel 
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to bhe y-axis and lymg in R, the function F(a, y), considered as a 
function of y alone, 1s monotome mereasmg But F(x, yo) = 9; 
henae if A 1s a pomb of R with co-ordinates 29 and ¥, (44 < Yo) 
on tho vertical line through P (cf fig. 4), the value of the 
function at A, F(a, y4), 18 negative, while at the point B with co- 
ordinates my and Yo (ye > Yo) tho value of the function, F(aq; Yo); 
18 posiive Owmg to the con- 
dmulty of F(w, y), 1 follows 
that J'(a, y) has negative values 
along a cortain hoizontal line- 
segmont y= y, through A and 
lying in #, and has positive 
values along a Iimo-segmont 
y = Yo through B and lying in 
We 4 R. We can thercloro mark off 
an mtorval #, Se Sm, about 
@ so small that for values of 2 in that imterval tho function 
F(x, y) remains negative along the houzontal through A and 
positive along the honzontal through B. In other words, 
tor 2 Sa Sa, the mequalities F(x, y)< 0 and F(x, y2) > 0 
hold 
Wo now suppose that # 1s fixed at any valuo im tho interval 


® SoS aw, and let y merease from y, to y, The pomt (a, ¥) 
then remains m tho rectangle 


%StSt, Y%SySyy 


which we assume to be completely within R, Since F(x, 4) > 0, 
the value of the function F(#, y) mcroasos monotonically and 
continuously from a negative to a positive value, and can never 
have the samo value for two pomts with the same abscissa 
Henco for cach valuo of # m the mterval 2, Sv x there iso 
umaquely determined * value of y for which the equation F(a, y) = 0 
is satisfied. This value of y 1s thus a function of a, wa have 
accordingly proved the existence and the uniquencas of tho 
solution of the equation F(x, y)== 0 At the same timo the part 
played by the condition F, = 0 has been cloarly brought out. 


* Tf the restriction y, S 4 Sy, is omiltod, this will not nocosaarily remain 
true, For oxample, let F be a? + y2 —~ 1 and lot a = 0, v9 = 1 Thon for 
--} 3% + thoro1s ust one solution, y = f(x), in the intorval 0 Sy 2, bub 
if y1s unrestricted, there are two solutions, y = V(1 — @}and y= — V(1 — a), 
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Lf this condition wore not fulfilled, the values of tho function at 4 
and at B might not have opposite signs, so that J'(z, y) need not 
pass through zero on vertical hme-sogments Or, if the signs 
at A and at B woo different, the deivative Py could changs 
sign, 80 that for a fixed value of # the function F(x, y) would 
not merease monotomeally with y and might assume the value 
zero more than once, thus destroying the umquoness of the 
solution. 

This proof morcly tells us that tho function y= f(a) custs 
Tt 18 a typical case of a pure “ existence theorem ”, m which the 
practical possibility of calculating tho solution docs not como 
under consideration at all * 

The contumaty of the function f(a) follows almost at once from 
the above considerations. Leb R(x,’ Sasa’, 4 Sy Sys) 
bo a rectangle lying entucly within tho rectangle % SS %, 
Yi YS, found above Vor this smallor rectanglo wo can 
catry out exactly the samo process as before m oder 40 obtain 
a solution y= f(x) of the equation F(a, y)=0 In tho Inger 
rectangle, however, this solution was uniquely determined, hence 
the nowly-found function f(z) 18 tho same as the old one. If wo 
now wisheg to prove the continuity of the function f(#) ab the 
pomt a = a4, we must show that for any small postive numbor ¢ 
{ f(x) — f(a) | < , provided only that # hes sufficiently near tho 
pont vz, ‘for this purpose we put 


Wy =Yote and ye = Yo & 


and for these valuos y,’ and y,/ we dotermme the corresponding 
eantorval «,/ Sea! Then by tho above construction, for 
each aw in this interval the corresponding f(x) hes between the 
bounds y,' and y,/, and therefore diffors from yp by less than « 
This expresses tho contmunty of f(z) at the pomt eq, Since we 
can apply the above argument to any pom « m the interval 
% <a Sm, wo have proved that the function is contmuous at 
each point of this interval 

The proof of the goneral theorom for F(a, y,.++» % ™)s 
a function with o greater number of imdepondent variables, 
follows exactly the samo limes as the proof just completed, 
and offers no further difliculties 


* The snorifice of the atatement of such practical methoda in a gonoral proof 
fs sometimes an essential step towards tho simplifiontion of proofs 
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EXAMPLES 
1 Prove that the following equations have umiquo solutions for y near 
the pomts indicated 
(a) + ey y®=7 (2, 1) 
(b) w cosay = 0 (1, 7/2). 
(c) ay-+-logey=1 = (1, 1), 
(dj) + y+ ay=3 (1,1) 
2, Find tho first derivatives of the solutions in Ex 1, 
3 find the second derivatives of the solutions in Ex, 1. 
4, Find the maximum and minimum values of tho function y = f{x) 
defined by the equation 24 + ay + y? = 27 


5, Show that tho equation a+ 4-+-2= singyz oan bo aalyed for 2 
near (0, 0, 0). Jind the partial derivatives of tho solution. 


2. Curves anp Surracns in Imeriorr Torm 


1. Plane Curves m Implicit Form. 


We have previously expressed plano curves in the form 
y = f(x), which 1s unsymmotrical, giving the preferonce to ono 
of the co-ordinates, The tangent and the normal to the curve 
are found to be given by the equations 


(n— 9) — (§ — a) f(a) = 0 
(n— y)f'@) + (§— &) = 0 


respectively, whore € and 7 are the curront co-ordinates of tho 
tangent and the normal, and « and y are the co-ordinates of 
the pomt of the curve We have also found an oxpression for 
tho curvature, and criteria for pomts of inflection (Vol. J, 
Chap ¥). We shall now obtain the correspondmg formule 
for curves whuch are represented imphertly by equations of tho 
typo F(a, y)=0. We do this under the assumption that at 
the point m question J’, and Fy are not both zero, so that 
Fo + BY +0 

Hf we suppose that F, + 0, say, we can substitute for y’ in 
the equation of the tangent at the point (a, y) of tho curvo its 


value —F,/F,, and at once obtam tho cquation of the tangont 
in. the form 


and 


(§— a Pa+ (n~- Fy = 0. 
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Similarly, for the normal we have 
(E— a), ~ (9 — ya 0 


Without going out of our way to uso the oxphert form of the 
equation of the curve, wo can also obtain tho equation of the 
tangent directly in tho following way If @ and 6 aro any two 
constants, the equation 


a(§ — #) + b(n — y) = 0 


with current co-ordinates € and y represents a straight hne 
passing though the pot P(a, y) If now P is any point of the 
curve, 10, 1f F(a, y) = 0, we wish to find the line through P with 
the property thet if P, 1s a point of the curve with co-ordinates 
&=e+h and y,= y+ 4, tho distance fiom tho line to P, 
tends to zoro to a lighen order than p= +/(h? + 14) In virtue 
of the diflerentiabilty of the function J we can write 


Pe + hy +h) = Fle, y) + AB, + ey + eps 


where p tends to 0 as « does Since the two pomts P and P, 
both he on the curve, this equation reduces to hl, + AP, == —ep 
As we have assumed that 2,2-+- F? = 0, we can write this last 
in the form 

Fs P 


ee a fe ee = 
Tet REE ES 


where €,==— WEELIA also tends to zero as p docs If we 
re Se — __.“v ___, the left-hand 
write a= TEER and 6 vy 6 left-han 


aide of this equation may be regarded as the expression obtained 
whon wo substitute the co-ordinates of the pomt (a, = #-+ h, 
#,= y-+k) for € and 7 1n the canonical form of the equation 
of the lme, a(f~ a)-+ b(n — y) = 0, Thus is the distance of 
tho pomt P, from the line. Thus the distance of P, from the 
Ine is numoncally equal to | ¢,p|, which vanishes as p does to 
a higher order than p, The equation 


Fe ro, ye roe == 0 
Wier 9+ gare? 


P(g — 2) + Fy(q—y) = 0 


or 
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18 the same as the equation of the tangent found in tho precoding 
paragraph, Wo can thorefore 1egaid the tangent at P as that 
hne * whoso distance from neighbouring pomis P, of the curve 
vanishes to a higher order than the distance PP, 


Tho derecton cosynes of the normal to the cmve are given by 
the two equations 


fo Sin a == a 

VAC re 1 ey AC ie oe F}) f 

which represent the components of a untt vector in the direction 
of the normal; that 1s, of a vector with Jongth 1 in tho direction 
of the normal at the pomt P(x, y) of the curve 


The dvrecton cosines of the tangent at the pomt P(x, y) aro 
given by 


C05 @ == 


a ae ; smp=— a 
VE Ps 7 F Ay VF ie ar 7 v”) 

More generally, if mstead of the curve F(a, ¥) = 0 we 
consider the curve 


cogp = 


F(a, ¥) 0; 


where @ is any constant, everything in tho above discursion 
remains unchanged. Woe have only to replace tho function 
F(a, y) by f(a, y)—e, which has the samo dorivatives as 
tho omgmal function Thua for these curves the equation 
of the tangent and the normal have oxactly the same forms 
as above 

The class of all the curves which we oblam whon we allow 
e to range through all the values in an interval is called a family 
of curves The plane vector with components F, and J',, which 
18 the gradzent of the function (2, y), is at cach pomt of the plano 
perpendicular to the curve of the family passing through that pout, 
as we have already seen on p. 90, This again yields the equation 
of the tangent or the vector with components (¢ — #) and 
(7 — y) 1m the direction of the tangent must be perpendicular to 
the gradient, so that the scalar product 


(§—a)P, + (n— y)Fy 
must vanish, 


* The reader will find 1¢ easy to prove for himgolf that two auch lines enn 
not exist, eo that our condition determines the tangont uniquely, 
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While we havo taken the positive sign for tho square root 
ocourrmg in the above formule, we could equally well havo 
taken the negative root This arbrirarmess corresponds 40 the 
fact that wo can call the direction towards other side of the 
curve the positive direction a4 will We shall continue to choose 
tha positive square root and thereby fix a definrte direction of the 
normal It 1s, however, 10 be observed that if we replace the 
function F(x, y) by —F (2, ¥) this direction 1s reversed, although 
the geometrical nature of the cmve 1s unaflected (As regards 
the sign of the normal, ef Chap V, section 2 (pp. 363-4)) 

We have already scon (Vol I, p 159) that for a curvo ex- 
pliitly represented in the form y = f(x) the condition f(z) = 0 
18 & Necessary condition for the occurrence of a pownt of mflection. 
If we replace this expression by its equivalont, 

Pag lh P — Wy PoP y + Py Pe 
fe) = We Fe yb vy th 
we obtam the equation 
Prag lp —~ QP uy PB y ++ Py Fe = 0 


as © necessary condition for the occurrence of a point of mflec- 
tion = In. this condition thero 18 no longe: any picference given 
to either of tho two vanables a, y It has a completely sym- 
metrical character and no longer deponds on the assumption 
that J, = 0 

Tf we substitute for y' and y’ nm the formula for the curvature 
found previously (Vol. I, p 281) 


ft 


oo, Y 
JL fy!) 


k 


we obtain the formula 


kt Peal y? — Py Poly + By Fat 
RPE PRP 


ks 


which is likewise perfectly symmetrical.* or the co-ordinates 
(g, ) of tho centre of curvature we obtain the expressions 


Fy, 
POF OTR EL EY 


* Tor the sign of the aurvature cf Vol I, p 282 
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pean ye Ny 2 
1} mea y f- p Wit: -|- By 
where 


p= 


rl 


If the two curves F(a, y) = 0 and G(a, y) = 0 intersect one 
another at the pomt with co-ordinates «, y, the angle between 
the curves 1s defined as the angle w formed by then tangents (or 
normals) at the point of mtersection If we recall the ox- 
pressions given above for the direction cosines of tho normals 
and the formula for tho scalar pioduct (Chap. I, section 1, 
p. 8), we obtam the expression 


P,G, + F, Gy 
VEE + PPA GE + @,) 


for the cosme of this angle Since we havo taken the positive 
square roots hore, the cosine 1s umquely detormined, thas cor.e- 
sponds to the fact that we have therehy chosen definite dinections 
for the normals and have thus determmed tho angle between 
them uniquely 

By putting w== 7/2 m the last formula we obtam the 


condition for orthogonality, 16 that the curves mtorsect at night 
anglos, 


cosw@ = 


FGs+ Fy, Gy = 0. 


Tf the curves are to touch one another, the ratio of the dif- 
ferentials, dy dx, must be the same for the two curves, That 
18, the condition 


dy de == —F,' Fy = —G@,: G, 
must be fulfilled This may also be wittten in the form 
FG, — #4, = 0, 
Ags an example we consider the parabolas 
= P) 
y® — 2p (« = 4 =) 


(of. fig 9, p 187), all of which have the origin as foous (** confooal" 
parabolas) If p, > 0 and p, < 0, the two parabulas 


P= y— 2, (2+ 2) 0 and. d= — 2p, (9 +P) a= 0 
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intersect one another, and at tho mntoisection they aro at right angles to 
ono another, for 


PoGy + FyGy = 1p, ps + dy? = q Pel — me 0, 


Po Va 
Rings 


F=@G=0, P,-- Pi 0. 


As & second oxample we consider the ellipse 


a 
ae 


The equation of the tangent at the point (a, y) 18 


ve = YY _ 
(R= a)— tO Y) 5g 0 


% oe, ee 
Bat Vp 1=4, 


as we know from analytical geomoliy. 
We find that the ow vature 18 


ahi 
hes (aty? -+ Taga 


If ¢ > b, this has ils greatost value @/b4 at the vertices y= 0, = a. 
Its least value b/a ocoura at the other vorlices a == 0, 47 = +b 


2. Singular Pomts of Curves. 


We now add a few romaiks on tho swgular pols of a curve. 
Hore we shall content ourselves with givmg a number of typical 
examples; for a moze thorough invostigation wo lofor tho reador 
to the appendix to tus chapter (p. 209). 

In tho formule obtained above the oxpression F,?-+ FA 
frequently occurs mm the denominator, Accordingly wo may 
expect something unusual to happen whon this quantity vanishes, 
16 When F,= 0 and F,= 0 at a point of the curve Tus 1s 
especially brought ot by tho fact that otf such a pomt the ex- 
pression 4’ = —I’,/7', for the slope of the tangent to the curve 
loses 168 Meaning 

We say that a point of a curvo 1s a regular poont 1f in the neigh- 
bourhood of this pomt either the co-ordmate y can be ropresonted 
as a continuously differontiable function of a, or olso # can be 
represented as a contmuously difforentiable function of y In 
either case the ourvo has a tangont, and in the neighbourhood of 
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the point im cqtesiion the curve diflas but little fiom that 
tangont, All other points of a curve aro called sungular povnts 
(o1 songularities) 

From the theory of mphert functions we know that a pomt 
of the curve F(a, y) = 018 regular if at that pomt L, > 0, since 
we can then solve the cquation s0 as to obtain a unique dif- 
ferentiable solution y= f(#). Similarly, the pomt 1s regular if 
F,-+0 Tho smngular points of the curve are accorcdimgly to be 
sought for among those pornts of the ourve al which the equations 


f,=0, F,=0 


are satisfied m addvion to the equation of tho curve 

An important type of smgulaiity 1s a multiple pot, that 18, 
a point through which two o1 more branches of the culvo pass 
For example, the ongm 1s a multiple pomt of the lemmecato 


(a? + 42\8 ~ Qa%(o2% — y*) = 0 


In the neighbourhood of such a pomt 1b 1s umpossihlo to oxpress 

the equation of the cuve uniquely m the form y= /(#) oF 
a= {Y), 

The truth of tho rela- 

', tons F,-= 0 and I, = 0 

y) 1s @ necessary, but by no 

means a sufficient, condi 

tion for a multiple pomt; 

0 z on tho contrary, quite 4 

different type of smgularity 

mey occur, such as a cusp 


y 


As an oxamplo we considor 
Bag §—The surface y? ~ x? = 0 the curve 


y pene ae = 4] 
\of, fig 5), which has o cusp at the ong At that pomt both the fikat 
portial denvatives of F vamsh 


Moreover, cases may occur in which F, and 2", both vanish, 
and yet there 1s no stuking peouharity of the curve at the pomt, 
the curve being regular there, 


‘This is exemplified by the curve 
y— a= 0 
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or, 1n explicit form, 


From the equations (—a)'! = a”, y’ = 40.8 wo seo at once that tho ourve 
19 symmetrical with respest to tho y ax19 and touches the a axw at the 
origin, hie a parabola Yet tho ovgin 1s a somewhat special point on the 
curve, Aince the scoond derivative 18 infimte there Tho curvature 1s there- 
fore infinite, winle the direction of tho tangent oxhilts no peoulauty, 
Another example is the omve (y — v)* = 0, which 15 a straght lno and 
therefore regular throughout, oven though J’, = 0 and Fy = 0 for every 
pomé of the line, 


As a result of this discussion wo seo that m tho mvestigation 
and discussion of singular pomts of a curve 16 18 not enough to 
verify that the two equations y= 0 and F,= 0 axe satisfiod; 
on the contiary, cach caso must be studied specially (cf. Appondix, 
section, 2, p. 209). 


3. Implicit Representation of Surfaces. 


Hitherto wo have usually represented a function 2 = f(a, ¥) 
(hore we write 2 mstead of the symbol « omployed above) by 
means of o surface in wyz-space If, however, we ate orginally 
given not tho function, but a surface in spaco, the proforence 
which this form of expression gives to tho co-ordinate 2 may prove 
inconvenient, just as mn the case of the expression of plane curves 
in the form y== (2) TL 18 more natmal and moro genoral to 
represent su.facos in space by oquations of tho form F(a, y, 2) == 0 
or F(a, y, z)= const ,og to ropiesont tho sphoro by the oquation 
ot. y? + 2% — 72 == 0, and not by z== -- f(r? — a8 — ¥%), Tho 
form z— f(x, y) = 0 can then bo treated as a special case, 

In oider to establish the equation of tho tangent plano to 
the surface F(x, y, 2) == 0 at the point (a, ¥, 2), wo fist mako tho 
assumption * that at that pomt #,2-- PA-- F240, to. that 
at least ono of the partial dorivatives, say J’,, is not zoro. Thon 
fiom the equation of the smface we can dotormine z= f(x, ¥) 
exphertly as a function of @ and y. If in tho equation of the 
tangent plane 


G— = (EF — wey -+ (9 yey 
we substitute for the douvetives z, and zy, thoir values 


* Tho vanishing of this oxprossion indicates tho possibility that cortain singu 
\aritiea may ocour; this, however, wo shall not disouss, 
{x 912) 6 
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t,== —F/F, and 2,= —F,/F,, wo obtam the squation of the 
tangent plane in the form 


(€— a)F,-+ (yn — y)\F, + (C— 2) PF, = 0, 


where £7, ¢ ara current co-ordmates 

As in the case of the tangent 40 a plane curve, we can dome 
this equation directly from the mphoit representation of tho 
surface, by setting oursclves the problem of finding a plano 
through the pomt (@, y, 2) of the surface with the proporty that 
the distance from tho plane to the pomt (w+ h, y + h, 2+ }) 
of tho surface vanishes as p = 4/(h? + 1? -+ 1?) doos, to a higher 
order than p, 

Hlementary theorems of analytical geometry (cf Chap. I, 
section 1, p, 9) show that the duecction cosmes of the normal to 


the surface, that is, of the normal to the tangent plane, are given 
by the expressions 


CT Le cos B = Py 
VP oe a i, Tr F2y 7 VP e a Ff} = Fey 
F, 
OY Mee EEE Fa 


In taking the positive square root m tho denominator wo 
have assigned a defimto senso of direction to the normal 
(of, p. 125) 

Tf two surfaces F(a, y, z) = 0 and Ga, y, z) = 0 intersect ono 
another at a point, the angle w between the surfaces is dofined as 
the angle between their tangent planes, 01, what 18 the samo 
thing, the angle between their normals This 1s given by 


ByGy + ByGyt Pes 
VBP + PP + BP) Gib Gy? + G2) 
In particular, the condition for perpondiculanity (orthogonality) is 
PG, + Fy Gy + FG, = 0. 


Instead of the single surface F(x, y, z) == 0 we may conaidor 
the whole famly of surfaces F(a, y, 2) = ¢, whuro o is & constant 
different for each surface of the family. lero we assume that 
through each pomt of space, or at least through every point of a 
certain region of space, there passes one and only ono surface 


COS w= 
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of the family, o1, as wo sity, that the family covers tho region 
semply The individual surfaces are then called tho level surfaces 
of the function J*(w, y, 2) In Chap II, section 7 (p 88) we con- 
sidered the gradiont of tlus function, that 18, tho vector with 
the components F,, Z*,, #7, We sco that these components havo 
the same ratios as the direction cosines of the normal, hence 
we concludo that the gradient at tho poimt with the co-ordmaies 
(x, y, 2) a perpendreular to the level sw face passing through that 
point (If we accept this fact as already proved in Chap II, 
section 7 (p 90), we at onco have a new and simple method for 
deriving tho equation of tho tanyont plano, jusb like that given 
above (p 124) for the equation of tho tangent line.) 


As an oxamplo wo consider tho sphere 
rh f+ y" -+- 23 ek 7 — 0. 
At tho point (a, y, 2) tho tangonl plano 18 


(Gu) 2e-+ (4 — y)2y + (6 — 2) 22 = 0 
or 
Eu -+- ny -4- fe — 73 sa 0, 


The direction cosines of tho normal aro proportional to x, ¥, 2, thats, the 
normal comodes wilh tho radius veotor drawn from tho o1gin to tho point 
(a y, 2)» 

For the most goneral ellzpsord with tho oo ordinate axos aa principal 
XO, 


the equation of the tangont plano 1s 


Hi Y % 
an “| Qa | ae ] wa 0. 


TXAMPLys 


1, Find tho tangent plano 
(a) of the aurfaco 
a8 .|~ Qa -— Fet | By -- Les 0 
at the poms (1, 1, 1), 
(b) of tho sm feoo 
(a2 | y8)9 fp gt — 48 -[- Tay] Bele gh — zen 14 


at tho point (1, 1, 1), 
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{c) of the surface 
aim’a -- cos (y -+ 2) == 3 


Te 
nt tho pomt rar 0) 


2 Calculate the curvature of the curve 
Bing ++ cosy ==] 
at the origin. 


3*, Fmd the curvature at the ongin of each of the two branches of the 
ourve 


ylast +- by) = ca® +- ex®y +> fey® -+ gy? 
4, Wind the curvature of a curve which is given m polar co ordinates 
by tho equation f(r, 0) = 0 
§ Prove that the three surfaces of the family of surfaces 


Fae VOrAtVutaay Veta) —Sy+a) =u 


which pass through « single pomt are orthogonal to one another 

6 The pomts A and B move uniformly with tho same velocity, A 
starting from tho omgm and moving along the z axis, B siatmg from 
the point (a, 0, 0) and movmg parallel to tho y-axis, Find the surface 
enveloped. by the atraight lines yommng them 


7. Prove that the mterseotions of the curve 
(t ++ y — a)® ++ 2laxy = 0 
with the line # + y = @ are inflections of the curve, 
8. Disouss the angular points of the followmg curves: 
(a) Fw, y) == aa® + by® — ory = 0, 
(5) Fle, y) = (y* — 22)? — 2% = 0; 
() F(a, y) = (1 + e!*)y ~ @ = 0; 
(2) F(a, y) = y*(2a ~ x) — a = 0, 
(e) F(x, y) = (y — 2a)* ~ a5 = 0, 


9 Let (x, 4} be a double pomwt of the ourve J'(”, y)= 0 Calculate the 
angle » betwcen the two tangents at (#, y), assuming that not all the 
second derivatives of F vanish at (@, 4). 


Hind the angle between the tangents at the doublo poimt (a) of tho 
lemuusoate, (b) of the folium of Descartes (of. p. 116), 


10 Dotermine a and 6 50 that the cones 


dxdt + day -- y2— 10z — 10y -+ 11 = 0 
(y + ba — 1~— bf — afby ~z2--1l— db) =0 


cut one anotner orthogonally at the pomt {1, 1) and have the samo ourva« 
ture at this point, 
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il If F(a, y, 2) = 1 1 tho equation of a swuface, F beng a homo- 
geneous function of dogres hk, thon the tangont plane at tho pont (a, y, 2) 
9 given by 

EPy bk aby -+ OF, = kh 
12 Let K’ and KX” be two circles having two pomta A and Bm com- 


mon If a circle K 18 o1thogonal to &’ and K”, then 1b 18 also orthogonal 
to every orale passing through A and 2B, 


13 Lotz be defined as a funotion of # and y by tho equation 
8 -|- 3 +4. 28 — Brye = 0, 


Iexpross %, and 2, as funotions of 2, 4, z 


8. Systums or Funorrons, ‘TRANsSTORMATIONS, AND Maprinas 


1. Goneral Remarks, 


Tho results wo havo obtained for imple: functions now enable 
us to consider systems of functions, that 18, to discuss several 
functions simultancously, In this section wo shall consider the 
particularly important caso of systems where tho number of 
functions 18 the same as tho numbor of indepondent vamables, 
We begin by imvostigating tho moanmng of such systems in the 
caso of two indepondent vamablos If the two functions 


E= f(a, y) and == pe, y) 


are both differentiable in a region F of tho ay-plano, we can inter- 
prot this system of functions in 4wo different ways. The first 
mterprotation (tho second will be grven im sub-section 2, :p. 188) 
is by moans of a mapping or transformation. To tho point P with 
co-ordinates (v, y) an tho wy-plano thore corresponds the mage 
pont IZ with tho co-ordimatos (&, 7) in the éy-plane. 
An examplo of such a mapping 18 tho affine mapping or trans- 
formation 
g == av -|- by 
9 == a -}- dy 


of Chaptor I (p. 28), whoro a, b, o, d are constants. 

Frequently (%, y) and (f, 4) aro mtorpreted as pomts of one 
and tho same plane, In this case wo speak of a mapping of the 
xy-plane on uself, or a transformution of the xy~plane into rself.* 

* It ia also poasiblo to intor prot a slnglo funotlon ¢ = f(a) of a single vari- 
able ag a mapping, If wo think of a point with co-ordinate # on an @ axis as 


being brought by moans of tho function into vouospondonce with a point € 
[Contineed overleat 
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‘The fundamental problem connected with a mapping 1s that 
of its inveision; that is, the question whether and how @ and y 
can in virtue of the equations &== d(x, y) and n= r(x, y¥) be 
regarded as functions of and », and how these mverse functions 
are to be differentiated. 

Tf when the point (a, y) ranges over the region R 1t8 mage 
pomt (g, y) ranges over a region B of the £y-plane, we call B 
tho wmage region of R If two different ports of R always corn espond 
to two different points of B, then for cach pomt of B wo can. always 
find a single point of 2 of which 1t1stheimage Thus to cach pomt 
of B wo can aasign the pomt of 2 of which it is the image. 
(This pomt of 2 is sometimes called tho “ modcl”’, as opposed 
to the “image ”,) That 1s, we can vert the mapping uniquely, 
or determine # and y uniquely as functions 


c= g€, ”)s Y= A(é, n) 


of £ and y, which are definedim B We then say that the origmal 
mapping can bo uneguely wnverted, or has a unique wmverse, or is 
a. one-to-one* mapping, and we call x= 9(é, 4), y= ACE, 9) 
the transformation dnwverse to the o1igmal transformation or 
mapping 

If in this mappmg tho pomt P with co-o1dimates (w, y) de- 
scribes a curve in tho region R, ita image pomt will hkowse 
desoribe a curve in the region B, which 1s called the wmage curve 
of tho first. Vor example, the curve # = ¢, which is parallel to 
the y-axis, corresponds to a curve in the £y-plano which 18 given 
m parametric form by the equations 


E= d(o,y), n= lo, y), 


whore y is the paramcter Again, to the curve y == & thero corre 
sponds the ourve 
E== G(x, h), n= os, h), 


Tf to c and & we assign sequences of naghbourmg values «, 0, 
Og,. +. and hy, hg, Bo, , then tho rectangular “ co-ordinats 


ona f axis, By this poimt-to point corespondence the whale or a pat of th 
# axis is mapped on the whole or a part of the fax A umform “ scale” o 
equidistant ¢-values on tho # axis will in goneral be oxpanded or contiacte 
into a non uniform seale of ¢ values on tho axis, The ¢ soale may be 1ogarde 
ass ropicsentation of the function ~ = f(%) Such a point of view ia fiequontl 
found uscful in applications (eg in nomography) 

* Often written (1, 1), 
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net” consisting of tho Imes 2= const and y= const (e g, 
the network of lines on ordmary graph papor) usually prves rise 
to a cortosponding curvilinear net of curves in the &y-plane 


v 


G, 
Tig 6 Fig 4 


Nets of crirvea ¥ =« const and ¥ = const in the ay-plane and the éy-pline 


(figs, 6,7) Tho two families of curves composing tlus net of 
curves can be written mimpheit form, If we represent the mverse 
mapping by the equations 


o= gf), you AE, 7), 
the equations of the curves are simply 
Ke, he and Ag, n)= k 
respectively 


Tn the same way, tho two famulies of lines £ = y and y= % 
in the &y-plano correspond to the two {amuilies of curves 


d(m, y) == y, Ym, y) = K 
in the zy-plane, 


Ag on oxamplo wo considor wmversion, or the mapping by reciprocal 
rad or reflection im the unit circle, This transformation is given by the 
equations 


=, Het ee, 
aye Oe 


To the pont P with oo ordinates (2, y) thoio corresponds the point II 
with oo ordmatos (&, ) lying on tho samo lino OP and satisfymg the 
equation &3 -[- 48 = ae ors or OFT = Ae so that tho radius veotor to P 


ia the reciprocal of the radia vootor to JI, Points inside tho unit omrole 
ara mapped on points outside the clrolo and vice versa 


From tho relation §4-} y?= : , Wo find that tho snverse transfor 
mation 1 why 
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= SM. 
. Ea Pe y E2 pL ie 
which 18 agai wwversron 
Tor the region #2 we may take the whole ay plane with the exception 
of the origin, and for the region B we may tale the whole &y-plano with 
the exception of the ongin The lnos & =o and y= 4 im tho &4 plano 


correspond to the aireles 4 y— laa and Bt y—sy=0 In 


the ay plane respeotively, at the orgin these oiroles touch the y axis 
and fhe ¢-axis respectively In the same way, tho rootalinear co ordinate 
nef in the zy plane corresponds to the two families of circles touching the 
§-axia and the 4 axis respeotively at the origin 


Fig 3 —Orthogonal famtiles of rectangular hyporbolas 


As a further example we consider the mappmg 
B= at — 8, n= dry 


The curves & = const give mse im the zy plano to the reatangular hyper. 
bolas 2? — y= const, whose asymptotes are the lines @ = y and w = —y, 
the lines 1 == const also correspond to a family of rectangular hyperbolas, 
having the co ordinate axes ag asymptotes The hyperbolas of each family 
cut those of the other family at nght angles (of fig 8) ‘The lines parallel 
to the axes m the @y-plane correspond to two famihes of parabolog in the 
€7 plane, the parabolas 4° = 4c%(ct — £) corresponding to tho limos @ = ¢ 
and the parabolas y= 4c0%c8-+. &) corresponding to tho lines y= 4, 
All these parabolas have the omgin as foous and the &-axig as axis (0 
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famly of confocal and conxial parabolas, of, fig. 9). Tor aystoms of 
confocal ellipses and hyperbolas of. Ix 5, p. 168. 


Fig. g-—Orthogonal famillea of confocal parabolaa 


One-to-one transformations havo an impoilant intorprotation 
and apphieation m tho repiexontation of deformations or motions 
of continuously-distributoil substances, such as fluids, If wo think 
of such a substance as spread out at a given time ovor a rogion 
R and thon deformed hy a motion, tho subsatanco originally 
spread ovor 2 will in gonoral covor o region 2 different from 
Rh. Foch particlo of the snbstanco can bo distinguished at the 
boginning of tho motion by ils co ordinatos (a, y) in 2, and at tho 
end of the motion by its co-oudinates (¢, 7) in J, Tho one-to-one 
charactor of tho transformation obblamed by bringing (, 4) into 
correspondonce with (f, 7) is simply tho mathomatical oxprossion 
of tho physically obvious fact that tho separate pathivlos must 
roma recoginzeble aftor tho motion, io. that separate particles 
remain sepmiato. 


2, Introduolion of Now Qurvilinoar Go-ord!nates, 


Closoly connostad with tho first intorprotation (ag a mapping) 
which wo oan givo to vaystom of equations = h(a, ¥), 72 Ya, ¥) 
is tho second interprotation, as a drangformation of co-ordinates in 


the plane. If tho functions ¢ and ¥ happun not to bo linear, this 
(#012) é* 
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is no longer an “ affine” transformation, but a transformation 


to general curmlmear co-ordinates 

We again assume that when (x, y) 1anges over a 1cgion £ of 
the ay-plane the corresponding pot (£, ») ranges over 2 Legion 
B of tho éy-plane, and also that for cach pomt of B the corro- 
sponding (a, y) in # can be uniquely determimed, im othor words, 
that tho transformation 1s one-to-one Tho mveise tiansforma- 
tion we again denote by w= 9(f, 7), y = h(€, x) 

By the co-ordinates of a pont P in o region 2 we can mean 
any number-pair which serves to speoily the position of the pomt 
Pin & uniquely, Rectangular co-ordinates are the simplest caso 
of co-ordinates which extend over the whole plane. Anothor 
typical caso 18 the system of polar co-ordinates in the ay-plane, 
introduced by the equations 


fat fe + y'), 
qg= O=arctan(y/7) (0S 6 < 2), 


When we aio given a system of functions = d(x, ¥), 
7 = (a, y) a8 above, we can in gencral assign to each point P 
(z, y) the conespondmg values (£, 7) as new co-ordinates For 
each pair of valucs (£, ») belongmg to the region B uniquely 
determines the pair (a, y), and thus uniquely detezmines the 
position of the pomt P in R, this entitles us to call £, y tho co- 
ordmates of the pomt P, Tho “co-ordmate lines” £ = const 
and = const, are then represented in the wy-plano by two 
families of curves, which are defined implicitly by the equations 
d(x, y) = const, and (a, y) == const, respectively These co- 
ordinate curves cover the region R with a co-ordinate net (usually 
curved), for which reason the co-ordinates (£, 4) aro also called. 
curulincar co-ordanates in BR, 

We shall once again point out how closcly these two inter- 
pretations of onr system of equations are interelated Tho 
curves in the éy-plane which in the mapping correspond to 
straight lines parallel 10 the axes m tho xy-plane can be directly 
regarded as the co-ordimate curves for tho curvilimear co-oidinates 
w= g(t, 4), y= h(E, y) in the &y-plano; conversely, the co- 
ordinate curves of the curvilmear co-o1dmate system & = (a, y), 
n= u(x, y) m the wy-plane in the mappmg are the imagos of the 
straight lines parallel to the axes in the gy-plano § Jiven in the 
interpretation of (€, 7) as curvilinear co-ordmates in the zy-plane 
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we must consider a &y-plane and a region B of that plano in which 
the poms with tho co-ordinates (€, 7) can vary, 1f we wish to keep 
the srtuation clear The difference 1s mamly m the pomt of view.* 
If we ate chiefly interested mn the 1egion & of the zy-plane, wo 
regard &, » sumply as a new moans of locating pomts m tho 
region R, tho region B of the &y-plano being then morely sub- 
sidiary, while if we are equally interested m tho two regions 
R and Bm tho zy-plano and the &y-plano 1espectively, 1b 19 
preferable to regard the systom of equations as specifying a cor- 
1espoudence between tho two regions, that 1s, 2 mappmg of ono 
on the other It 1s, howovor, always desnablo to keep the two 
interpretations, mapping and transformation of co-ordmates, 
both m mind at the samo timo 


If, for oxample, wo mtioduco polar co ordinates (7, 0) and interpret r 
and @ a3 ircotangular co oidinetes m an 10 plane, tho ouclos r= const 
and fhe Imes 0 = const are mapped on atiaight nog parallel to the axos 
in ths 20 plenc If tho region 2 of tho ay plane ia tho onolo a#-- y* S 1, 
the poiné (7, 0) of tho 70 plano will rango ovor a 1cotanglo 0: Sr Sl, 
050 < 2x, where co1cuyponding pois of tho sides 0 = 0 and 0 = 2n 
fie associated with one and the samo point of @ and tho whole sido r = 0 
{a the imago of tho origin & = 0, y = 0, 

Another oxamplo of a curvilinear co ordinate systom 18 tho ayslom of 
parsbolo co ordinates. Wo cuivo at theao by considering the family of 
confocal parabolas m tho xy plane (cf. also p. 126 and fig, 9) 


y= 2p € ++ , 


all of which have tho ongin aa foous and tho axils oa axis 
Through cach pomt of tho plano thero pass favo parabolas of tho family, 
one corresponding to & positive paiamotor value p= § and tho othor to 
a nogative paramotor valuo p == 4 Wo obtain those two valuos by solving 
for p tho quadratic cquation which 1esulia whon in the equation 
yia= Qp(2-|- -p/2) wo substibulo tho valucs of # and y corosponding to tho 
point, this gives 


Bae eae a/b fe gy), qe mw — a/ (0 + 9), 


These to quantities may bo wntroduced as omyilinear co o1dinatos in tho 
wy-plano, the confocal parabolas then becoming tho co ordinate curves, 
Those ave indicated m fig. 0, if wo imagmo tho symbols (#, y) and (8, 4) 
interchanged, 


* Thoio Js, howovor, a real difference, In that tho equations always dofine 
& mappiig, no matlor how many poiuts (e, y) corroapond Lo ono point ( fi "ys 
whilo thoy dofino a tranaformation of cv ordinates only whon tho corrospondonco 
ia one to ono 
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In introduoing paiaboho co-ordinates (£, n) we must bear m mind that 
the one paur of values (&, 4) corresponds to the two pomts (2, y) and (a, —¥) 
which are the favo intersections of the corresponding parabolas Hence 
in ordor to obtam a ons to one conespondence between tho pair (2, y) and 
the paw (8 4) wo must restrict ourselves to the half-plano y 2 0, say 
Then every region FR mm this half-plane 1s m a one to one correspondence 
with a region B of the &y-plane, and tho rectangular co o1dmates (&, 4) 
of each pomt mn this region B aro exactly tho same as tho parabolic co- 
ordinates of the corresponding point mn the region # 


8 Extension to More than Two Independent Variables. 


In the case of three o1 more mdependent variables the state 
of affairs 1s analogous Thus a system of three continuously- 
differentiable functzons 


f= ¢4(2,4,2%, n=Va,y,%), C= x(@ y, 2); 


defined m a region & of ayz-spaco, may be regarded as tho mapping 
of the region 2 on a region B of €yf-spaco If we assumo that 
this mapping of 2 on B 1s one-to-one, so that for each mnage 
point (f, 7, £) of B the co-ordinates (#, y, z) of tho corresponding 
point (“‘ model” pomt) in # can be umquely calculated by moans 
of functions 


w= g(E,n, 0), y= AE, Ny f), w= UE, up g), 


thon (¢, », ¢) may also be regarded as genoral co-ordinates of 
the pomt Pm theregion & The surfaces = const, 7 = const , 
£ = const, or, m other symbols, 


g(x, ¥, %) = const, (w, y, 2) == const, x(a, ¥, 2) = const. 


then form a system of three famalies of surfaces which cover 
the region R and may be called curvilinear co-ordinate sur- 
faces 

Just as in the case of two mdependont variables, wo can in- 
terpret one-to-one transformations in three dnnensions as de- 
formations of a substance spread contmuously throughout a 
region of space. 

A very mportant case of transformation of co-ordinates is 
given by polar co-ordinates nm space These specify the position 
of a point P in space by three numbers (1) the distance 
¢ == 4/(a4 + y*-++ 2) from the ongin, (2) the geographical longi- 
tude ¢, that 1s, the angle between the az-plane and the plane 
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determined by P and the z-axis, and (3) tho polar distance 9, 
that 18, the angle betwoon 
the radius vector OP and 
the positive z-auus As wo 
seo from fig 10, the three 
polar co-ordinates 7, ¢, 0 ae 
related to the rectangular 
co-ordinates by the equations 
of transformation 


a= roosd smn, 
y= rsind sm 8, 
g== ¢oos0, 


Gig. 19 ~-'Three-dimenaional polar ca ordinates 


from which we obtain the mverso relations 


ra 4/(a9 + oy? + 2), 


d= a10 Cos oe = O10 Bll eee ees 
a/(a* -- 4?) a/ (38 -}- 7%) 
2 ta 
B= B20 COS meen Ht ALO BIT Ais A‘ se ol 
a/ (a? -- y? -- 24) AJ (28 -+ y? -- ) 


Tror polar co-ordinates 12 tho plano tho origin 1s an exceptional 


Ss cardial ale an xy 


ond correspondence fails, since 
the angle is indeterminate 
i 
NY NW/; 
SS 
<i 


there. In the same way, for 
polar co-ordinates m apace the 
whole of the zaxis is an ox- 
coption, smco tho longitude 4 
is indeterminate there. At the 
origin itself the polar distance 
4 18 alao indeterminate. 

The co-ordinate surfaces 
for thres-dimonsional polar co- 
ordinates aro as follows: (1) for TM typ ulus meet for thee 
constant values of 7, tho con- 
centric spheres about the ougin; (2) for constant valuos of ¢, 
the family of half-plancs through tho z-axis; (8) for constant 
values of @, the circular cones with tho z-axis as axis and the 
ongm as vertex (fig. L1), 
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Another co-ordinate system which 1s often used is the system 
of cylendrical co-odinates, These are obtamed by introducing 
polar co-ordinates p, @ in the ay-plane and roteining 2 as the 
third co-ordimate Then the formule of transformation from 
reotangular co-ordinates to cylindrical co-ordinates are 


%= pcosd, 
y = psind, 
== 2B 


and the inverse transformation 18 

p= +/+ 9"), 

d = are cos — == aro sin pee 

JV (2 + ¥’) V (2? +- 9°) 

Sum Z 
The co-ordinate surfaces p= const are the vertical circular 
oylinders which intersect the wy-plane m concentzic circles with 
the origm as centre; the surfaces 6 = const are the half-planes 


through tho z-axis, and the swfaces z= const are the plancs 
parallel to the wy-plans, 


4, Differentiation Formule: for the Inverse Functions. 


In many cases of practical rmportance 16 18 possible to solve 
the given system of equations directly, as in the above examples, 
and thus to recognize that the inverse functions aro continuous 
and possess continuous derivatives or tho time being, there- 
fore, leb us assume the existence and differentiability of the 
mverse functions Then without actually solving the equations 
explicitly we can calculate the derivatives of the mvo1se functions 
in the following way We substitute the imvorse functions 
aie n), y=, 4) m tho grven oquations = d(a, y), 

= (a, y) on the ght wo obtain the compound functions 
dale m), ME, n)) and Wg(E, y), ACE, n)) of & and y, but these 
must be equal to & and » reaectneay, We now diflerontiate 
each of the equations 


f= KE, 7): AE, 1)), 
n= o(g(é, ), ACE, n)) 


with respect to ¢ and to 7, regadmg é and » as independent 
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vauiables * If on tho ught we apply the cham tale for the dif- 
ferentiation of compound functions, wo obtain tho systom of 


equations 
l= Poe ss pyle, Q == PuJ, = dy hy 
0 = Pe Je + pyle, 1 rs hed, “| ify hy 


Solving these equations, wo obtam 


uy qf 
no n= — y= — by == 
or 
ty TE, ao hae Yn = 


10 the partial derivatives of the mverso functions w= g(é, ») 
and w= A(é, 7) with respect to € and », expressed in tome of 
the de1rvatives of tho original functions A(x, y) and yi(w, y) with 
respect to # and y or brovity wo havo hee wutlen 


d& ag 
du OY 
dn On 
Ou dy 


D= Ewty =m Eye = 


This expression D, which wo assumo is not zoro at tho point in 
question, 18 called the Jacobian or funchronal determinant of the 
functions £ = (a, y) and y =~ h(a, y) with respect 10 the variables 
eand y 

In the above, as occasionally olsowhe1o, we havo used tho 
shorter notation ¢(e, y) instead of tho moro dotailed notation 
&= dw, y), which distinguishes between tho quantity ¢ and 
its functional expression (%, y). We shall offen uso similar 
abbreviations m the futuro when thore 1s no tisk of confusion 


For polar oo ordinates in tho plano oxprossed in termes of 1cotangular 
00 ordinates, 


Ear 4/(a* 4-8) and at Ox aro tan’, 


* Those equations hold for all valuos of € and » wndor consideration; as 
wo any, they hold sdentically, in contrash Lo equations betwoon variablos whiloh 
aro satisfied only for some of tho values of thoao variables, Such idontical 
equations or idenistes, whon difforentiatod with respoat to any of tho variables 


occurring In thom, again ylold idontitios, na follows immodiatoly from tho 
dofinition, 
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for example, the partial derivatives are 


Vet PF Yet A 
Jo Pie pea ee 
sd at 4. 2 ge ye gt gh a? 


and the partial derivatives of tho mverse functions (rectangular co 
ordinates expressed in terms of polar co-ordinates) are 


&% 
i oe Xo —Yr Ye = 7 Yom e, 


as we could have found more easily by direct differentiation of tho invorso 
formulea a = 1 cos, y = 7 sin O, 


The Jacobian occurs so frequently that a special symbol ia 
often used for it: 
a(é, 7) 
D= : 
(x, y) 


The appropriateness of this abbreviation will soon be obvious. 
From the formule 


_7 ws 
Ue = %,, — FH 
y= — &, y= § 


for the derivatives of the inverse functions we find that the 
Jacobian of the functions w= a(é, ») and y= y(é, 7) with 
respect to € and 7 18 given by the expression 


aw, y) = = _ Satu Eve i — 1. a(é, 2) 
HE, ny HE DE BE eg) 


That 13, the Jacohwan of the inverse system of functions is the rectp- 
vocal of the Jacobian of the orginal system 

In the same way we can also express the second derivatives 
of the inverse functions im terms of the first and second derivatives 
of the given functions, We have only to differentiate the linoar 


UT] TRANSFORMATIONS 145 


equations given abovo with respect to £ and to q by meang of 
the cham rule (We assume, of course, thet the given function 
possesses continuous derivatives of the second order.) We then 
obtam linear equations from which tho requured derivatives can 
readily be calculated 
Tor example, 10 calculate the derivatives 
Oe 
og? 
wo differentiate the two equations 
l= b Me +é v/s 
O= Naty Tb MyYe 
once again with respoct to & and by tho chain rulo obtam 
Q == Eats" + 2S ay%e Ye bt wy? “+ ba Bgg t+ Ey Yee 
O = tey My? Woy MeYe + Nv Ye? + NoMee - Nv ee 


Tf we solve tlus system of linear equations, regarding the quantities 
wee and Y,. a8 unknowns (tho dotormmant of the system 1s aga D, 
and therefore, by hypothesis, not zoro) and thon replace a, and y, 
by the values already known for them, a briof calculation gives 


g%) 
= Tee and. eli 


Upp = EwuNy — bay Naty 1 Evme by 
DP | Qn — Mey Ney Dye Ny 
and 
Yes 1 | bea — 28 yay +b Sue! fo|, 
D | eat? — 2MevQaty + Mt Nel 


The third and highor derivatives can bo obLamed in the samo 
way, by repeated differentiation of tho lincar system of equations; 
at each stage wo obtain a system of linear equations with tho 
(non-vanishing) detorminant D, 


5 Resolution and Combination of Mappings and Transformations. 


In Chapter I wo saw that ovory affine transformation can be 
analysed into simplo or, a8 wo say, primewve transformations, tho 
frst of which doforms tho plano in ono direction only and tho 
second deforms the alroady doformed plano again in anothor 
direction. In each of those transformations thoro is .oally only 
one now variable introduced, 
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We can now do exactly the samo thing for transfoimations 
m general 

Wo begm with some remarks on tho combination of tians- 
formations. If the transformation 


E= d(x, y), n= (2, y) 


gives @ one-to-one mapping of the pomt (x, ¥), which ranges over 


a region R, on the pomt (£, 4) of the region Bm tho £y-plane, 
and if the equations 


u== O(f,), v= T(E, 9) 


give 8 one-to-one mapping of the region B on a region R’ in the 
uv-plane, then a one-to-one mapping of R on FR’ sumultancously 
ocous This mappmg we naturally call the resultant mapping ox 
resultant transformation, and say that 11 18 obtamed by combining 


the two given mappings ‘The resultant transfo1mation 1s given 
by the equations 


u= Dp(a, y), Ya, y)), v= Vda, y), Ae, y))s 
from the definition 1 follows at once that this mapping is one-to- 
one 
By the rules for differentiating compound functions we obtain 
Ou 
ae = Pu a D,, Po 


r 

= Di dy + Dy 
0 
2 a= adhe + Vy te 


ov 
by — Vieby + Pty 


On comparing this with the law for the multiplication of deter- 


minants (of, p. 36) we find * that the Jacobian of wu and » with 
respect to x and ¥ 18 


du dv du dv 
Out by - dy Ow - (OF, i 0, ,) (Patty — Puta), 


a The same result oan of course be obtained by straightforward multipli- 
cation, 


eee tte 
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In words: 


The Jacobuan of the resultant transformation 2 equal to the 
product of the Jacohians of the undwidual bansfor mations 


In symbols 
O(u, v) _, Att, 2) ae, 7) 
O(a, y) Of, 9) (2, ¥) 


This equation brings out the approprateness of ont symbol for 
the Jacobian. When transformations are combined, the Jacobiuns 
behave in the same way as the derwutrves behave when funehons of 
ane varwable are combined Tho Jacobian of tho resultant transfor- 
mation differs from zero, provided the sumo is tine for the im- 
dividual (or component) transformutions 

If, in paruioular, the second transformation 


i= ME, ”); oe (Ss 7) 
is the inverse of the fist, 
f= h(a, ¥), 9 = Wn, a), 


and if both transformations aro differentiable, the resultant 
transformation will simply bo the identical transformation, that 
1, ussa, v=y Tho Jacohan of this last tumformation is 
obviously 1, so that wo agam obtun tho reletion of p. 144, 


OE, 9) 0 4) 
O(a, Y) ag, ) 


From this, incidentally, 1 follows thet noithor of the two Jacobuns 
ean vanish 

Before wo tako up tho question of tho resolution of an 
athitrary transformation into pumitive transformidions, wo 
shall consider the followmg punntivo transformation: 


E=~ pla, y), n-~ I 


Woe assume that tho Jacobian D-- dy of this tranafoumation 
differs from. zoro throughout the region ft, Le wo assume that 
é, > 0, say, in the togion =Tho transformation deforma thy 
region & into a region B, and wo may imagine that tho offeat 
of the transformation 1s 10 movo cash pomt in tho dircetion of 
the w-axis, since tho ordinate as unchanged After deformation 
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the pomt (a, y) has 2 new abscissa which depends on both # 
and y. The condition ¢,>>0 means that whon y 18 fixed 
€ varies monotonically with « This ensures the one-to-one 
correspondence of the pomts on a line y== const before and 


y I 


Tig 12 ~ Transformation in which the sense of rotation is preserved 


after the transformation; im fact, two pomts P(a,, y) and Q(a%,, 4) 
with the same ordinate y and 2, > a, are transformed into two 
pomis P’ and Q’ which again have the same ordmate and whoso 
abscisses satisfy the inequahty ¢ > &, (of. fig 12). This fact also 


Fig 13 —T'ransformation in which the sense of rotation {s reversed 


shows that after the transformation the sonse of rotation is the 
same as that m the zy-plane 

If ¢, were negative, the two pomts P and @ would corro- 
spond to pomts with the same ordinate and with abscissa ¢, 
and &,, but this time we should have ¢, > , (cf. fig, 13), The sense 
of rotation would therefore be reversed, as we have already seen 


SECU a 
= Z 
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m Chapter I (p 35) for tho simplo case of affine transforma- 


tions 
Uf the promatwe transformation 


E= (a, ¥); Hn=Y 


is continuously differentiable, and ats Jacobian ¢, differs from 
zero at a pout P(x9, Yo), then in a@ neighbourhood of P the trans- 
formation has a wnaque inverse, and ths mverse is also a primitive 
transformation of the same type In virtuo of the hypothesis 
dx + 0 we can apply the theorem on implicit functions given in 
section 1, No. 8 (p 114), and thus find that m a neighbourhood 
of (a, Yo) the equation ¢ == (a, y) determmes the quantity 
uniquely as a contmuously diflorentiable function a = g(é, y) of 
é and y* Tho two formule 


m= 9(f, a); y= 


therefore give us tho inverse tzansformation, whose dote:minant 
18 Gp = 1 [be = 9. 

If we now thmk of tho region B m tho éy-planoc as itself 
mapped on a region & in the uv-plane by means of a primitive 


transformation 
U = f, v= Vig )s 


whore we assume that VY, is positive, tho stato of aflairs is just as 
above, except that the deformation tales place in the duoction 
of the other co-ordinate, This transformation likewise presorvos 
the senso of rotation (or reverses 14 if the rolation ‘VY, <0 holds 
instead of I’, > 0) 

By combining the two pumitive transformations we obtain 
the transformation 


us ple, Y)s 
ves E(d(a, y) y) = He, y), 


and from the thoo1em on Jacobians wo goo that 


O(¢, ip) == pT, 
A(x, ¥) 
* Hore wo use tho faot that a function with two continuous derivatives 1a 
differentiable, 
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We now asserb that an arbitrary one-to-one contmuously 
differentiable transformation 


u== d(e, y), v= dm, y) 


of the region R m the ay-plane on a region R’ in the we-plane 
can be resolved in the neighbourhood of any pomt interior to ft 
mto continuously diflerentiable primitive transformations, p1o- 
vided that throughout tho whole region R the Jacobian 


au, v) 
Ha, yy tee pis 


differs from zero 

From the non-vanishing of the Jacobian it follows that at 
no point can we have both ¢,== 0 and ¢,= 0, We consider a 
point with co-ordinates (%, ¥) and assume that at that point 
oe. 0. Then by the maim theorem of section 1, No 5 (p. 117) 
we can marl off intervals 2, SS a, 4 SYS Yo Uy SUS Uy 
about wp, Yo, and tu, = u(%,, Yo) respectively, m such a way that 
within these bounds the equation w= ¢(w, y) can be solved 
uniquely for @ and defines # = g(u, y) as a continuously diffe.en- 
tiable function of w and y If we substitute this expression in 
v= ule, y), wo obtain v= d(g(u, y), y)= V(u, y). ITence m 
any neighbourhood of the point (#9, 4) wo may regard tho given 
transformation as composed of the two prmutive transformations 


= (2,4), n=Yy 


y= £, = TCE, 7). 


Similarly, in a neighbourhood of a point (a), Yo) at which 
dy = 0 we can resolve the given transformation into two piumi- 
tive transformations of the form 


f= 2, = $(@, y) 
un, ve VE) (= p{ a, yu, z) }). 


This pair of transformations 1s not exactly identical in form with 
the pairs considered above, each of which leaves one of tho co- 
ordinate directions unaltered It can casily be brought imto 
that form, however, by interchanging the letters uw and » (this 
interchange 1s itself the resultant of three very simple primitive 
transformations (of, the footnote on p, 31)) For the purposes of 


and 
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the present chapter, however, 1b 18 more convement nob to CAITY 
out this resolution, instead, wo wile tho last sob of equations in 
the form 

g = Wy 1 ~ f(r, Y), 

sade —T(8 7); v 4) 

Us2V, V- ou 


Theso last represent two promiive transformations, ech affeaiing 
ono co-ordmate direction only, and also vw rotation of the axes 
in the #-plano through an anglo of 90°, ‘The rotation 1s Ko ensy 
to deal with that it need not bo aplit up into prmutive tons 
formations, 

Tt 1s not to be expeched that we cur resolve a taunsformabion 
into primitive transformations in one und tho suits way bhiougeh 
out the wholo region Since, however, ono of the two types of 
resolution can bo carnod out for avery mbouor pomd of 22, every 
closed regron interior to 2 can bo anbdivided mto «finite numbor 
of sub-regions* in such « way thet m each mb region ono of the 
resolutions is possible 

From tho possibihiy of this resolution mto punitive trans 
formations we can draw an intorestiy conclusion We live seen 
that in the caso of a primitive dansformation the senso of votugion 
is rovorsed or prosorved according as tho Jacobian w nogubive on 
positive. From this it follows that an the cose of general trans 
formations the sense of rotation us reversed ar reserved according 
as the sign of the Jacobian 13 negate om poste — Barat tho YIN 
of the Jacobian is postive, when the roxolulion iho primitive 
transformations is cartiod out the Jacohmnn of tly jraniilive 
transformations will oither bo both postive or bot le nepative, (‘Mus 
rotation of the v and v-axes through 90°, required in some eae, 
has --1 for ta Jacobian and loaves tho sens of rotation Wn 
changed, and accordingly dos nob afer i tho dixenmsionn ab all yn 
the first caso it 18 obvious that the sense of rotation 1 pesorved, 
in tho second caso tus follows from the fiet that fave reverante 
of the senso bring us back to the onygnal senses Ef the Jacobian 
ia negative, howovor, ono, anid only one, of the primitive teans- 
formations will havo a negative dacobian aun will thorofora 
reverse tho senso, wlale the othe will not allet i. 


* ‘This follows from tho covering theorem (uf. p 00}. 
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6. General Theorem on the Inversion of Transformations and 
Systems of Impliout Functions, 


The possibility of inverting a iransfo.mation depends on. the 
followmg genoral theorem 

Tf on the neghbourhood of a pount (xq, Yo) the functions (x, y) 
and yi(x, y) are continuously differentrable,* and ug = o{Xg, Yo); 
Vo = £(Xo, Yo), and af wm addaron the Jacohan D = fp, — yt, 
ts not zei0 at {Xq, Yo), then wm a@ newghbourhood of the pout 
(Xq, Yo) the system of equatons u= (x, y), v= v(x, y) has a 
unique vnverse; that is, thore is a uniquely determined pair of 
functions # = gu, v), y= h(u, v) such that v= glu, vy) and 
Yo = Ate, Vg) and also the equations 


u= d(gus), hu, v)) and v= Y(g(u, v), h(u, 0) 


hold in some neighbourhood of the point (9, v9) 

In the neighbourhood of (ug, Vo) the so called inverse functions 
X= p(u, v), y= h(u, v) possess continuous derwatives which are 
gvoen by the expressions 


— SO eee ee 


The proof follows from the discussions in No, 5 (p 149), For 
in 9 swliciontly small noighbourhood of the point (x, ¥)) wo can 
rosolve the transformation u== (a, y), v= (a, y) to continu- 
ously differentiable prumitive transformations, possibly with a rota- 
tion of the w- and v-axoa through 90° in addition Tach of these 
has a unique inverse, which 1 itself a contanuously differentiable 
(ransformation Tho combination of these inverse transformations 
at once gives us the transformation which 1s the mverse of the given 
one. This, bomg a combmation of continuously diflerentiablo trans- 
formations, 18 stself continuously differentiable It then follows 
from No, 4 (p. 148) that the differentiation formule hold as stated 

This mversion theorem is a special caso of a more gonera\ 
theorem which may be regarded as an extension of the theorom 
of implicit functions to systems of functions The theorem of 


*Te are continuous and possess continuous derivatives. 
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implicit functions (section 1, p 117) applies to the solution of ono 
equation for one of the variables Tho general theorem as as 
follows. 

If A(x, y, u,v, .. 5 Ww) and (x, y, uy V,. ., W) are con- 
tinuously dafferentiable functions of X, y, u, V,... , W, and the 
equations 


dO, Y, Uy Uy,.+2.,W)== 0 and a, ¥,u,%...,W)= 0 


are satisfied by a certain set of valucs Xq, Yq, Up Vor + 1 Wo and 
if mn addition the Jacobian of 6 and yp with respect to x and y differs 
from zero at that point (that ws, D = ¢,y),—~ by, + 0), then in 
the neighbourhood of that pownt the equations d= 0 and b= 0 
can be solved wn one, and only one, way for x and y, and this solution 
gives x and y as continuously differentrable functions of u, V, +... We 

Tho proof of this theoiom 1s similar to that of the invorsion 
theorom above, Irom the assumption that D =: 0 we can conclude 
without loss of generality that at the point m question ¢, + 0. 
Thon by the main theorem of section 1 (p, 117), 1f wo rostriot 
%, ¥) #4, V, .«., w to sufficiently small intorvals about xq, Yo. Yo; 
Ups ++» We Lespeatively, tho equation (2%, ¥, Uw, +. +, w) can bo 
solved in oxacily ono way for # as a function of tho othor vauables, 
and this solution w= g(y, uv, ..., w) is a continuously diflor- 
entiable function of its argumonts, and has tho partial derivative 
gy = —dy/he TE wo substitute this function @ = gly, 4, Vy +0. 5 W) 
in wiv, Y, 4, V,..., W), We obtain a function ia, y, 4, Vy oo» » 10) 
== Ply, u, ¥,..., w), and 


et Pee 
les aaa 
Honce in virtue of the assumption that D+ 0 wo seo that tho 
derivative V, is not zoro Thus if wo roatriot y, u,v, ..., w to 
intervals about yo, tg, Ug)» ++» Wy (Which wo take to be smallor 
than tho intervals to which they wero previously restricted), we 
can solve the oquation Y=: 0 in oxactly one way for y as a 
function of 4, v,..., w, and this solution 18 continuously dif- 
ferontiable. Substituting this oxprossion for y in the equation 
we Oy, U, V,..., W) now gives @ as a function of u, %, ... 5 @, 
and this solution is continuously difforontiable and uniquo, 
subject to tho rostriction of a, y, u,v, ..., wv to sufftciontly small 
intorvals about wo, Yo, Up, Yor «++ » We Leapactivoly. 
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7 Non-indepenient Functions, 


It 1s worth montioning that if tho Jacobian D vanishes at a 
point (%», %_), no general statement can bo made about the 
possibility of solving the cquations im the neighbourhood of 
that pomt Jiven if the mverse functions do happen to exust, 
however, they cannot be differentiable, for then tho product 
aE, 7) O(2, y) 
a(x, y) arg, 7) 
to 1 


For example, tho equations 


would vamsh, while by p. 147 16 must be equal 


“w=, yay 
can be solved uniquely, the solutions bemg 
Me mo WV uu yur 


although the Jacobian vanishes at the origin, but the function / a in not 
difforentiable at the o1gin 
On the othor hand, the equations 


Uo gy yo Day 


cannot be solved umquely im the neighbourhood of the origin, since tho 


tayo points (wv, y) and (—#, ~—y) of the ay-plane both correspond to tho 
Kame point of the wy-plane 


Ii, however, the Jacobian vanishes tdentically, that 1s, not 
morely at tho single point (#, y), but at every point in a whole 
neighbourhood of the pomt (#, ¥), then the transformation is of 
the type called degenerate In this caso wo say that tho functions 
u== f(x, y) and v= y(w, y) are dependent. Wo first consider 
the special, almost tnvial, caso in which the cquations ¢, = 0 
and ¢,== 0 hold everywhere, so that the function d(#, ¥) 18 0 
constant 

We then seo that while the point (#, y) ranges over a whole 
region 18 umage (wu, v) always remaims on the lina u = const 
That 18, our region is mapped only on a lino, matead of on a 
region, 80 that there is no possibihty here of spoakmng of a one- 
to-one mapping of two two-dimensional regions on ono another 
A. similar situation arises m tho general caso in which at least 
one of the derivatives ¢, or fy does not vamsh, but the Jacobian 
D is still zero, We suppose that at a pomt (a, yo) of the region 
under consideration we have ¢,+:0. It is then possible to 
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resolve our transformation into two primitive tiansformations 
é= d(a, ¥), n= y and w= £, v= f(Z, 7) just as in No, 5 
(p 150), for there wo made use only of tho assumption 4, = 0. 
In virtue of tho equation D= ¢,¥,== 0, however, ¥, must 
be identically zero in the region where 4, = 0, that is, the 
quantity y= 0 does not depond on 7 at all, and o 18 a function 
of £=walone Our result 1s therefore as follows 

If the Jacolnan of the hansformahon vanashes adenteally, a 
region of the »y-plane 1s mapped by the transformation on a curve 
un the uv-plane instead of on a region, since n 4 cortam mmterval 
of values of u only one valuo of v corresponds 10 cach value 
of u. Fhus uf the Jacohwan vanishes wentrcally the funchons are 
not independent, u.6, a@ relation 


Fd, yb) = 0 


exists which 18 salesfied for all systems of values (x, y) in the above- 
mentioned region Tor if F(a, v) = 018 tho equation of the curvo 
in tho wv-plano on which tho 1eg20n of the «y-plano is mapped, 
then for all points of thia region tho equation 


Lhe, Y)s let, y)) = 


is satisfied, 16 this oquation 18 an identity in @& and 4, 

Tho exceptional caso discussed soparatoly at tho beginning 
is obviously includod in this gonoral atatoment Tho ourvo in 
question is thon just tho curvo uv == const, which is a parallel to 
the v-axis. 


An examplo of a dogonorate transformation ia 
Res al yy yes (w-} y)s 


According to this transformation all the points of tho ay plano are mapped 
on the points of tho puabols 4 = Gin tho Eq plana, An invorston of the 
transformation is ont of tho question, for all tho points of the ling w+} y 
=a const. are mappa on a ainglo pout (& 4), As wo oan onally vorlfy, the 
valuo of tho Jacobian ia zero, ‘Tho rolation bolwoon tho funotions & and 7, 
in aocordance with tho gonoral thooom, Ja givon by tho oguation 
FE, = BA y= 0. 


8. Conoluding Romarks, 


The gonoralization of tho thoory for threo or moro indopondont 
variables offors no particular dilficullics ‘Tho chiof dilloronce 
18 that instead of the two-~xowod dolormuimant 2 wo havo dotor- 


t 
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munants with three or more rows In the case of transformations 
with three mdependent variables, 


& == fle, Ys 2), = h(a, ¥; 2), f= x(a, Y; Z), 
w= off, Dy ), y= AE, Ys ), .= Kg, 1s ¢), 


the Jacobian 1s given by the equation 


& Pon 9] 
Dax thm i ft . 
O(a, Y, 2) , aes 


In the same way, for transformations 


= PM, Va,» « » Vy) 
oC, = 9A Es: bo, aay €.) 


with independent variables the Jacobian 1s 


aE, ba, oany Ey) Ody Ode bn 


= : er yaad oo 


O(Gy, Bg, 00 Vy) Oily Oat’ =e 02%, |" 
ay Oy Oy 
O29,” 


For more than two independent variables 1 18 still true that 
when transformations are combmed the Jacobians are multiplied 
together. In symbols, 


en box» > fn) Onn tose) — bu bor» o> Ea) 
O(n, Tor sees Nn) O(a, Ways y By) O(a, Wo, +++ Ey) 


In particular, the Jacobian of the mverse transformation 1s the 
reciprocal of the Jacobian of the onginal transformation, 

The theorems on the resolution and combmation of trans- 
formations, on the mversion of a transformation, and on the 
dependence of transformations remain valid for three and more 
independent variables, The proofs are smular to those for the 
case # = 2, to avoid unnecessary repetition we shall omit them 
here 

In the preceding section we have seen that the behaviour of 
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a general transformation m many ways resembles that of an 
affine transformation, and that the Jacobian plays the samo part 
as the determmant does m the case of affine transformations 
The followmg remark makes this evon clearer Since the functions 
E== d(a, y) and y= y(z, y) are differentiable m tho neghbour- 
hood of (#9 4%), Wo can express them in the form 


E-~ Ey == (@— Bp) halBp, Yo) + (YY ~ Yo) Pul@o Yo) 
+ eV (@— do)" + (YY — Yo)", 


2 — No = (@— %) Pal®, Yo) + (YY — Yo) bles Yo) 


—_ 


whore « and 8 tend to zoro with +/{(a— a)? + (y— Yo)*}. 
This shows that for sufficiently small values of | ¢— | and 
| ¥— ¥o| the transformation may be regarded, to a first approxi- 
mation, as affine, sinco 1t can be ropresented approximatoly by 
tho affine transformation 


b= fyb (@ — X)halor Yo) + (Y — YolPu(%os Yo), 
= Nok (@— Bo)Yhal%o Yo) 1 (Y — Yo)Hulor Yo)s 


whose dotermimant is the Jacobian of tho original transformation. 


xaMPLms 
L. If f(a) wacontinuously difforontiablo funotion, thon tho tianaformation 
te f(a), ves —y + af(2) 


has a single invorde In overy rogion of the ey plano in whioh f(a) = 0, 
The myorao taansformation has tho form 


Bes Gt}, you —v-f welt), 


2. A transformation 15 said to ho “conformal” (800 p, 166) if tho 
anglo betwoon any tivo ouryos ig prosorved, 
(a) Provo thal tho invorsion 


E eas 


is a conformal transformation 

(b) Provo that tho invorse of any olrolo ia anothor olrolo or 8 atratght 
line, 

(c) Ind tho Jacobian of tho invorsion, 


8. Provo that in a ourvilinour tuanglo whioh is formed by Unico oirolos 
pawing through one pomt 0, tho sum of the angles ia 7. 
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4 A tiansformation of the plane 
wes Oly), VE= H(t, Y) 
ia conformal if the funotions and ) satisfy the adentities 


Pe = by Py = — Vy 
§& The equation 


=1 (a>b) 


determines two values of 7, depending on v and y 


iy = Aa, y), 
t, == (a, Y) 
(a) Prove that the ourves ¢;== const and /,= const are ellipses and 
hyperbolas all having the samo foo (confocal conics) 
(b) Prove that the curves 4; = const and ¢, == const are orthogonal, 
(c) ¢, and ¢, may be used as cm1ilincar co-ordinates (so called “focal” 
co-ordinates} Expices x and ¥ in terms of these co ordinates 


a t ’ 
(d) Express tho Jacobian a in terms of # and y 


(e) Find the condition that two culves, which are represented para- 
metrically in the system of focal co ordmates by the equations 


ty = filA)s fy = f(A) and & = gy(u), ty = Goll4), 


are orthogonal to one another 
6 (a) Prove that the equation im ¢ 


a2 yf? gh 
Poppa agai Melee 


has threo distinat roal roots ¢,, é:, fg, which he respestively in the itorvala 
—N celeb oct<abh bete<a, 


provided that the point (a, y, 2) doos not lie on a co-oidinate plane 

(b) Prove that the three surfaces ¢, = const, i, = const, ty = const, 
passing through an arbitiary point are orthogonal to one another, 

(c) Express a, y, 2 in torms of the “ focal co ordmates ” 4, ta, ty 


7, Prove that the transformation of the ay-plans givon by the equations 


% 
eo tlet app) wk wt) 
(a) 18 conformal; 
(6) transforms straight lines through the omgin and circles with the 
origin as centre in the wy-plane into confocal comes ¢ = const given by 
g3 7 


oo as as 
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8 [nveigston in thice dimonsions 15 defined by tho formule 
x y z 
a Be y? -- 2 Bara -|- yt 2? g wu -} y? + ga" 
Prove that 


(a) tho anglo betweon any tivo suifaces 18 unchanged, 
(b} spheres aro transformed ortho. into spheres or mbo planes 


9 Prove that if all the nowmals of a gsuiface z= aa, y) mest the 
gaxi, thon the surface 18 a surface of revolution, 


4 APPIIVATIONS 


1 Applications to the Theory of Surfacos. 


In tho study of swfaces, as m that of owuivos, parametric 
representation 18 froquontly to be preferred 10 other typos of 
ropresontation ore we need two parameters matead of ono, 
wo denoto them by wand vy A parametric roprosontation may be 
expressed 2 the form 


w= (u,v), yr v(t, 0), 2= x(u, v), 


whoro ¢, y, and y mo given functions of the paamoters w and v 
and the point (#, v) 1anges over a given region 2 in the w-plane, 
'The coesponding point with tho threo rectangular co-ordinates 
(w, y, 2) thon tanges over a configuration m zyz-spaco In gonoral 
this sana apt 18 & surface, which can bo represented in tho 
form z= / (2, y), say Tor woe can seok to solve two of our three 
equations for uw and vm tormes of tho two corresponding 1ect- 
angular co-ordinates If wo subsalriuto tho oxpressions thus found 
for w and v m the turd AMON, wo sane at unsymmetrical 
ropresontation of tho surface, 2+ f(@, y), say™ Ilenco in ordor 
to onsuro that tho oqnetions ronlly - roproront @ surface, wo 
have only to assume tlivt the three Jucobiaus 


du Hy Yn We * Xu 
Yu You Xu Xv du dy 
do not all vanish at once; m a singlo formula, thut 

(duthy — Petful? 1 huxe —~ Puxu)® (Xufdv— Xvfu)* > 0. 


Then im some neighbourhood of each pom m spaco ropresonted 


Bebe fw actually a apooint caso of Lho parametrie form, aa wo soo by putting 
z= wand yg Y, 
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by our three equations it 18 certamly possible to expiess one of 
the three co-ordmates uniquely m terms of the other two 


A simple example of paramotric representation 1s the reprosontation of 
the sphorical surface a + y* -- z4 = r? of radius r by the equations 


@myoousny, yoursinwsmy z= ¢ cosy 
(OSu<2n, OSvSn), 


where v= @ 18 the polar distance and % = 16 the geographical longitude 
of the pomt on the sphere (of p 141) 

This example exlubits one of tho advantages of paramotrio representa-~ 
tion, The thies co ordinates are given exphoitly as functions of « and v, 
and. these functions are aingle-valued If » 1uns fiom 7/2 to 2 wa obtain 
tho lower hemiephore, ie z= — V(r? — 22 ~ y*), while values of » fiom 
0 to 7/2 give tho upper hemisphere, Thus with the paramotric 1oplesenta- 
tion 16 18 not necessary, as 1t 18 with the repiesentation 2= -- V (729 a? —~ ¥9), 
to consider two “single valued branches” of the function m older to 
obtain the whole sphere, 

We obtain another parametric representation of the sphere by means of 
stereographio projection In ordor to projeot the sphore a?-- y* +- 24— r= 0 


Ing 14 —~Storeographic projection of the sphere 


atercopraphically from the “north pole” (0, 0, r) on the “ oquatorial 
plane ” z== 0, wo jom each point of the surface to the noith polo VY by 
a alinight lino and call the mtersection of tlis hne with the equatorial 
plano the stereographic vmage of the corresponding point of the spheio 
(fig 14). We thus obtam oe one to-one correspondence between the points 
of the sphere and the pomis of the plane, excopt for the norlh pole 4. 
Using clomentary geometry, we readily find that tla correspondence 18 
expressed by the formule 

ru ry (uv? 4. yt — ry 


ea apepe OM pape OO Pape’ 


whore (1, ») are the reotangular oo ordinates of the image pomt in the plane, 
These equations may be regarded as a parametric representation of the 
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sphere, the paramotora « and v being rectangular co ordinates m the 
42 plane 
As o further example we give parametiio representations of the surfaces 


—=I1 and 


jer Se Ny a ee, | 
a pA a a BY ge 


which are called the hyperbolord of one sheet and tho hyperboloiwd of two 


Mg 13 —Llyperboloid of ono shest Fig 16—-yperboloid of two ehecta 


sheels rospeotively {of figs 16 and 16), Tho hypo.boloid of one shoot is 
reprosented by 
ge” -- env 
v= a Ost ng. we @ 0O8 & cosh t, 


e” -}- gn" 0OS4u <n 
johanna mt b sine cosliy, St 
2 —~Odd< + 0 


ay — gr? 
Ze 6-- a7 ex opinhY, 


the hyperboloid of two sheots by 
e -|- en? 
BG rr ee a& cosh v, 


Osu < 2r 


g? Nake a7? 
y= b cost -- ~~~ m= b cosy ainhy, 
2 —O<u<--+ 


ge? ds gv 
Ze OSIM gee r= oAinw sinhw, 


In goneral, wo may regaid tho parametrio representation of 


a surfaco as tho mapping af the region R of the uv-plane on the 
(#012) q 
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corresponding surface, whore, as always, the word mapping is 
understood to mean a point-to-pomt correspondence To cach 
point of the region FR of the w-plane there corresponds ono point 
of the surface, and in general the converse 18 also truo * 

In the same way, a curve u= u(t), v= v(t) in the uv-plano 
corresponds in virtue of the equations # = (u(t), v(t)) == x(t), 
to a curve on the surface (cf p. 85) In particular, in tho 
representation of the sphere by means of polar co-ordinates 
the meridians are represented by the equation w= const and 
the parallels of latitude by v—const ‘This net of curves 
thus corresponds to the system of parallels 10 the axes in 
the wv-plane 

The representation of a curve on a given surface is one of the 
most important methods for thorough investigation of the proper- 
ties of the surface Hore we shall give only the expression for s, 
the length of are of such a curve As we mentioned in Chap. IT, 
section 7 (p 86), we have 


(i) = Ga) + @) + Gi) 


so that m virtue of the equations 
des du dy 
a Vy 7 + &y ae &o., 


ds\? du\? du dv dv\3 

—-)=F#l — Bi ae sted 

(3) (5) Bs Ps Hi” a(S): 
where for the sake of compactness we have introduced the 
Gaussian fundamental quantities of the surface, 


oa \% oy \? dz \3 
Hea lf) 212 ve 
=) | (4) - (#) : 
Ox Ou , Oy dy , Oz dz 
Bie ee ee 
Ou Ov € Oudv  duav 


Aa\2 PY 2 
Gs 2) p(B) e(@y, 
ov ov av 
* This, of course, is not always the case Tor examplo, in tho ropresonta 


tion of the sphere by polar co ordinates (p 160) the poles of the aphoie corre 
spond to the whole line segments vy = 0 and v = w respeotively, 
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These are independent of the particular choice of the curve on 
tho suiface, and depend only on the surface itself and rts para- 
metric representation ‘The above expressions for the derivative 
of the length of are wrth respect to the parameter are usually 
expressed symbolically by omrtting the reference to the parameter 
t and saying that the “lime clement” ds on the surface is given 
by the “ quadratic differential form ” 


ds" == Tidu® +. 2F dudv + Ede, 


For the direction cosmes of the normal to a surface given 
in the form P(x, y, 2)= 0 we have already obtamed (p 180) 
the expressions 
®, 
VOF+ OFF OF 


COS @ = cos B = 


®, 
VOLE OF Oy 
D, 
VP + OF + OP) 
To obtam these direction cosines in the case of parametric re- 
presentation, we supposo that the suface given by the equations 


a= d(u, v), y= du, v), 2= x(u, v) 18 written m the form 
D(a, y, z= 0 The equation 


D(d(u, v), p(w, v), x(u, v)) = 0 


ig then an identity in uw and », and by differentiation we 
obtain 


cog y == 


®, bu + Dy thy + De xy = 9, 
Day + Dy hy + Dx, = 0 
From those it follows at once that (of, Chap. I, section 3, p. 26) 


Do == PlPuxXe— Xuble)s Dy = plxuho — bury)» 
Q, = (duly — Wutdy)s 


whore p18 a suitably chosen multiplier. From the definition of 
i, I, G wo find by direct expansion that 


(bux os Xulhy)? = (xuo ot buxXe)* + (duthe _ Wud)” =: TG — F?, 
and combining this with the preceding oquation, we have 
D2 + OF -+- O02 = p'(G ~ F), 
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Thus we finally obtain the formule for the direction cosmes of 
the normal to the surface im the form 


cosa == Puxe— Xuty gag B= Xuby — Pure 


VLG — 3) (EE — I)! 
_ duly ae he be 
cosy = a/ (li — F3)' 


The equations 4 = g(t), v= h(t), as we have seen, represent 
a curve on the surface, The direction cosmes of the tangent to 
this curve are given according to the chain rule by the exprossions 


de de dt 


? ? 
Uytt -j- ByV 
COB a == — = —. — be 2 


ds dt ds 4/(Eu!® + OPu'y! + Gu’d)’ 


_— Yu ++ Yyv" a Ze + Zio" . 
(8B Tea aFua pay °°’ Tope arue Oe 


Here for brevity we have put aa om Ul, “ =v. If we now 


consider a second curve on the surface, given by the equations 
u= g(t), v= h(t), whose tangent has the direction cosmes cos a4, 
cos By, cosy,, and if we use the abbreviations 


then tho cosine of the angle between the two curves is given by the 
cosine of the angle between their tangents, that is, by 


COS = COSa, Cosa, +- cos B cos f, + cosy cosy, 
= Buu! + Flv! + w'v) + Qo! 
/ (Bud + 2Fud -- Gv) «/(Bul? + Pale’ + G's)’ 


where all the quantities on the nght alo to be given tho values 
which they have at the pomt of mtorsection of the two curves 
In particular, we may consider those curves on the surface 
which are given by equations «= const. or v= const If in our 
parametric representation we substitute a definite fixed value 
for v4, we obtam a three-dimensional or twisted curve lymg on 
the surface and having v as parameter; and a corresponding 
statement holds good if we substitute a fixed value for v and 


Ul 
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allow wto vary. Theso curves 4 = const and v = const. are the 
parametiic curves on the surface. The net of parametric curves 
corresponds to the net of par- 
allels 10 the axes in the uv-plane 
(fig 17) 

The mapping of one plane 
region on another may be ro- 
garded as a special case of 
parametilc representation for 
uf the thnd of our functions 
x(u, v) vanishes for all values of 
u and v under consideration, then 
as the point (w, v) ranges over 11s 
given region the point (#, y, 2) 
will range over a region in the 
wy-plane IIence our equations 
merely 1epicsont the mapping of 
a region of the w»-plane on a region of the ay-plane; or if we 
prefer to think in terms of transformations of co-ordinates, tho 
equations define a system of curvilmear co-ordinates mm tho wo- 
region, and the mvezse functions (if they oxist) define a curvi- 
near wv-systom of co-ordinates in tho plane wy-1egion In terms 
of the curvilmear co-ordinates (%, v) the lne element m the 
ay-plane is simply 


ds? = Hdyi4- 2h dudw + Gdv’, 


Fig v7-~Parametnic curves ¢ = const, 
py = const 


where 
_ fax? , foa\* 
w= (2) +) 
Px Ow Ow, Oy OY 
dudv  dudv 
_ fou? , foy\? 
oc x) + ay 


As a furthor example of the reprosontation of a suface in parametric 
form we consider the anchor ring or torus. This is obtamed by rotating o 
oirole about a lino which hea m tho plane of the oircle and docs not mterseot 
it (of fg 18). If we take this axia of rotation as the 2-ax18 and choose the 
y axis in such a way that 16 passes through tho centro of the circle, whore 
y oo ordinate we denote by a, and if tho radius of tho oiradlo is r < | a], 
we obtain in the firyt instance 


e=Q, y-a=roosd, z=ramn0 (050 < 2n) 
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ag a parametric representation of the crrolo m the yz plano. Now lotting 
the cirole rotate about the ¢ axis, we find that for each pomt of tho circle 
a2 -|- y® romains constant, that 1, 
a? +. yts (a + 7 cos 0)* Thus if 
the angle of rotation about tho 
z-0xis 1s denoted by @ wo have 


Z 


v=: (4 --- 7 0080) 81n 9, 
y= (a + r cos 0) cosa, 

Og < 2n 
t= yand OS0<2n 


as & patamotiio ropiosontation of 

the anchor uing m terms of the 

paiamoters 0 and ». In this 10- 

presentation the anchor ring ap- 

Kg 18—Gencration of on snchor ring by pears ag the image of a square of 

the rotation of a circle aido 2 in the O¢ piano, whore any 

pur of boundary poinls lying on 

the same line § = const or » = consi corresponds to only one point 

on the surface, and the four corners of tho square all correspond 1 tho 
same point 

For the bne element on the anchor 1mg we havo 


ds? == +9203 -} (a + 7 cos0)*de’ 


2 Conformal Representation in General. 
A transformation 


E= (x, y), 9 = (2, ¥) 


18 called a conformal transformation f any iwo curves are trans- 
formed by 1 nto two others which make the same angle with 
each other as the orginal ones do 

Theorem —A necessary and sufficient condition that our (con- 
tinuously differentiable) transformation should be conformal ia 
that the Cauchy-Roemann equations 


ba — Py = 9, pyr i, = 0 


by y= 9, by — ty = 0 


hold In the first case the direction of the angles 1s proserved, 
m. the second case the direction 1s reversed * 
Proof— We assume that the tiansformation is conformal. 


or 


* This last statemont follows diicotly from the atatomonts on p 161 con 
cerning the sign of the Jacobian dzyy — py. 
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Then the two orthogonal curves = const, 4 == const in the 
&y-plane must correspond to orthogonal curves (a, y) = const 
and p(x, y) = const m tho ay-plane 

Hstion from the formula for the angle between two curves 
(p. 126) it follows immediately that 


hess a buy a Q) 


In the same way, tho curves correspondmg to ¢-+ » = const 
and €— »== const must be orthogonal This gives 


(bu Yoo — Yu) + (by + Ya)(u — x) = 0, 
and therefore 
hee bt by = te? ey’. 
The first of our equations can be written in the form 


pa = Nbyy Py = — Mpa; 
where A denotes a constant of propoitionality Introducing this 
in the second equation, wo mmmediately get A? = 1, so that one 
or other of our two systoms of Cauchy-Riemann equations holds 

That tho equations are a sufficrent condition 1s confirmed by 
the following remark: 

Tf iwo curves in the ay-plano are given by equations 
F(a, y) = 0, Ge, y) = 0 and if according to our transformation 
Pw, y) = O(f, 4), Ga, y) == T(E, ), thon by usmg the Cauchy- 
Riemann equations wo readily obtain 

Po + FP= (Oe + ON + o%, 
O24 Gb= CAT Nb $e 
PoGa + FyGy = (BP; + OP.) (Ga? + $4")s 


” FiGat+ PyGy OP; -+ 0,0, 
VEGF EDGE) VO2+ O5/0E+T) 


That is, the curves = 0, G=0 and their images = 0, 
T= 0 make the same anglo with each other 


therefore 


EXAMPLES 
1. {a) Provo that the storcomaphio projection of the unit sphere on 
tho plano 18 conformal 


(b) Provo that oirclos on the sphere aro tiansformed either mto ciroles 
or into straight lines in tho plane. 


168 DEVELOPMENTS AND APPLICATIONS [Cuar 


(c) Prove that in stereograpluo projestion reflection of the aphoneal 
surface in the equatorial plane corresponds to an mversion 30 the w-plane. 


(2) Tind the expression for the lio element on tha sphere in terms of 
the parameters u, v 


2, Caloulate the lne element 
(a) on the aphere 
Y= cosu BY, ¥ = BINUAINY, 2 == CORN 
(6) on the hyperboloid 
w= cosu coshy, y= smu cosh», z= sinh; ; 
(c) on a surface of revolution given by 
ro V (27 -+- y9) = f(a), 
using the cylindrical co ordinates 2 and @ = aro tan Y ag co-ordmates on 
the surface, ‘ 
(d)* on tho quadric #, == const of the family of confocal quadrioa given by 
Fo i Po os! 
ee boi od 
using ¢, and #, as co ordinates on the quadrio (of, Bx. 6, p 158). 
3 Prove that if a new system of curvilincar co ordmates 7, 8 18 intro- 
duced on a surface with parameters uv, »y by means of the equations 


ua u(r, 8), v= v(r, 8), 
then 


“yt. va _ F au, v) |? 
BG! — F8 = (LA rey 


where 2’, F’, G denote the fundamental quantities talon with respect to 
r,aand Z, F, @ those taken with respect to u, v, 


4 Let? be a tangent to a surface J at the pomt P, and considor the 
sections of § made by all planes contaming ¢ Prove that the controa of 
curvature of the different sections lie on a cirole, 


5 Ift1s a tangent to the surface S at the point P, we call the ourvature 
of the normal plane section through ? (1e the section through ¢ and tho 
normal) at that pomt the “ ourvature (1) of S in the diweotion ¢” For 
every tangent at P we take the vector with the direction of ¢, »mtial point P, 


and length a Prove that the final points of these veotors He on & contd, 


6* A curve 18 given as the intersection of the two surfaces 


af ght ates | 
aa + by* + o22 = 0, 
Find the equations of 
(a) the tangent, 
(5) the osculating plane, at any pot of the ourve. 
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5 Faxouims or Curves, Famtnims or Surracks, anp 
THEIR JNVELOPES 


1 General Remarks. 


On vaious occasions we have already considered curves or 
surfaces not as wndividual configurations, but as members of a 
famaly of curves or surfaces, such as f(x, ¥) == ¢, where to each 
value of ¢ there corresponds a different curve of the famuly 


Tox example, the lines parallel to the y axis in the ay-plane, that 1s, the 
hnes ¢ = ¢, form a family of cuves Tho samo is true for the family of 
concontrie oncles 2 +- 4° = ¢? about the ong, to each value of o there 
corresponds a cucle of the family, namely the circle with radiuse Similarly, 
the reotangular hyperbolas ay = o form a family of curves, sketched m fig 2, 
p 113 The particular value ¢ = 0 corresponds to the degenerate hyperbola 
consisting of the two co ordmate axes Another example of a family of 
curves 1s the sot of all tho normals to a given curve Jf the curve is given 
in toims of the paramoter ¢ by the equations § = o(?), y = Y(t), we obtam 
the equation of the family of normals in the form 


(w — of/)}o'(t) + (y — HH) YO) = 0, 
where ¢ is used instead of o to denote the parameter of the family. 


The genoral concopt of a family of curves can be expressed 
analytically m the followmg way Let 


F(@, y, ¢) 


be a continuously differentiable function of the two mdependent 
vauiables « and y and of the parameter o, this parameter varying 
ina given interval (‘Thus tho parameter 1s .eally a thnd mdepen- 
dent variable, which 18 lottered differently sumply because 1t plays 
a differont part.) Thon if the equation 


S(% y, 0) = 0 


for each valuc of the parameter o represents a curve, the aggregate 
of the curves obtained as o describes ite interval 1s called a family 
of curves doponding on tho paramoter ¢ 

Tho curves of auch a family may also be ropresonted m para- 
moto form by means of a parameter ¢ of the curve, mn the form 


Ya pe, 0), doa ull, ¢), 


whore o is again tho parameter of the family, If we assign ¢ a 
(#012) 7° 
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fixed value, these equations represent a curve with the parameter ¢ 


For example, the equations 


w= c0ost, y= onint 


represent the family of concenimo cucles montioncd above; again, tho 
equations 
t= cl, +! ol 7 


represent the family of rectangular hyperbolas montioned abovo, except 
for the degenerato hyperbola consisting of the co ordinate axes. 


Occasionally we are led to consider famulios of curves which 
depend not on one parameter but on sevoial parametors. For 
example, the aggregate of all circles (w—~ a)*®-+ (y— 6)? = of 
in the plane is a family of curves dopending on tho thice para- 
meters @, b,¢ If nothing 1s sud to tho contrary, we shall always 
understand a family of curves to bo a “ ono-paramotor ” family, 
depending on a single parameter The other cases wo shall dis- 
tingwsh by speaking of two-paramoter, three-paramotor, or multi- 
parameter families of curves. 

Sumiler statements of couse hold for families of surfaces in 
space If we are given a contmuously diflorontiable function 


f(, y 4, 0), and if for each valuo of the paramotor o in a certain 
definite mterval the equation 


I (e, y, 2 0) = 0 


represents a surface m the space with rectangular co-ordinates 
©, y, % then the aggregate of the surfaces obtained by lotting o 
describe 1ts interval 1s called a famaly of surfaces, or, moro procisoly, 
a one-parameter family of surfaces with tho paramoter o. Jor 
example, the spheres a? -} y?-4 2% == ¢? about the ongin form 
such a family, As with curves, we can algo consider families of 
surfaces depending on several paramotors, 


Thus the planes defined by the equation 
an + by +VI— aw — diz+ 10 


form a two parameter family, depending on the peramotors a and b, if 
the parameters a and b range over tho region a +. b¢§ <1, Thus family of 


surfaces consists of the class of all planes which are at unt distance from 
the origin * 


* Sometimes a one parametric family of surfacos is refered to ag 008 surfacoa, 
a tw o-parametrio femily as oo suifaces, and 0 on. 
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2. Envelopes of One-Parameter Famihes of Curves. 


If a family of straight hnes 1s identical with the aggregate of 
the tangents to a plane curve Z—as eg tho family of normals of 
a curve 7 1s identical with the family of tangents to the evolute 
E of C (cf. Vol I, p 308)—we shall say that tho curve 7 1s the 
envelope of the family of hnes, In the same way wo shall say that 
the family of civcles with radius 1 and centre on tho v-axis, that 
is, the family of cncles with the equation (¢ — c)* + y®— 1 = 0, 
has the pair of lines y= 1 and y= —1, which touch cach of 


PARRA RN 
CC 


Fig. 19 —Family of ciccles with envelope 


the ciroles, a8 its envelope (fig. 19}, In these cases we can obtam 
the pomt of contact of the envelope and the curve of tho family 
by finding the intersection of two curves of the family with 
paramotor valucs o and ¢-- and thon letting A tend to zoro. 
We may express this brioily by saying that the envelope 1s the 
locus of the interscotions of neighbouring curves 

With other famuilios of curves 1b may agam happen that o 
curve / oxsts which at each of 1ts pomts touches some ono of the 
ourves of the family, tho particular curve depending of course 
on the point of # in question We then call 2 the envelope of 
the family of curves ‘Tho question now arises of findmg the 
envelope # of a given family of curves f(a, y, ¢)== 0. We first 
make a fow plausible tomarks, in which wo assume that an 
envelops # docs oxist and that 16 can bo obtained, as in the 
above oases, a8 the locus of the mterscctions of noghbourmg 
curves.* We thon obtain tho poimt of contact of the ourve 


* Sinco this last assumption will be shown by examples to be Loo roatrictive, 
we shall shortly replace theso plausibilitics by « more complote discussion, 
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f(a, y, c) = 0 with tho curve # in the followmg way. In addition 
to this curve we consider a neighbouting curve f(a, y, @ + 4) = 0, 
find the intersection of these two curves, and thon let & tend to 
zero The point of mtersection must then approach tho point 
of contact sought At the point of mtersection the equation 


f(@, y, 6+ h) — f(@, Ys 6) 9 
h 


1s true as well as the equations f(a, y, o-+ h) = Oand f(a, y, ¢) = 0. 
In the first equation we perform the passage to tho limit & -> 0. 
Since we have assumed the existence of the partial derivative f., 
this gives the two equations 


S(, Y; ¢) = 0, fila, ¥, ¢) = 0 


for the point of contact of the curvo f(z, y, 0)== 0 with the 
envelope If we can determine « and y as functions of ¢ by moans 
of these equations, we obtain the parametric represontation of a 
curve with the parameter c, and this curve is the envelope. By 
elimination of the parameter ¢ 1b can also be represented in the 
form g(z, y¥)= 0 This equation 1s called tho “ discrmminant ” of 
the family, and the curve given by the equation g(a, y) = 0 is 
called the “ discrrmmant curve ”, 

We are thus led to the following rule: om order to obtain the 
envelope of a famaly of curves f(x, y, c) == 0, we consider the two 
equations f(x, y, c)= 0 and f(x, y, 0) = 0 semultancously and 
aitempt to express x and y as functions of o by means of them or to 
elmenate the quantsty o between them. 

We shall now replace the above heuristic considerations by 
more complete and more general discussion, based on the definition 
of the envelope as the curve of contact At the same time we shall 
Jearn under what conditions our rule actually does give the 
envelope, and what other possibilities present themsclves, 

We assume to begin with that 2 is an envelope which oan be 
represented in terms of the parameter ¢ by two continuously 
differentiable functions 


w= a0), y= y(e), 


dx\* | fdy\? : 
where i + rf +: 0, and which at the point with para- 


meter ¢ touches the curve of the family with the same value of the 
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parametor 6, In the fist place, the equation f(a, y, c) = 0 is 
satisfied at the point of contact If in this equation we substitute 
the expressions a(c) and y(c) for # and y, 16 remaims vahd for all 
values of ¢ in the interval On difforentiatmg with respect to 6 
we at once obtam 


da dy = 
fos thud + fo= 0. 
Now tho condition of tangency 1s 
des d 
So PP + fy 7 = 0; 


for the quantities dx/de and dy/de 10 proportional to the direction 
cosines of the tangent to # and the quantities f, and f, are pro- 
portional to the direction cosmes of the noxrmal to tho curve 
f(%, y, 0) = 0 of the family, and these directions must bo at nght 
angles to one another It follows that the onvelope satisfies the 
equation f, = 0, and we thus see that the rule given above 18 a 
necessary condition for the envelope 

In order to find out how far this condition 18 also sufficrent, 
we assume that a curve # represented by two continuously dif- 
ferentiablo functions @== a(c) and y= y(c) satisfies the two 
equations f(a, y, ¢) = 0 and f,(a, y, 0) = 0 In the first equation 
we again substitute x(c) and y(c) for w and y, this equation then 
becomes an identity mo, If wo differontiato with respect to 0 
and remember that f, = 0, we at once obtaim the relation 


an 
tev +f Gi =0, 


which therefore holds for all points of 2, If tho two expressions 
fe +f) and (dajde)* +- (dy/de)® both difler from zero at a point 
of #, so that at that point both the curve / and the curve of the 
family have well-defined tangonta, this equation states that the 
envelope and the curve of tho family touch one another, With 
these additional assumptions our rulo 1s a sufficient condition for 
the envolopo as well as a necessary one If, howevor, f, and f, 
both vanish, the curve of the family may have a singular pomt 
(of. section 2, p 128), and we can draw no conclusions about 
the contact of the curves, 

Thus after we have found the disormmant curve 16 is atill 
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necessary to make a further mvestigation m each caso, mn order 
to discover whether it 1s really an envelope or to what oxtent 
1t fails to be one 

In conclusion we state the condition for the discriminant 
curve of a family of curves given in parametric form 


a= p(t, 0), y= Ht, 0), 
with the curve parameter ¢ Thus 1s 


bio — dap, == 9, 


We can readily obtain it eg if we pass from the parametric 
representation of the family to the original expression by olimina- 
tion of t, 


3. Examples, 


1. (v@ — 0)? -+ y= 1 As we have seon on p. 171, thia equation ro 
presents the family of circles of unit radius whose oonties lie on the a-ax18 
(fig 19). Geometnoally we see at onco that tho envolope must consist of 
the two hnes y= 1 and y=: —1, We can vorily this by moans of our 
rule, for the two equations (# — c)®-+- y= 1 and —2(¢— 0) = 0 im 
mediately give us the envelope m the form y* = 1, 


v 


Go Gs Gs CG; Gs moa 


Fig, 20 —Ifamfly of parabolas with envelope 


2, The family of circles of umt radius passing through the origin, 
whose centres, therefore, must lio on tho oirole of unit radius about the 
origin, 18 given by the equation 


(% — cose) -+- (y — sine)? = I 
or 
at -- y? — 2% cose — Qy sing = 0, 


The derivative with respect to o equated to zoro gives waine ~ y coxa = 0, 
These two equations are satisfied by the values w= 0 and ye 0, 
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If, however, a --+ y* =: 0, 14 readily follows from our equations that 
sind = y/2, coso = 2/2, so that on elimmating ¢ we obtam 22 -- y= 4, 
Thus for the envelopo our rule gives us the circle of radius 2 about the 
O1IgIN, o4 18 anticipated by geometrical mtuition, but it algo gives us the 
wolated point # = 0, y= 0 


3 The family of parabolas (# — c)* — 2y = 0 (of, fig 20) also has an 
envelope, which both by intuition and by our rule 1s found to be the #-axis 


4 Wo next consider tho family of circles (w — 2c)? + y2— = g 


Fig a1 —Tho family (7 — 2c}? + yi — chi 0 


(of. fig, 21). Differontiation with respeot to ¢ gives 2x — 3¢ = 0, and by 
substitution wo find that the equation of the envelope 1s 


2 
yo =} 
that is, the envelope consists of the two lines y = a vandy= — 7 x 


The o1igin is an excoplion, in that contact does not occur there 


5, Another oxamplo is the family of straight lines on which unit length 
is mtercepted by tho a and yaxes If «== 6 18 the angle indicated in 
fig, 22, theso lines are given by the equation 


it ! y sx ], 
eosa sing 


The condition for the envelope is 


BIN & 608 & 


— ~- @ ee | Mol 


COB? a gin? « 


which, in conjunction with the equation of the lines, gives the envelope in 
parametric form, 
@ex costy, y= ain’a, 
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Fig 22-—Arc of the astrofd as envelope of straight lines 


From these we obtain tho further equation 
gis -- yf" = 1, 


This curve 18 called the asiroid (of Vol I, Chap V, Ex 6, p 2v7), It 
consists (figs, 23, 24) of four symmetrical branches moeting in four ausps. 


Eig 23 ~—-Astroid Fig, 24 —Astroid aa envelope of ellipace 


6 Tho astroid a7 +. 9% == 1 also appears as tho envelope of the 
family of ellipses 

au — 

aay 


whose semi axes o and (1 — ¢) have the constant sum 1] (fig 24), 
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7, Tho family of ourvos (a — 0)" — y* == 0 shows that in certain cir- 

cumstances our process may fail to give an onvelope. Tloro tho rule gives 
Ls 


C; Ce 0 C3 C4 Gs 
Fig as ~The family (¥ — o)' — »' = 0 


the gaxus But, as fig, 26 shows, tus 36 not an onvelops; {it is the loous 
of the cusps of tho ourves of tho family 


8 In the case of tho family 
(2 ~ of — y= 0 
we again find that the disormmmant curve 1s tho z-axis (of fig. 26), This 
¥ 


aN G a ar 


Vig 26—Tho family (x — oc} — y! = Q 


1s again the ousp-loous; Lut it touches cach of tho curvos, and in this 
kenge must bo rogaided as the onvolope. 


9, Another examplo, in wluch tho disorlmmant curve consists of tho 
envelope plus the locus of the double points, 18 givon by the family of 


atrophorda [23 ++ (y — 0)*] (a — 2)-+ wen 0 
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(of. fig 27). All the curves of the family aro similar to cach othe: and 
arise from one another by translation parallel to the y-axis By differon- 
tiation we obtam f, = --2(y — c){*« — 2) = 0, 
so that we must have athe: e-= 2 o yee 
The lne # = 2 does not enter into the matter, 
however, for no fimtce value of y corrosponds 
tow=2 We therefore have y= 0, AO that 
the discriminant ourve 1s a%{¢ —- 2)-+- = 0 
This curve consists of the two straight lines 
a= O and a=1 As wo sco from fig 27, 
only w= ia the envelope; the Imo w= 1 
passes through tho doublo pomis of the curves 


Fig 27~-Famuly of strophotds Big 28 —Family of cubical parabolns 


10 The envelope need not be the locus of the pomts of interaection 
of neighbourmg ourves, this 19 shown by the family of identical parallel 
cubical parabolas y— (a —c)§=0 No two of those ourves intersect 
each other Tho rule gives the equation f, = 3(¢ — c)*= 0, so that the 
a axis y= 0 is the diserimmant curve, Since all the ourves of the family 
are touched by 16, 16 18 also the envelope (fig 28), 


11. The notion of the envelope enables us to give a now dofimtion for 
the evolute of a ourve 0 (of Vol I, pp. 283, 807 ef seg.). Lot 0 bo given 
by = o(t), y= $(t), We then define tho evolute 2 of 0 as the onvelopo 
of the normals of 0, As the normals of 0 are given by 


{x— o(é)} 9°) + fy — HA} P'() = 0, 
the envelope is found by differentiating this equation with respoot to z 
Om (2 ~ oft} 9%) + fy — HOWE) — (8) — HU), 


Trom this equation and the preceding one we obtain the paiamotric re 
presentation. of the envelope, 


a= oi) — 4) 


‘p 
Fray = ey ~~ Vip 2 pay’ 


, fast nh 
== h(t) “+ ? (i) ro A fi = zi Vio # : pay’ 
where 
2+ Ye 
~ U%_' - (aaa ~ pi’ 
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denotes the radius of curvature (of Vol I, p 281) These equations are 
identical with those given in Vol I, p 283 for the evoluto, 


12 Leta curve @ be givon by v = ¢(t), y = (i), Wo form the envelope 
# of tho circles having their contres on 0 and passing through the ongin 0 
simece the orcles are given by 


af y® — Qao(t) — Qyh(t) = 0, 


the equation of 2 18 
x(t) + y(t) = 0. 


Heace if P is tho point (p(i}, Y(t)) and Qa, y) the corresponding point 
of 2, thon OQ 1s perpendicular to the tangent to Oat P Since by definition 
PQ = PO, PO and PQ make equal angles with tho tangent to 0 at P. 

If we imagine O to be a luminous pont and C a rofleoting curve, then 
QP 1s tho reflected ray corresponding to OP, The envelope of tho roflected 
rays 1s dalled the caustic of O with respect to O, The cansite v8 the evolute 
of # Yor tho reflected 1ay PQ is normal to HZ, sinco a oncle with centro 
P touches # at Q, and tho onvelope of the normals of 7 18 1ts svoluto, aa 
we saw in tho preceding oxample, 

Tor example, let 0 bo a cnolo passing through O, ‘Then 2 ia the path 
desoubed by the pomt O’ of a oirclo O’ congrucnt to C which rolls on C 
and starts with O and O’ comoident Yor durmg the motion O and 0’ 
always ocoupy symmotiical positions with reapeot to the common tangent 
of the two circles Thus # will be a speoial opioyoloid, m fact, a oardioid 
(of, Vol I, p. 267, Ex 2and 3) As tho ovoluto of an opioyoloid 15 a similar 
epioycloid (of Vol. I, p, 811, Ex. 1), the oaustio of O with respeot to O 16 in 
this caso a oardioid 


4 Envelopes of Families of Surfaces. 


The remarks made about tho envelopes of families of curves 
apply with but httle alteration to famulics of surfaces also, If 
1n the first instance we consider a one-paameter family of surfaces 
f(a, y, 2, ¢)== 0 in a definite interval of paramotor values 0, we shall 
say thot a surfaco 2 is the envolope of tho family if 1t touches 
each surface of the family along a wholo curve, and if further 
these curves of contact form a one-parameter family of ourves on 
# which corapletely cover # 


An oxamplo 1s given by tho family of all aphores of unit radius with 
centres on tho z axis We see intuilivoly that the envelope 18 the cylinder 
gy? — 1= 0 with unit radiue and axis along the z-axis; the family 
of ourves of contact 18 simply the family of oioles parallel to tho ay-plano, 
with unit radius and centro on the z-axis.* 


* Tho onvelopes of sphoros of constant radius whose centres lio along ourves 
are called tube surfaces, 


180 DEVELOPMENTS AND APPLICATIONS [Cnar, 


As in sub-section 2 (p 172), if we assume that the envelope 
does exist we can find 1t by the following heuistic method. We 
first consider the surfaces f(x, y, 2, ¢)== 0 and f(x, y, 2, 0-+ A)==0 
corresponding to two different parameter values ¢ and ¢-} kh, 
These two equations determine the curve of intersection of the 
two surfaces (we expressly assume that such a curve of inter- 
section exists) In addition to the two equations above, this 
curve also satisfies the third equation 


Te, ¥, % o+ h) — f(a, y, % 0) 9 
eae a anata ce ‘ 


If we let & tend to zero, the curve of intersection will approach a 
definite lmitimg position, and this mit curve 1s determmed by 
the two equations 


Slay, % c)=0, fila, y, 2, c) = 0. 


This curve 1s often referred to m a non-rigorous but intuitive 
way ag the intersection of “neighbourmg” surfaces of tho 
family It is still a function of the parametor o, so that all the 
curves of mmteisection for the different values of o form a one- 
parameter family of curves in space If we elammate the quantity 
¢ from the two equations above we obtain an equation, which 
18 called the “discrmmant”, As m sub-section 2 (p. 172), wo 
can show that the envelope must satisfy this disorimmant 
equation 

Just as m the case of plane curves, wo may readily convince 
ourselves that a plane touchmg the discrummant surface also 
touches the corresponding surface of the family, provided that 
fe+fi+f2+0 Hence the discriminant surface agam gives 
the envelopes of the family and the loci of the smgularities of 
the surfaces of the family, 


As a first example we consider the family of spheres 
w+ y+ (2— of —~1l=0 
mentioned above, To find the envelope we have the additzonal equation 
—~2(2 — ¢) = 0, 


For fixed values of o these two equations obviously represont the circle 
of um radius parallel to the ay-plane at the height z = ¢, If wa climate 
the parameter o between the two equations, we obtain the equation of the 
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envelope im the form a? -+- 4*— 1= 0, which 18 the equation of the 
right oncular oyhndor with wut radius and the 2 axis aa axis 


While for families of curves the formation of the envelope 
has a meanmg only for one-parameter families, in the case of 
families of surfaces 11 18 also possible to find envelopes of two- 
parameter families f(a, 4, 2, ¢,, 6.)==0 If, for oxample, we consider 
the family of all spheres with unit radius and centre on tho 
ey-plane, represented by the equation 


(@ — |)? + (y ~ 04)? + 2 — L= 0, 


intuition at onco tells us that the two planes z== 1 and ¢= ~—1 
touch a surface of the family at every pomt In gencral we shall 
say that a surface 1s the envelopo of a two-parameter family 
of surfaces if at overy pont P of # the surface Z touchos a surface 
of the family m such a way that as P ranges over # tho parameter 
values ¢,, o, corresponding 10 the surface touching # at P range 
over a region of the ¢¢-plane, and in addition different points 
(6,, ¢,) correspond 10 different points P of #, A surface of the 
family then touches the envelope m a point, and not, as before, 
along a wholo curve 

With assumptions similar to those made m the case of plane 
curves, we find that the pont of contact of a surface of tho family 
with the envelope, if it exists, must satisfy the oquations 
f(a, Ys 4% Cy, Cy) = 0, foe; Y, % Oy; Cx) = 0, So(@, Ys % Oy, C2) = 0, 

From these three cquations wo can in general find the 
point of contact of cach separate sutaco by assigning the corro- 
sponding values 10 the parameters. If, conversely, wo climinato 
the parameters c, and o,, wo obtain an equation which the en- 
velopo must satisfy, 

For example, tho family of spheres with unit radius and contre on tho 
wy plane 18 given by tho equation 

Slits Yr & Cry Op) == (@ — Gy)? + (y — Oy)? + A — Le 0 
with the two paramaters 6, and c¢, Tho rule for forming the envolopo 
gives the two equations 
fo —2(v—0,)= 0 and f,, = ~—2(y — 4) = 0, 

Thus for the discriminant equation we hove 24 — 1 = 0, and in fact the 


two planes z= 1 and %=s —1 are onvolopes, as we havo already seen 
intuitively, 
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ISXAMPLES 


1, Let 2 = u(a, y) be the equation of a tubo surface, 1.0 the envelope 
of a family of spheres of unié radius with thon centres on some curve 
y == f(x) m the ay plane. Prove that 


Wata® f+ yA Wy 1 


2. (a) Find tho envelope of the two parameter family u* planes for 
wluch 
OP + OQ + OR = const, = 1, 


where P, Q, 2 denote the pomts of mtersection of the planes with the 
co ordinate axes and O the origin 


(5) ind the envelope of the planes for which 
OP? + 09? + OR = 1 


8. Let O be an arbitrary curve in the plane, and consider tho o:roles 
of radius » whose centies he on O Prove that tho envelope of these oucles 
13 formed by the two curves parallel to O at the distance p (of tho 
definition of parallel curves, Vol I, p 291), 

4* A fomily of straight lmes in space may be given as the intersection 
of two planes depending on a paiameten ¢ 


atte + bli)y + o(t)z = 1 
(tx + e(t)y + fltz = 1. 


Prove that if these straight lines are tangents to some ourvo, 1.6 possess 
an envelope, then 


a—d b—e c—f 
af b’ oc’ | = 0, 
a’ e A i 


6*, A family of planes is given by 
% 008! -- y BIN? -+ Z = Ft, 


where ¢ ig a parameter, 

(a) Find the equation of the envelope of the planes in cylindrical co- 
ordinates (7, 2, 8) 

(5) Prove that the envelope consista of the tangonts to a certain 
curve 


6, Tf a body is always thrown from the same initial position with the 
same initial velocity but at difforent angles, its trajectories form a family 
of parabolas (it 18 assumed that the motion always takes place in the same 
vertical plane) Prove that the envelope of these parabolas 1s another 
parabola, 


7* Find the envelope of the family of spheres which touch the three 
apherea 
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Sp (w@— 3¥ + y+ A= 4%, 
Sy, 8+ (y— 3 + 2 = 2, 
Sy et -|- 4? -|- (2 — 3) = 2 
8 If s plano ourve O us given by w= fil), ¥ = g(t), ats “ polar re 
ciprocal” 0’ 18 defined as the envelope of tho family of straight lnes 
ESO + qo) = 1, 
where (&, 4) aro ourront do ordinates 
(a) Prove that 0 18 the polar roorprocal of 0 also, 
(6) Find the polar rociprooal of the cirale 


(w@ — a) +- (y—- bh = 1, 
(c) Find the polar reciprocal of tho ellipse 


23 y" 
ae 


6 Maxima AND MINIMA 


1 Necessary Conditions. 


The theory of maxima and minima for functions of several 
variables, like that for functions of a single vauable, forms ono 
of the most important applications of differentiation. 

Wo shall begin by considering a function w= f(x, ¥) of two 
indepsndent variables x, y, which wo shall represent by « surface 
in syu-spaco. We say that this surface has a maximum with the 
co-ordinates (a, yo) if all the other values of u in a neighbout- 
hood of that point (all round the point) aro loss than ua, Yo). 
Geometrically, such a maximum corresponds to a “ huill-top”’ on 
the surfaco. In tho same way, we shall call the point (a, Yo) a 
minimum if all other values of the function m a certain nogh- 
bourhood of Po(%, Yo) aro greater than up = u(y, Yo). Just as 
with functions of one variable, these concepts always refer only 
to a sufficiently small noighbourhood of tho pomt im question, 
Considered as a whole, the aulace may vory well havo pomts 
which are higher than the huill-tops, Analytically, we formulate 
our definition as follows, so that 1b applies to functions of more 
than two independent vauables. 

A function u= f(x, y, ...) has a maamum (or @ minimum) 
at the point (Xo, Yo... .) of at every pomt wm a neighbourhood of 
(Xp, Yo. « +) the function assumes a smaller value (or a larger 
value) than at the point itself 
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the above equations are satisfied, irrespective of whether tho 

function has an extreme pomt or not We accordingly say that 

if there 18 a point (a, Yo. Zp. +) at which f, = 0, f, = 0, f, = 0, 
, or at which 


df = fade + fydy + fide+...= 0, 


the function has a stateonary value at that (stationary) point 
(cf, footnote, p 184), 

Every point mtonor to a closed region at which a differentiable 
function assumes its greatest or its least value 1s a stationary 
point 

To decide whether and when our system of equations really 
gives an extreme valuo, we must make further vestigations. 
In many cases, however, the state of affairs 1s clear from the 
outset, in particular, if we know that the greatest or least value 
of the function must be assumed at an mterior pomt P of tho 
region and find that our equations determme only a sigle 
stationary system @ == %, Y= Yo, This system of values 
must then determine the pomt P, which 1s necessarily a stationary 
point, If such considerations do not apply, however, we must 
imvestigate the matter more closely, this we postpone to the 
appendix to this chapter (p 20d). Meanwlilo we shall illustrate 
the foregome results by means of some examples, 


2, Examples, 


1, For the function v= a -+- y* the partial derivatives vanish only 
at the origin, 60 that this point alone oan be an extreme point The function 
actually has a miummum, for at all pomts (x, y) different from (0, 0} tho 
function w= 23+ 4? must be positive, bomg a sum of squares, 


2 The function 
w= V(iL—o&—y), @Qi+yi<l) 
has the partial derivatives 


x 
Uy 


=" 7a ay 


NOs. eee 

V (1 — a — yf) 
and these vanish only at the origm Here wo have a maximum, for at all 
other pointa {z, y) in the neighbourhood of the origin the quantity 
1 — a — ¥ under the square root 18 less than it 1s at the origin. 


8 We wish to construot the triangle for which the product of tho sires 
of the three angles 1s greatest, that 1s, we wish to find the maximum of 
the function 

I(x, y) = sing amy sin (a -+ y) 
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in the region 0 SeSn,0SySn,0Sa+ySa Since fs postive 
in the interior of this region, 11s greatest value 1s postive On the boundary 
of the region, where the equahty sign holds im at Icast one of the in 
equalities defining tho rogion, we have f(r, y) = 0, ao that the greatest 
¥aluo must he m the intotior 


Tf we equate the deaivatives to ze1o, wo obtam the two equations 


oos2 siny sin(a -|- y) ++ sing Biny cos(a + y) = 0, 
sine coay sin{a + y) -+ sin v siny oos(% + y) = 0, 


Since O< e<cn, O<y<nm, O< a-+-y <t, theso give tany= tany, 
ore=y If wo substitute tlis value m tho firat equation, we obtam the 


rclation sin32 = 0; henoo a = 7 y= ; 18 the only stationary pont, and 
tho required triangle 1s equilateral 


4, Three pomta Py, P,, Ps, with oo ordinates (a, 41); (aa, Yo), and (a5, ys) 
respectively, are tho voitaces of an acute angled tnangle, We wish to 
find a fourth pot P with so ordinatos {a, y) such that the sum of its 
distances from P,, P., and Py, is the 
least possible, This sum of distances 
ig a continuous funotion of @ and ¥, 
and at some point P insido a largo 
circle enclosmg the triangla it has a 
least value ‘This point P cannot lie 
at a vortex of the triangle, for thon 
the foot of the perpendicular from one 
of the other favo vertices on to the lig 29—Thres vectors with equal 
opposite side would givo e smaller sum magnitudes and eum zero 
of distances, Again, P cannot he on 
tho oiroumforenco of tho ouclo, if this 18 sufficiently far away from the 
triangle. With the distances 


r= Vlo— a+ yy) 
we now form tho funolion 
f(s, y) = Mek feb te 


which is difforontiablo overywhero oxcept at P,, P,, and Ps We know 
that at the pomt P tho partial derivatives wilh respect to # and y must 
vanish Thus by difforentiatmg f wo obtain tho conditions 


G— Gy Bm Le 
mt nn 
", ie) "5 


at 6 
— 


Yoh Yr th VM 
ry + % | tg . 


for P, Aooording to theso equations the threo plano veotors 14, tg, ty, 
with components 
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G—~ Hy Y— th Gm Hy Y — Ya Ot, Y~ Ys 
t > ts td t, ? Ys 3 ts bd ts 
respectively, have the veotor sum 0, Also, these vectors are cach of unit 
length When combined geometmeally, then, they form an equilateral 
tilangle, that 1, each veotor 1s brought into the duecction of the next by 
a rotation through 7 (fig 29). Smee these throe vectors have the same 
directions as the thie vectors from P,, P,, P, to P, it follows that each of 


the three sides of the tmangle must subtend the same angle $1 at tho 
point P 


3 Maxima and Minima with Subsidiary Conditions. 


The problem of determmmg the maxima and mimima of 
functions of seveial variables frequently presents riself in 
form differmg from that treated above, If e g. we wish to find the 
point of a given surface A(x, y, 2) = 0 which is at the least distance 
from the origi, then wo have to determme the mmmum of the 
function 

F(R Y, %) = f(a? + y+ 2), 


where the quantities 2, ¥, 2, however, are no longor thrco im- 
dependent variables, but are connected by the equation of the 
surface A(a, y, z) = 0 as a subsidiary condition Such “ maxuma 
and minima with subsidiary conditions ” do not, indeod, represont 
a fundamentally now problem ‘Thus m our examplo we need only 
solve for one of the variables, say z, 1n terms of the other two, 
and then substitute this expression mn the formula for the distance 
a/ (a* + y? + 2%), to 1educe the problem to that of determinmg 
the stationary values of a function of the two variables a, y. 

It is, however, more convenient, and also more clegant, to 
express the conditions for a stationary value m a symmetrical 
form, m which no preference 1s given to any one of tho 
variables, 

As a very simple case, which 1s nevertheless typical, we con- 
sider the followmg problem: to jind the stationary values of a 
function f(x, y) when the two variables x, y are not mutually wmde- 
pendent, but are connected by a subsuhary condition 


(2, y) = 0 


In order to give geomotrical plausibility to the analytical treat- 
ment, we assume first that the subsidiary condition is represented, 
a8 in fig, 30, by a curve in the wy-plane without singularities and 


* 
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that m addition the family of curves f(a, y) = o== const covors 
a portion of the plane, as m tho figure The problem 1s then 
as follows among the curves of the family which imtersect 
the curve ¢ = 0, to find that one for wiuch tho constant ¢ 18 the 


, i 
Gin dD 


Fig 30 —Extreme valus of f with subsidiary condition ¢ = 0 


greatest possible or tho least possiblo, As we doscribo the 
curve = 0 we oross the curves f(a, 7) == 6, and m general ¢ 
changes monotonically; at the pomt whoero tho senso in which 
we run through the o-scale is reversed we may oxpect an ox- 
tieme value rom fig. 80 we see that thus occurs for tho curve 
of the family which touches the curve 6=0 ‘Tho co-ordinatos 
of tho pomt of contact will be the required values w == £, y== 7 
corresponding to tho oxtremo valuo of f(#, y) If the Wwo curves 
f= const and ¢ = 0 touch, thoy have tho samo tangont, Thus 
at the point a= &, y == 7 the proportional relation 


So Fy = bai by 
holds; or, if we introduce the constant of proportionality A, the 
two equations 
fa Apu 0 
ff yt Ady = 0 
are satisfied. These, with the oquation 
pla, y) = 0, 


nerve to detormine the co-ordinates {£, 7) of tho point of contact 
and also the constant of proportionality A. 
This argument may fail, og when the curve d= 0 has o 
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singular pomt, say a cusp as mm fig 31, at the pomt (&, y) at 
which it meets a curve f= e with the greatest or least possible o 
In this case, however, we have both 


dal Es ) = 0 and by &; 7) = 0. 


In any case we are led mtuitively to the following rule, which 
we shall prove in the next sub-section’ 


Fig 31.~Extreme value at a singular point of 4 = 0 


In order that an extreme value of the function f(x, y) may occur 
atthe pom x= f,y = n, with the subsudiary condition (x, y) = 0, 
the pomt (&, n) beng such that the two equations 


da(f, n=O and ¢,(g,y)= 0 


are not both satrsfied, wt 1s necessary that there should be a constant 
of propnlonaliy such that the two equations 


Fa€, 0) + Adal Es n) = 90 and fy, 9) + AdlE, 0) = 0 


are satisfied, together with the equation 


H(&, 7) == 0, 


This rule is known as Lagrange’s method of wndetermined 
multipliers, and the factor A 1s known as Lagrange’s mullypler. 

Wo observe that for the determination of the quantities &, 7, 
and A this rule gives as many oquations as there are unknowns. 
We have thercfore replaced the problem of finding tho positions 
of the oxtreme values (¢, 7) by a problem in which thoro is an 
additional unknown A, but in which we have the advantage of 
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complete symmetry. ‘Lagrange’s rule 1s usually expressed as 
follows* 

Lo find the extreme values of the function (x, y) subject to the 
subsidiary condition (x, y) = 0, we add to f(x, y) the product of 
(x, y) and an unknown factor A andenendent of x and y, and write 
down the known necessary conditions, 


lat Ady = 0, fut Ady = 0, 


for an echeme value of F = £-- Afb Tn conjunction with tho sub- 
sidiary condition ¢ = 0 these serve to determine the co-ordinates 
of the extreme value and the constant of proportionality A 


Bofore proceeding to prove the rulo of undetermined multiphors 
rigorously we shall illustrate rts uso by means of a simple example, We 
wish to find the extrome values of tho function 


Um wy 
on the onole with unit radiua and contie the onmgin, that 1s, with the sub 


sidiary condition 
ah. yt — | = 0 


According to our rule, by differentiating ay + X24 +- gy? — 1) with respect 
io w and to y wo find that at the stationary pomts the two equations 
Yt 2re = 0 
wf 27 = 0 


have to bo satisfied, In addition we have tho subsidiary condition 
x. yt — Lem 0, 


On solving wo obtain the four points 


Be 4/2, a= 4/2 
Baa} V2, hs ~44/2, 
Gs 4/2, = —44/2, 
Ba $42, ne ha/2 


‘Che firet two of theso givo a maximum value t= 4, the second tivo a min- 
mum value w= ~4, of the funotion u == vy. That tho first two do really 
give tho groatest valuo and tho scoond two tho loast vatuo of tho function x 
onn bo acen as follows: on tho cireumforence tho function must assume o 
groatest and a loast valuo (of. p, 97), and ameo the ciroumferonoe has no 
boundary point, these pomls of gieatoat and least value must be stationary 
poimts for the function 
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4 Proof of the Method of Undetermmed Multiphers in the 
Simplest Case. 


As we should expect, we arrive at an analytical proof of the 
method of undetermmed multipliers by reducmg 1 to tho known 
case of ‘“‘fieo” extreme valucs. We assumo that at tho oxtrome 
point the two partial derivatives ¢,(é, 7) and 4,(, ) do not 
both vamsh, to be specific, we assume that ¢,(&, 4) +0 Then 
by section 1, No 3 (p. 114), m a neighbouzhood of this point 
the equation d(z, y) = 0 detormmmes y uniquely as a continuously 
differentiable function of 2, y= g(v) If we substitute this ex- 
prossion in f(a, y), the function 


f(@; ge) 
must have a free extreme value at the point #== £ For this the 
equation 
P'@) = fot Suge) = 0 
must hold at e= € In addition, the implicitly defined fune 
tion y= g(x) satisfies the relation 4,+- d,g'(e) == 0 identically 


If we multiply this equation by A==—/,/¢, and add it to 
Jin + yg (2) = 0, then we obtain 


Fa + Apa = %; 
and by the definition of A the equation 
Fut Ady = 0 


holds ‘This estabhshes the mothod of undetermined multi- 
pliers 


This proof brings out the rmportance of tho assumption that the dou 
vatives d, and d, do not both vamsh at the pomt (& 4). If both theso 
derivatives vanish the 1ulo breaks down, a8 18 shown analytically by the 
following examplo We wish to make the funotion 


Se y= + 
& minimum, aubject to the condition 
P(e, y) = (a ~— 1% — y= 0. 


By fig, 82, tho shortest distance from the origin to the curve (2 — 1)* — y* = 0 
is obviously given by the line jong the origin to tho cusp J of the curve 
(we can easily prove that the circle with unit radius and cenire the origin has 
no other point in common with the ourve), The co oidinates of 8, that is, 
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w=] and y= 0, satiafy tho equations f(x, y) = 0 and f, -+- Ad, = 0, no 
matter what valuo 18 assigned to A, bub 


SF My = Qe 4+- BA(e — 1)? = 2 & O, 


We can state the proof of the y 
mothod of undetormmed mul- 
tuphers m a shghtly diferent 
way, which 1s particularly con- 
vement for gencialization Wo 
have seen that the vanishing of 
the differential of a function at a 
given point 18 & necessay con- 
dition for the occurronco of an 
extromo value of the function at 
that point. For the present 
problem we can also mako tho 
following statement: 

In ordey that the function 
f(x, y) may have an extreme value Wig 3a—The surface (x — 1) —y" 0 
at the pout (&, ), subject to the 
subscdhary condition d(x, y) = 0, it vs necessary that the dafferentral 
df shall vanish at that point, vt being assumed that the dofferentals 
dx and dy are not wdependent of one another, but are chosen m 
accodance with the equation 


dp = dadw -|- by dy = 0 


af 


deduced from p==0 Thus at tho pomt (&, 7) the differentials 
de and dy must satisfy tho oquation 


df = fl E, n) du + fy(E, 1) dy = 0 


whenover thoy satisfy tho oquation db =0 If wo muluply tho 
first of these equations by a number A, undotermined in the first 
stance, and add it to the sscond, we obtain 


(ff ab Athy) dae “+ (fi vot Ady) dy = 0), 
If wo determine A 8o that 
ty a Ady ee 0, 


os is possible m virtue of the assumption that dy =: 0, it nooes- 
(1 012) 8 
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garily follows that (fy-+ Ad,)de== 0, and sinco the differential 
dee can be chosen arbitrarily, eg equal to 1, we have 


S 1) + Abu = 0 

6 Generalization of the Method of Undetermined Multipliers. 

We can extend the mothod of undetermined multiphors to 
& greater number of variables and also to a greater numbor of 
subsidiary conditions We shall consider a special case which 
meludes every essential feature We scol the oxtremo values of 
h * 
the function u= fle, 4% 2, 


when the four variables a, y, z, ¢ satisfy the two subsidiary 
conditions 
d(a, ¥, 2% == 0, le, y, 2%, = 0. 


We assume that at the pomt (¢, 7, ¢, 7) tho function takos a 
value which 18 an extreme value whon compared with tho valuos 
at all neghbourmg pomts satisfymg the subsidiary conditions 
We assume further that m the noghbourhood of the point 
P(E, 9, £, 7) two of the variables, say z and ¢, can be 1oprosented 
as functions of the other two, # and y, by means of the oquations 


Ae, y, 2%, t)== 0 and ym, y, 2, t) = 0. 

In fact, to ensure that such solutions z= g(a, y) and £ = A(a, y) 
can be found, we assume that at the point P tho Jacobian 

ag, 

Set = dete debe 

+ 
is not zero (cf, p 158), If we now substitute tho functions 
w= gw, y) and t= A(a, y) 

in the function u = f(a, y, 2, t), then f(a, y, 2, t) becomes n function 
of the two mdependent variables 2 and y, and this function 
must have a fice extreme value at the pomt a == ¢,y == 4, that is, 
its two partial derivatives must vanish at that pomt. Tho two 
equations 


OZ at 
Jot hs at St an 0, 


Oz Ot 
Ath a ee 0 
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must therefore hold Tn oide: to calculate from the subsidiary 


conditions the fou derivatives 2%, 0% 9 a 
dx’ Oy’ da’ Oy 
could write down the two pairs of equations 


occurring here, we 


aig + $, m= 0, 


Yt a ot =f ie oo 


and. 


dz Ob 
dy + tsa, a 


a al} 
bet teat ee 


and solve them for the a si ms which 18 possible 


O(c, ys On ” oy 
i | dics not vanish The problem would 


because the Jacobian Ae, 
then be solved 

Instead, we profer to 1etain formal symmetry and clarity by 
proceeding as follows We determine two numbers A and » m 
such a way that the two equations 


iat Ade + pil, = 0, 
Set Adi + phe = 0 


aro satisfied ot the point whore the extreme value occurs. The 
determmation of these “ multrplers ” A and j« 1s possible, since 


wo have assumed that the Jacobian op, ) 18 not zero. If we 


multiply the eer O(z, t) 
ot 
da + age z+ duce 0 and bot Vere + his = 


by A and p 1espoctively and add them to the equation 
Oz Ob 
Son + haa +S ae 0, 


wo have 


fact Mat the -+ Ufa Mat sale) + (fa + Abit a) 22 = 0 
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Tlence by tho definition of A and yp 


Fo Abe t Bia = 0, 
Smuilarly, if we multiply the oe 


ot dese ds = 


and 
0 Of 
by + bea + ia 
by A and p respectively and add them io the equation 
02 at 
fy tha tha = 0, 
wo obtain the further equation 


fa + Ady + piby = 0 


We thus ariivo at the followimg result. 


If the pot (&, , £, 7) 18 an extreme port of f(x, y, 2, t) subject 
to the subsidiary condtions 


f(%, ¥, 2% ) = 0, 
Ya, y, 2, t) = 0, 


and of at that pont 2? at : as not zero, then two numbers » and ps 


exist such that at the ae (&, 9, , 7) the equations 


fot Ada + pty = 0, 
Lut Adu t pity = 0, 
Ss = Adi + jb, = 0, 
Sat Ady + pip, = 0, 
and also the subsidiary condrtrons, are satisfied 
These last conditions are perfectly symmetrical Every trace 


of emphasis on the two variables x and y has disappeared from 
them, and we should equally well have obtamed them if, instead 


of assuming that a =: 0, we had merely assumed that any 


a, W) OW Ab) a, 
one of the Jacobians ey tea Bee did not 
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vanish, so that m the neighbourhood of the pomt m question 
a celiam pair of the quantities «, y, 2, ¢ (although posmbly not 
z and t) could be expressed in terms of the other paw, Yor 
this symmetry of our equations we have of course paid the 
price, m addition to the unknowns ¢, y, ¢, r we now have A 
and yz also, Thus instead of fow unknowns we now have six, 
determined by the six equations above 

Tere too we could have carmed out the proof somewhat 
more elegantly by usmg the differential notation In this notation, 
the necessary condition for the occurrence of an extreme value at 
the pom P 1s the equation 


df == 0, 


whore the diflerentials de and dt are to be expressed in torms of 
dx and dy These differentials are connected by the relations 


db = dye + pydy + xd + $,dt = 0, 
dip == Yydle -+- py dy + yi,dz -+ yp,dt = 0, 
obtained by differontiating the subsidiary conditions Tf we 


assume that the two-rowed determinants occurrmg here do not 
all vanish at the pomt (£, 7, ¢ 7), eg 1f wo assumo that the 


0 ys 
oxpresslon a 18 not zero, then we can determine tivo numbers 
@, 


A and » which satisfy the two equations 


Se =F Abs af pr, = 0, 

Fert Ade + poh, = 0, 
T{ we multiply the equation dé == 0 by A and the equation dys == 0 
by » and add thom to the equation df= 0, thon by the last two 
equations we obtain 


Of cb AD ph) = (fob Agha + pra) do + (fy + Ady + papy) dy. 
Smee here da and dy are mdepondent differentials (that is, 
arbitrary numbers), it follows that tho numbers A and p also 
satisly the equations 

Te ot Abo -|- ply = 0, 

fut Moy + piby = 0, 
and we are once again Ied to the mothod of undetormined 
multipliers, 
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In exactly the same way wo can state and prove the method 
of undetermined multiphers for an arbitrary number of variables 
and an arbitrary number of subsidiary conditions, Tho genoral 
rule 3s as follows 

If wn a function 


u = f(t, Xa; + Mn) 


the n variables x,, X, »., X, we not all andependent, but are 
connected by the m subsideary conditions (m <n) 


b(a, ®o, 3 Xn) mrs 0, 
Poly, Xa, "3 Hq) ii 0, 


Pn(©, Lp, i. ? On) = 0, 


then we wntroduce m multephers A, Ag .+ + Am and equate the 
derwatwes of the function 


P= f+ Ary 5 Aspe + ot Andon 


with respect 10 4, Xg «5 Xq, When Ay, Ag, oo ey Aq AE Consiant, 
io zero The equatrons 


oF oF 


thus obiawned, iogether with the wm subsuhary conditions 
dy = 0, song dm = 0, 


represent a system of m--+-n equations for the m-+-n unknown 
quantitres X1, Xp, + y Kay Aqy se ey Age Lhese equations must be 
satisfied at every extreme value of f, unless at that extreme value 
every one of the Jacomans of the m functions dy, bdo, ++ 5 by With 
respect tom of the varvables x, . , X, has the value zero. 

In connexion with the method of undetermined multipliers 
we have still to make the followmg important remark. The rule 
gives us an elegant formal method for determmmg the pomts 
where extreme values occur, but it merely gives us a necessary 
condition The further question arises whether and whon the 
pomts which we find by means of the muliapher mothod do 
actually give us a maximum or a minimum of tho function, 
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Into tus question we shall not enter, 113 discussion would lead 
us much too far afield As m the caso of free extreme values, 
when we apply the mothod of undetcimined multipliers we usually 
know beforchand that an extrome value does exist If, then, 
the method determines the pot P uniquely and the exceptional 
case (all the Jacobians zero) does not occur anywhere in the 
region wnder discussion, we can be swe that we have really 
found the point where the extreme value occurs 


6, Examples. 


1. As o first example wo attompt to find the maximum of the function 
f(a, y, 2) = w4y*2? subject to the subsidiary condition 2? + y* + 22= ¢ 
On tho spherical autface 24 -+- 42 -+ 2 = c? the funotion must assume a 
greatest value, and since the spherical surface has no boundary points 
this gicatest value must be a maximum in tho senso defined above 
Ascoiding to the rule we form tho oxpression 


Fm gy + Maai+ y+ 2 ~ 0%), 
and by differentiation obtain 


20422? +. Zhao = 0, 
QaPy24 -- Dry = 0, 
Qrryiz -- Qe = 0 


The solutions with # = 0, 7 = 0, or == 0 can bo excluded, for at these 
points tho funotion f takes on ita least valuo, 7o1o. The othe solutions 
of tho equation aie 27 == y* = 24, ) = —a4, Using tho subsidiary condition, 
we obtain the values 


¢ 6 6 
% te 9 y= PVE t= £73 
for the required co o1dinates. 

At all thoao pomts the function assumes tho samo value c°/27, which 
is accordingly the required maximum value, Tence any triad of numbers 
seutisfies the relation 

a ¢ % J. 28 
ViPe Ss =* rs sit 


that 18, tho geometric menn of threo positive numbora 2%, 4%, 2* is nover 
greater than thor athmetioc moan 

In faot, it 18 true that for any arbitrary numbor of positive Anaaiees 
the geometric moan novor oxcecds the arnthmelio mean. The proof is 
similar to that just given.* 


2. As a sovond examplo wo shall geek to find tho triangle (with sides 


* Tor another proof, see Vol I, Ex, 19, p. 187. 
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a, y, 2) with given peimoter 2s, and the greatost possible aca By a woll- 
known formula the square of the aten 18 given by 
f(t, Y 2) = a(¢ — t)(s — y) (8 — 2) 


We have therefore to find the maximum of this function subject to tho 
subsidiary condition 
oma y+ Z— 26 == 0, 


where 2%, y, z are restricted by the moqualities 
eed, y2O, 220, e+y 24, LEZ Ye ew 


On the boundary of this closed region, 1¢ whenever ono of thoso in- 
equalittes becomes an equation, we always hayo f= 0 Consequently tho 
greatest value of f occurs in the mterior and 18 a maximum, Wo form 
the function 


Fle, y, 2) = 2(8 ~ a)(@— y)(8— 2)-+ wt y + 2 — 28), 
and by differentiation obtain the three conditions 
—s(e— y)(3— 2) + A= 0, —s(e—- w)(9— 2) + A= 0, 
—a(s ~ %)(3 — y) + A= 0 
By solving each of these for 4 and equating tho three resulling oxpreasions 


we obtain w= y= z= 28/3, that is, tho solution 1 an oquilateral 
triangle 


3 We shall now prove the followmg theorem the inoqnalily 
ws : Ut J yB 
at B 
holds for every «20, v20 and every «>0, B>O for which 
ae La 
“a 8B ; 

The mequahty is certainly valid if either # or v vanishes We may 
therefore restrict ourselves to values of u and v such that uv 0 Tf the 
inequehty holds for a pair of numbers 2, v, 1b also holds for all numbors 
ufle, uf/8, where ¢ 18 an arbitrary positive number We noed thereforo 


consider only values of u, » for which uv == 1, Ionco we havo to show 
that the mequality 


Lies aay 
0 p 


holds for ail pomtave numbers u, v such that uv = 1, 
To do this we solve the problem of finding tho mmimum of I 44% ~}- aM 
& 


subject to the subsidisry condition w=1 This mmmum obyiously 


existe and occurs at a point (u, v) where u=:0,v-+-0 A multiplior —A for 
which the equations 


werk — hy x 0, vil— dy 0 


It) MAXIMA AND MINIMA 20% 


hold therefore exists On multipheation by « and v respectively these at 
ones yield w=, vie= } Taken with w= 1, these imply that 


w@exzy=—=) The mmmum yalue of the function : ye + 3 18 therefore 


1,4 * 
; i 3 =z ] ‘That as, tho statemont that 


Let twee 
7 B 
when wy = 3 1s proved 


If in the mequality xv S - wu -}- ae Just proved we replace u and v by 


= ty vy 


= and ve: ——t__., 
(Dueytle (3 of He 
tal tel 


1espectively, Whore 44, ty, 6 oy Uns Viz Vay eo oy Uz, ATO arbitrary non-negative 
numbers and at least one u and at loast one 2 1s not zo1o, and if we then 
sum tho mequalities thus obtained for+=1, .” ,”, we obtam Holder's 
mequalriy 


z uo, & { z wll ( z vA)uB, 
f= fue], fel 


Thus holds for any 2x numbors z;, v9, where u, & 0, vy = O(s = 1, 2, » 7); 
not all tho as and not all the v's are ze1o, and the indices «, B are such 


are | 


4, Winally, wo seok to find the point on the olosed surface 
Pl, Y, 2) = 0 


which 3 ab tho least distance from tho fixed pomt (&, 4, ¢) Tf the 
distance is a minimum its square 1s also a mmimum, we accordingly 
considor the function 


Fle, y, @) = (@ — EP + (y~ n+ @— SP + Ale, y 2). 
Dilfo.ontiation gives tho conditions 
2(a — B) “+ py = 0, 2(y—~ 4) + AOy = 0, 22— C) + %9,= 0, 


or, 18 another form, 


= — aie 


Pa Py Pe 


Thoso equations aiate that the fixed point (&, 4, 6) hes on the normal to 

tho siuface at tho pont of oxtremo distance (2%, ¥, 2) Therefore in order 

to travel along the shortest path from a point to o (differentiable) surface, 

wo muat travel in a direction normal to the surface. Of course further 
(R012) Be 
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disoussion 18 required to decide whether wo havo found a maximum or a 
minimum or nother (Considet, eg, a pomt within a spherical surface, 
Tho pomts of oxtremo distance he at the ends of the diameter through 
the pomt, tho distance to onc of these points 1s 2 mimmum, to the othor 
& Maximum } 


TixaMPruns 


1 Find the greatest and least distances of a point on the ellipse 
at yf? 
ge 
from the straight hne « -+ y— 4= 0, 


2, The sum of the lengths of the twelve edges of a rectangular blook 18 
a, the sum of the aroas of the six faces 1a @?/25 Calculate the lengths of 
the edges when the excess of the volume of the blook over that of a onbe 
whose edge 18 equal to the least edge of the block 1s greatest, 


3 Determmo the maxima and minima of the function 
(aa? +. by®)e~m*-v8 (0 <a <b), 

4 Show that the maximum value of the expression 
ax® + Qhey + ey* 
ea8 4- 2fry + gy? 

ts equal to the greater of the roots of the equation im A 
(ac — b*) — Mag — 2bf + ec) + Meg — f#) = 0, 


(eg — f* > 0) 


8. Calculate the maximum values of the following expressions 
(a) e+ Ory + 3y? (B) mf -[- Qaby 
O— ay +P * at 


6 Dotermmo the stationary points of the function 


famy= (ene = 5) 
and state their nature 
7* ‘Wind tho values of a and B for the ellipse 


Av yf" 
ata 
of least area contammng the cirole 


(a— 1+ y= 
in it interior 
8 Find the quadnilateral with grven edges a, 6, ¢, @ which inoludes the 
freatest arca 
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9 Which point of the sphere a? 4- 4? -+- 22 <= 1 as at the pieatest dis- 
tance fiom the pomt (1, 2, 3)? 


10, Let P»P,PsP, be a conver quadiulateral Find the point O for 
which the sum of the distances from P,, P., Ps, P, 1s a mmmum 


11, Sfind the pomt (a, y, 2) of the ellipsoid 


for which 

(a) A+ B+, 

(b) V(A®-} B+ 0%) 
18 & mimmum, where A, B, O denote the intercepts which the tangent 
plane ab (a, y, 2) (v > 0, y > 0, 2 > 0) makes on the co ordinate axeg 


12, Find tho reolangular parallelepiped of gicatest volume msortbed 
in the ollipsoid 


eo y wa 
at jit a! 
13. Tind tho reotangle of greatest po1mmeter msorbed in the ellipse 
3 y? 
atl 
14. Tind the point of the ellipse 
Ba? — Bay + by? = 4 
for which the tangent 1s at the greatest distance from the origin 
16* Provo that tho longth 7 of the greatest axis of the ellipsoid 


cea? -f- by? +. o24 ++ 2day -+ Zee -+ Bfyz—= 1 
ig given by tho gioatest real root of the equation 


1 
ame d & 
i - 
a b= 5 i) = 0, 
6 af yee 
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Appendix to Chapter Il 
1. Survicient Conprrrons ror Extreme VaALurs 


In tho theory of maxima and minima in the preceding chapter 
wo have contented ourselves with finding necessary conditions 
for tho occurence of an extreme value. In many cases occuring 
im actual practice the nature of the “stationary” pomt thus 
found can be determined from the special nature of the problem, 
and we can thus decide whether 14 18 a maximum or a mmimum 
Yet 1 18 important to have general suficeent conditions for the 
occuirence of an exiieme value Such criteria will be developed 
here for the typical case of two mdependont vauables 

If wo consider a point (%, Yo) at which the function 18 
stationary, that 1s, a pomt at which both first partial derivatives 
of the function vamesh, the occurence of an extreme value 
is connected with the question whether the expression 


Fo a i h, Yo - k) — f(&, Yo) 


has or has not the same sign for all sufficiently small values of 
hand & Tf wo expand this expression by Tayloi’s theorem 
(Chap IT, p 80), with the remainder of the thnd order, in virtue 
of the equations f(a, ¥o)== 0 and fy(@, Yo) = 0 we at once obtain 


J (@q + Ay Yq et) — fo, Yo) = 3 fen - Bilefiny + He*fyy) + €p%, 


whore p*== h* -- i? and ¢ tends to zero with p. 

Fiom this wo seo that m a sufficiently small neighbow hood 
of the point (a, ¥o) the behaviour of the functional difference 
Poth, Yor hb) —fleq, Yo} 18 essentiaily ditcrmimed by the 
OXPLoOss1On. 

Qh, kb) = ah? 4- 2bhk -++ ok’, 


whore for brevity we have put 
a= fet, Yo)» b= foro Yo). © = Suro Yo) 


Tn order to study the problem of exixeme values we must 
investigate this homogeneous quadratic expression in A and f, 
or, a8 we say, the quadratic form Q, We assume that the 
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cooficients a, 6, 0 do not all vanish In tho exceptional case 
where they do all vamsh, which wo shall not conmder, we must 
bogin with a Taylor sees extending to terms of lugher order, 

With regard to the quadratic lorm Q tho1e are three difterent 
posstblo casas, 

1. Tho fom 1s defimte, That is, when 2 and & assume all 
values, Q assumes values of one sign only, and vanishes only 
fo. h==0,hk=0 We say that the form is posiwwely defimte or 
negalwely definte according as this sign is positive or negative, 
{for example, the expression f?-+- 47, which we obtam when 
a= O21, b= 0, 18 positively definite, while the expression 
fA - Bh — 21" == —(h — kh)? — 2? 18 negatively definite 

9 Tho form 1s wdefinse That 1s, i can assume values of 
diflerent sign, eg the form @ = 2hk, which has the value 2 for 
he 1, == 1 and tho value ~2 for h= —1, k= 1 

8. Finally, thoro 18 sill a thid possibility, namely that m 
which the form vanishes for values of /, & otha than A= 0, 
is== 0, but othorwise assumes values of one sign only, eg the 
form (4 -- 4)?, which vamshos for all sets of values h, 4 such 
that A== ~k Such forms aro called sems-definate 

Tho quadratic form Q = ah*-- 2bh} -}- ch? 18 defimte if, and 
only if, tho condition Jax est 


1s satisfiod; if 18 thon positively definite 1f a > 0 (so that ¢ > 0 
also), othorwiso 1 18 negatively dofinite 
In ordor that tho form may be mdofimte 16 18 necessary and 


sufficiont that ao b2 <0, 


while tho somi-dofinrte case is characterized by the equation * 


#'Thoxo conditiona are oasily obtained as follows Either a=¢ = 0, mn 
whieh onde wo must have & +| 0, and tho form ia, as already 1omaiked, indefinite, 
tho otllorion thorefors holda for this congo or clao wo must have, say, & = 0, 
wo cu Lhon write peak eae 

ah’? + 2h | cht = af (1 =k) oer am x | 
t form je obviously dofinile if ca — 5% > 0, and at thon has tho same sign 
aaa il ia somi dofuatto if ca — b4 = 0, for then 3b vanishes for all values of 
1, fe that satiety tho equation fk = ~Oja, but for all other values 16 has the 
anmo slyn It is mdofinite if ca — 6° < 0, for 1b thon assumes values of different 


sign whon & vanishoa and whon b+ ok vantslios, 
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We shall now prove the following statements If the quadiatic 
form Q(h, &) 18 posrtively definite, tho stationary value assumed 
forh=0,h== 01a mnumum Ifthe form 1s negatively definite, 
tho stationary value 1s a maxumum If the form 1s mdefintte, wo 
have nowhor a maximum nor ao mmmum, the point 1s 4 saddle 
powé ‘Thus, definite character of the form Q 18 a sufficient con- 
dition for an extreme value, while indefinttc character of Q 
excludes the possibility of an extreme value We shall not 
consider the semi-definite case, wlich leads to mvolved dis- 
cussions 

In order to prove the first statement we have only to uso 
the fact that if Q 18 a positively dofinite form there 18 a positive 
number m, independent of # and 4, such that* 


Q = Am(h? -+- kh?) = Amp? 
Therefore 


F(tq + hy Yoh) — feos Yo) = FOR, be) + ep? = (m+ €)p". 


If we now chooso p so small that the number ¢ 1s less m absolute 
value than 4m, we obviously have 


*(a + hy Yo + W) — fs Yo) B= 0" 


Thus for this neighbourhood of the pomt (a, Yo) the value of the 
function is everywhere greater than f(x, 7), excopt of course at 
(29, Yo) self, In the same way, when the form is negatively 
definito the point 1s a maximum 
Finally, if the form is indefinite, there 1s a pair of values 

(24, 4) for which Q 1s negative and another pair (ft, k,) for which 
@ is positive, We can therefore find a positive number mm such 
that 

Qh; hy) < — 2mnp,*, 

Qa, hha) > 2anpo" 


If we now put h == thy, k= th, p? = h? -+ i (t+ 0), that is, if 


Qlh, k) 
h ] ht + he 

quantitios x = TT and y= ari By Thon uw? + v? = 1, and the form 
becomes 2 continuous function of and », which must have 9 lonst value 2m on 


the oirole uw? | x? = 1, ‘This value m obviously satisfies our conditions, 16 1s 
not zoro, for on the circle w and v never vanish simultancously 


*'"T'o seo this wo considor the quotient as a function of tho two 
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we consider & point (%»-+ 2, yy -t 4) on the line joing (x9, 4/5) 
to tt bo I thon rom QU, 2) = #0) and p= 2 
we have 


Thus by choice of o sufficiently small ¢ (and correspondmg p) 
wo can make the expression f(a + h, Yo + k) — f(x, yo) negative 
We need only choose é so small that for h== th, k= th, the 
absolute value of the quantity cis loss than 4m for such a set 
of valtics we havo f(a)-++ h, yo + &)—f (%o, Yo) <—mp*/2, 80 that 
tho valuo f(%)-+ 2, yo-+ &) 18 less than the stationary value 
f(@q. Yo) ‘In the same way, on carrying out the corresponding 
process for the system h = tha, k = tha, we find that m an arbi- 
trarily small noighbourhood of (#9, yo) there are pomts at which 
the value of the function 1s greater than f(z, y¥,) Thus we have 
nowhor a maxmum nor a minimum, but instead what we may 
call a saddle value. 

If a=b=c= 0 at tho stationary pomt, so that the quad- 
ratic form vanishes identically, and alao in the semi-definite case, 
this disoussion fails to apply. To obtam sufficient conditions for 
these casos would lead to mvolved calculations 

Thus wo have the followmg rule for distingmshing maxima 
and minima. 

If at @ port (Xq, Yo) the equations 


Fal®or Yo) =O Ful®@o, Yo) == O 
hold, and also the mequality 
Fos S vy “Fe Sev" > 0, 


then at that pot the function has an extreme value Ths is a 
masimum if f,. <0 (and consequently fy < 9), and & munamum 
of fy > 0 

Tf, on the other hand, 


FowF vy — foxy? <0, 


the stalronary value is nether a masimum nora maumum The 


rset) ; 
Send vy — fay = 0 
remains undecided. 
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These conditions permit of a sumple goometical mberpretation, 
The necessary conditions f,=f,= 0 state that the tangent 
plano to the surface z= f(a, y) 18 homzontal, If we really have an 
extreme value, then m the neighbourhood of the pomb in question 
the tangent plane does not imtcisect the surface. In the case 
of a saddle pomt, on the contrary, the plane cuts the surface m 
a curve which has several branches at the pomt Ths matter 
will be cloarer after the discussion of smgular pomts m the next 
Section 


Ag an example we aeok to find the extreme values of the function 
Flee, y) = 2% + ay 8 + oat + by 
Tf we equate tho fist de1vatives to zero, we obtam the equations 
2+ yt a0, w+ ty + b= 0, 
which have the solution #@ = 4(b — 2a), y= 3(a — 26) Tho expression 
Sewkuy — Say? = 8 


18 positive, as 18 f= 2 The function therefore has a mmimum at tho 
point mm question, 
Tho function 


F(a, y) = (y — 23)? + ab 


has a stationary pomt at the omgm. There the expression fie fyy — Soy" 
vanishes, and our orterion fails, We readily see, however, that tho function 
has not an extrome value there, for m the neighbourhood of the ougin 
the function assumes both positive and negative values, 

On the other hand, the funotion 


fey) = (@ — y+ (y — 1 


hoa o minimum at the pomt «=1, y= 1, though the expression 
heafuy —~ fay? Vanishes there for 


fQ +4 1+ hy) — fC, 1) = (hh — bh + A, 


and thia quantity 18 positive when p = 0. 


EXAMPLE 
Lé f(a) = b+ 0, f(a) + 0, and 2, y, 2 satisfy tho relation 
hla) ply) plz) ==, 


prove that the function 


F(a) + fly) + £@ 
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has a maximum whon «== y= <= a, provided that 


? f(a) i f(a) " 
so (Ft ~ Ga) > EO 


9 dmeunaR Poms or PLhane Curvas 


Tn Chap, ITT, section 2 (p 128) we saw that a curve j (a, y) = 9 
in general has a smgular pomt ab o point == %, Y= Yo such 
that the three equations 


(to Yo) = 9, fekttar Yo) = 0, Fy(Wor Yo) == 9 


hold In oidor to study these smgular points systematically, we 
assume that in the neighbourhood of the pomt m question the 
function f(a, y) has contmuous dervatives up to the second 
order, and that at thet pomt the second derivatives do 
not all vanish By expanding in a Taylor series up to terms 
af the second order we obtain the equation of the curve in 
the form 


2f (a, y) = (@ — a) "feo Yo) + 2(% —~ ®q} (Y — Yo) Far®o Yo) 
a Yo)*fuy(@o Yo) + ep? == 0, 


whore we have put p2== (@ — %)* + (y — Yo)” and ¢ tends +o 
zero with p. 

Using a parameter ¢, we can write the equation of the goneral 
straight lme throngh the pout (a, Yo) mn the form 


— ky = at, Y— Yor bl, 


whero a and b are two arbitrary constants, which we may suppose 
to be so choson that a?-+- == 1 To dotermine tho pomt of 
intersection of this ne with the ourve f(a, y) = 0 wo substitute 
these expressions in the above expansion for f(a, y), for the 
point of intersection we thus obtain the equation 


OU fag Te Lad fey + BP fyy + P= 0 


A first solution is {== 0,16 the point (a, Yo) visolf, as is 
obvious It 18, however, worthy of notico that tho loft-hand 
side of the equation 18 divisible by #, so that £18 a “ double root . 
of the equation Tor this reason tho singular poms are nlgo 
sometimes called “ double pomts ” of tho curve, 
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Tf woe romove the facto. ¢, we aie left with the equation 
fxg + 20D fey + fy + €= 0 


We now inquno whether 16 1s posstble for tho Ime to mtoisect 
the curve in another pomt which tends to (#, Yo) as the line 
tends to some particular hmrimg position, Such a lmitmg 
position of a secant we of course call a tangent. To discuss tls, 
wo observe that as a point tends to (a, yo) the quantity ¢ 
tends to zero, and therefore ¢ also tends to zero If the equation 
above is still to bo satisfied, the expression a%fp5-+ 2abfay + O fry 


must also tend to zero, that 1s, for the limrtmg position of the 
hne we must have 


A fio + 2aD fay + OB fyy = 0 


This equation gives us a quadratic condition determimng the 
ratio a/b which fixes the hne 


Tf the discrummant of the equation 1s negative, that 1s, 1£ 


Sontuy etre < 0, 


woobtain two distenct real tangents The curve has a double pount or 
node, like thatexlubited by the lemniscate (x*-+- 4%)? — (a? — y*) == 0 
at the origin or the strophoid (a? -+ ¥*)(@— 2a)+ a@w=0 ab 
the point xy == a, Yo = 0. 

If tho discrmmant vamshes, that 18, if 


Soot vy — Soy" = 0, 


we obtain two coincident tangents; 1 1s then possible ag that 


two branches of the curve touch one another, or that the curve 
has © cusp. 


Finally, 1f 
ae Seoduy — Sa® > 0, 


there 1s no (real) tangent at all This occwse.g in the caso of the 
so-called ssolated pounts or conjugate pomts of an algebraic curve. 
These are points at which the equation of the curve 1s satisfied, 
but in whose neighbourhood no other pomt of the curve hes 


The ourve (v9 — a%)® + (y® — by? = a4 + bf oxemplifies this, The 


values % = 0, y= 0 satisfy the equation, but for all other values in the 
region | «|< av2,|y|< bV2 the left hand side 1s less than the mght. 


We have omitted the case in which all the derivatives of the 
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second order vamsh This case leads to involved investigations, 
and wo shall not consider 1%} Through such a poms several 
branches of the curve may pass, or singularities of other types 
may occw. 

Finally, we shall briefly mention the connexion between 
these mattors and the theory of maxima and minima Owmeg to 
tho vanishing of the first dervatives, the equation of the tangent 
plane 10 the surface z= f(a, y) at a stationary pomt (a, Yo) 18 
simply 


@ — f(%o, Yo) <= Q 
The equation 


f(®, y) — Fy Yo) = 9 


thorefore gives us the projection on the ay-plane of the curve of 
interscolion of the tangent plane with the smface, and we see 
that the point (w, Yo) 18 & sugular point of this curve If this 1s 
an. isolated pomt, in a certain neighbourhood the tangent plane 
has no other pom m common with the surface, and the function 
f(a, y) hoa o maximum or a minimum at the pomt (%, Yo) (cf 
p. 208), If, however, the singular pomt is a multiple pomt, the 
dangont plano cuts the suiface m a curve with two branches, and 
the pomt cor.esponds 10 a saddle value ‘These remarks lead us 
provisely to the sufficiont conditions which we have already 
found in scotion 1 (p, 207). 


3, Sinaunarn Pornts or Surraons 


In a similor way wo can discuss a singular pomt of a surface 
f(t y, 2) == 9,10 & point for which 


f= 0, foHfyHfe=% 


Without loss of gonorality we may take the pom as the origm O 
If wo write 


Few = dy fyy = By fan come 2 Fxy = ds fu = thy Foon = v 
for tho values of this pot, wo obtam. the equation 
oat By® - ya® 4 Bday -- Quays -b Qvaz = O 


for a pout (a, ¥, 2) which les on a tangent to the surface at 0 
‘This equation xopresonts a quadratic cone touching the 
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surface at the singular pomt—ansicad of the tangent plane at an 
oldinary pom of tho surface—af we assume that not all of tho 


quantities a, B,.. , v vanish and that the above equation has 
real solutions other than w= y= z= 0, 


4 CONNECTION BETWEEN Burer’s ann LAGRANGH’S 
REPRESENTATIONS OF Tam Motion or a I'Luip 


Lot (a, 5, ¢) be tho co-ordimates of a particle at tho time 
{== 0 m a moving continuum (liquid or gas) Then the motion 
oan bo 1epiesented by threo functions 


w= xa, b, ¢, ), 


y= y(a, 5, ¢, 0), 
w= 2a, b, 6, t), 


or in terms of & postion vector a = x(a, b, 0, t) Velocity and 
acceloration are given by the derivatives with respect to the 
timo 4 'Shus tho velocity vector 1s 4 with compononts a, y, 4, 
and tho acocloralion vector 18 x¢ with components a, ¥, 2, all of 
which appear as functions of the inrtial position (@, 6, ¢) and the 
parameter t Jor each value of ¢ wo have a transformation of 
tho co-ordinates (a, b, c} belongmg to the different points of the 
moving contimuum into the co-ordinates (w, y, 2) at the time ¢ 
This 1s the so-called Lagrange representation of the motion 
Another represontation introduced by Euler 1s based upon the 
Imowledge of throe functions 


ulm, y, 2 t), v(a, y, %, t), wa, ¥, 2, t) 


ropresenting the components #, y, 4 of the velocity % of the motion 
at tho pomt (a, y, 2) al tho time ¢, 

In order to pass from tho first representation to the second 
wo havo to use tho first representation to calculate a, b, o as 
functions of a, y, 2, and ¢, and to substitute these expressions m 
the expressions for da, b, ¢, 4), y(a, 5, ¢, t), aa, 6, «, t). 


ula, y, 2 ) == wf{ala, y, 2, 2), bla, y, 2, t), o(@, y, 2, 8), t}, &o. 
Wo then got the components of the acceleration from 
(a, b, 6, t) = ufala, b, 6, £), y(a, 8, 6, t), 2(4, 5, o, t), t}, &o, 
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as follows: 
C= Ut + Uy -- uz-b uy, &e, 
or 
BE Ugth 4 yD th,td b tty, 
Y= Uyls + Vy 4 VW + Uy, 
== Wy - Wy + ww ++ Wy 


Tn the mechanics of a contmuum the following equation con- 
necting Wuler’s and Lagrango’s representations 1s fundamental 


div 2 = Ug Vy + W, = ing 
where 

O(e, y, 2) 
O(a, b, o} 


is the Jacobian characterizmg the motion, 

The reador may complete the proof of this and tho corre- 
sponding theorem in two dimensions by usmg the various rules 
for the differentiation of mmplicit functions. 


Dla, y, 2, 8) = 


5, TANGENTIAL REPRESENTATION or A Crosmp Coryn 


A famuly of atraight lines with parameter a may be given by 
xoowa-+ ysna—~pa)=0,, . (1) 


where p(a) denotes a function which 18 twice continuously ditto - 
entiable and periodic of period 2 (a so-called tangential funchion), 
The envelope 0 of these lines 18 a closed curve satisfying (1) and 
the fmther equation 


—v sina -{- ¥ cosa —~ p’(a) = 0, 
Hence 
&= p cosa — oe (2) 
y=psma-+ p' cosa) ” ae 


18 the parametric representation of O (a being the parameter) 
Formula (1) gives the equation of tho tangents of O and 18 referred 
to as the tangential equation of O, 
Since 
w= —(p + pea, yf = (p-+ p") cosa, 
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wo at once have the followmg expressions for the length £ and 
area A of 0 


L= il “(p+ p")da = [pae, 


&n Qn Qn 
A=4f (ey —yo\da=4f(p+p")pda= sf (p*—p") da, 


since (a) 18 also a function of period 2x * 
Trom this we deduce the isoperimetiie mequality 


IP = dn, 


where the equality sign holds for the circle only, Tlus may also 
be expressed by the statement among all closed curves of given 
longth the circle has the greatest area 

Tor the pioof we make use of the Fourier expansion of p(a) 
(Vol I, Chap. [X, p 447), 

pla) == a+ & (a, cosva + b, sinva); 
y= 

then, 


® 
p'(a) = X v(b, cosva — a, sinva), 
pad 


so that (usmg the orthogonalrty relations of Vol. I, p. 438) we hava 


9 a 
a7 (3 ot at +09). 
2 2 ped 
Thus — 
Tag =! 
As 4 dat 


2 a 
m porticular, 4 ao only of a,b, 0 for v2, Lo. 
aT 
pla) = a+ a, 008a- b, sma; the latter equation defines a 
circle, as is easily proved from (2) 


*Binoe p(a)-+o is obviously the tangential funotion of tho parallel curve at 6 
distance o from O, tho formule for tho area and tho longth of a parallol curve 
(of, Vol. I, p, 201, Mx, 22, and p, 563) are easily derived from these exprassions, 


CHAPTER IV 
Multiple Integrals 


The idea of diflorontiation and the operations with denvatives 
in the case of functions of several variables oc obtained almost 
mmediately by roduction to thar analogues for functions of one 
variable As .egards integration and 11 relation 40 differentiation, 
on the other hand, the caso of sovetal vauables 1s more Involved, 
since the concept of integral can be genoralized for functions of 
several variables in a varioty of ways In this chapter wo shall 
study multiple mtegrals such as wo have already met in Vol, I, 
Chap. X (p. 486) In addruon to theso, however, wo have also to 
consider the so-called lime mtograls in the plano, and surface 
integrals, as well as line mtegrals, in threo dimensions (Chap. V, 
p. 343) In the ond, howevor, it is found that all questions of 
integration can bo reduced to the onginal concept of the integral 
in the case of one indopondent variable, 


1. OrnprnAry Invegratsa asd Punorons or A PARAMETER 


Bofore wo study the now situations which arise with functions 
of more than ons variable, we shall discuss some concepts which 
are directly rolated 10 matters alroady familiar to us. 


l, Examples and Definitions, 


Tf f(m, y) is a continuous function of # and y m the rectangular 
region a Se 8, aS y Sb, wo may m tho fist mstenco think 
of the quantity @ os fixed, and we can then integrate the 
function f(#, y), which is now a function of y alone, over the 
mtervala Sy Sb Wo thus ozrivo at the oxpression 


f fe vey, 


which still depends on the choice of tho quantity a In a sense, 
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thesfore, we mao considermg not an mtegral but tho family of 


b 
iniLograls f I(x, ydy which we obtam for dileront values of a, 


t 
Tas quantiy, whieh is kept fixed duimg the mtogration and to 
which we can assign any value m 1s interval, we call a parameter. 
Gur ovdmary wéegral therefore appears as a function of the para- 
mnecler wt 
Jnteyials which aio functions of a paramoter frequently 
occur 1 analysis and 148 applications 


“hua, aa tho aubstibulion ay = wv readily shows, 


i aidy sa ro HN, 
o Wil — ay?) 


Aynin, in intoyrating tho gonoral power function wo may rogard tho indox 
8 & prinoler and wiile accordingly 


1 nd 1 
f Y Y= oe 1’ 


whoro wo assume that > Le 


[f wo roprosont tho region of dofimtion of the function /(@, y) 
geometrically, and make 
y the paiallol to the z-axis 
R corresponding to the fixed 
value of @ intersect the 
rectangle as m fig J, thon 
wo obtam tho function of 
y which 18 40 be integrated 
by considormg the values of 
0 tho function f(a, y) a8 4 
cen = emnnnnnnnnemrnnnnete, function of y along the line 
Lig + of intersection 4B, Wo 
may also speak of inLograt- 

ing tho function f(w, y) along the segment AB 
Thia geomotrical point of view suggests a gonoialization If 
tho region of definition R in which tho function S(@ y) is con- 
aidorod, 18 nob 8 rectangle, but instoad has the shapo shown In 
fig. 2 (that 1s, if any parallel to the y-axis outs tho boundary 11 
ab most two ports), thon for a fixed valuo of » we can. again 
integrate tho valuos of tho function f(a, y) along the lme AB m 
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which the parallel to the y-axis intersects the region of definition 
Rk. The mitial and final pomts of the interval of integration 


J 


e 


Fig 2 


will themselves vary as 2 varies In othor words, we have 10 
consider an integral of the type 


Mig) 
f f(@, y)dy = F@), 
W(x) 


that is, an mtegral with the variablo of mtegration y and the 
paramotor x, in which tho parameter occurs both in the mtogrand 
and in tho limits of mtogration 


Tf, for example, tho rogion of dofimtion 18 a arolo with unit radius and 
centre the origin, we shall have to considor mtogials of the type 


1 V(x) 


f(x, y) dy 
f =A (Lat) 


2, Continuity and Differentiability of an Integral with respect to 
the Paramater, 


Lhe unteqn ab 
b 
F(a) = f fle, y)dy 


48 @ continuous function of the parameter x, of I(x, y) 43 continuous 
wn the regton im question 
Por 


F(x -- h) — F(a) 


[Flo-+ 4, —Ho may) 
<f \fo+hyn—fenla 
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Tn vutue of the (wnform) continuity of f(x, y), for sufficiently 
small valucs of & the integrand on the ght, considered as 
function of y, may be made uniformly as small as wo plcase, 
and the statement follows rmmediately In particular, therefore, 
we can integrate the function P(x) with respect to the parameter 
% between the hmuits a and f, obtamng 


[Pe ae= "(J fe. nay) ae 


The integral on the mght we also wrrte in the form 
p pb 
[ [fenuyan; 


wo call 16 a repeated ategral or mulivple mtegral (in this case a 
double integral), 

We now investigate the possibility of differentiating F(@) 
In the fust place, we consider tho case where the lmuts are 
fixed and assume that the function f(a, y) has a continuous 
partial derivative f, throughout the closed rectangle R It is 
natural to try 10 form the «-demvative of the intogeal in tho 
following way, mstead of first mtegratmg and then differentiating 
we reverse the order of these two processes, that 18, wo first dif- 
ferentiate f with respect to v and then integrate wrth respect to ¥ 
As a mattor of fact, the followmg theorem 19 tuc 

If in the closed rectangle anSxSf,aSy Sb the function 
{(x, y) has a continuous derivatwe unth respect to x, we may dif- 
ferentiate the untegral with respect to the parameter under the mntegr al 
sign,* that rs, fa SxS B, 


b 
£ Fe) = éf fle, y)dy= 7 "tele, y)dy 


* Trom this wo obtain a simple proof of the faot, which we have already 
proved (Chap II, p 56), that in tho formation of the mixed donvative of 
a funotion g(a, y} the order of differentiation can be changed, peer ( “that 
Gey 18 continuous and g, exists Tor if we put f(z, y) = 9,{% y), we have 


¥ 
g(a, y) = glx, a) + f F(x, dy. 


Since f(z, y) bas a continuous derivative with respect to # in tho rectangle 
asses peasy sb, it follows that 


¥ 
Gay = Pola, a) 3 q Fults dys 
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Proof If both # and @ -- h belong to the intervala Sa < 
We can wre = 


b 
Pla -+-- hk) — Pa) = i} f@-- h, y)dy ~ | “Fle y)dy 


4 
- f {fle + h, y) — Sle, y)}dy 


Since wo have assumed that f(2, y) 1s difterentiable, the mean 
voluo theorem of the difterential caleulus m ats usual form 
gives * 

f(@ + hy y) — fle, y) = hfe + Oh, y), O<O<1 


Mouoovor, sinco the derivative f, 18 assumed to be contmuous mn 
tho closed region and therefore uniformly contmuous, the absolute 
valuo of tho difference 


Fale t- Oh, y) — Fol®, ¥) 


is less than a postive quantity « which 1s mdepondent of # and 
yand tonds to vero with # ~Thus 


Bla h) ~ Fe)’ 
aaa arias = Fw, y)dy 


b & & 
[feet Oh, yay ~f flo vay] sf cay = e0— 4) 


Tf wo now let & tend to zoro, ¢ also tends to zero, and the 
relation 


— 
am 


hes b 
lim Fw + h) — F@) ed : fale, yay = F(a) 
hi->0 h a 
at once follows, our statement is thus proved 

Tn a similar way wo can establish the contunnty of the integral 
and tho zulo for diferentiatang tho integral with respect to a 


and thorefore 
fyn f alts ¥) 
In tho samo ways Joy @ fe(%s Uy and therefore fey = Mye 


duscontinu 
*TToo the quantity @ depends on y, and may even vary a 
ously with y ‘This dos not matter, for by tho equation f,(~ F . ¥) 
WH fle thy ao Le ») wo pee at once that f,(v + 8h, y) 18 & contumucnR 
funolion of ¢ and y, and is therefore integrable 
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parameter when the parameter occurs in tho lms, If, for 
exemple, we wish to differentiate 


hal) 
He)=[" fos wdy 


we staré with the expression 
2 
= [Flo dy = Ou, »,2), 
if 


where w= y,(a), v= (2) Here wo assumo that y¥,(v) and 
g(t) have continuous derivatives with respect to « thoughout 
the mterval and that f(a, y) 18 continuously difterentable (cf. 
p. 62) m a region wholly enclosing the region 2 By the chain 
rule we now obtain 

sj OD du , 0b dv 

f = ~ y # 

ee mat onda t We ie 
If we apply the fundamental theorem of the intogial caloulus 
(Vol. I, p, 111), this gives the formula 


Pra)= J ec y)dy — oa! a) lr alo)) Fa ea) f(t, a2), 


Thus uf for #(%) we take the function 


P(x) = fein oy)ay, 
we obtam : 
ae = ik y cos (ry) dy -+ sm (2), 
Tf we take 


1 asdy 
F(a) =f J — eaty’) = O10 51n.®, 
ve obtain the relation 
1 dy I 
7 iy a ey rR 

me i J — aby” Vl = al 

as the reader can verify direotly. 

Other examples are given by the integials 


Fle) = [P= DP" pea, 


Fe) =f “Flu)ay, 
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whore 21s any positive ntoge: and f(y) 1 a continuous function of y only 

m the interval under consideration, Simeo tho expression ausing fom 
differentiation with 1espeot to the upper nut # vanishes, the rule gives 
us 


Pyf{a) = Fya(t) 
Since F'y’(#) = f(x), this at once gives 
F049) (00) = fa). 
Therefore F,(a) 13 tho funelion whoso (7 -+ 1) th derivative is equal to 
f(a) and which, togethor with it first » derivatives, vanishes when 1 = 0, 
it a1ises from /’,,_,(#) by integration fiom 0 tow Heneo J’,,(7)1s the function 


which 18 obtamed from f(x) by mlegiating 2 -}- 1 times betweon tho limits 0 
and #. Thus repoated mtogration can thorefore bo replaced by o singlo 


integration of the function ——_-— bs <I f(y) with respoot to y. 


The rules for opeai eas an mtogral with respect to a 
parameter offen romain valid oven when differentiation under 
the integral sign gives a function wlich 1s not contmuous every- 
where In such cases, mstead of applying general citeria, 16 18 
more convenient to veuly whether such a diflerentiation 18 per 
missible in cach special case, 


Ag an oxample wo considor the olliptio mtogral (of Vol. I, p. 243) 


it is 
Hi  yrsmrceay Ose 


The funotion 


J 
laa V (1 — a) (1 — Ba) 


18 discontimuous abv = +1 and ata == —1, but tho mtogral (as an improper 
integral) has a meaning JPormal differentiation with respect to the para 


meter & gives rr tated 
Fa: ba? dee 
a0) =f. Vi — 2) (1 — Hare 


To investigate whether this equation 18 correct, we repeat the argumont 
by wiuch wo obtamed our differentiation formula, Tis gives 


Fib+hy— Fk) pth (he Ohad 
“>F =| Fallot Oe, we) =f. (1 — a) (L— (h-- Ohya)" 


Tho difference between this oxpression and tho integral obtained by formal 
ee 13 


= k -} ah h 
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We must show that this integral tonds to zero with &, For this purposo 
we maik off about & an mierval 4, S14 Sh, nob contanmg tho values 
-+-1, and we choose # so small that 4 -+ 04 hes m this mtcival The 
function 


een 
V/(1 — Ia238 


w continuous in the closed remon —1 42% S1, ky SAS My, and is thero- 
fore unformly continuous The difference 
k +- Oh h 


Vi (b+ Oe 4/1 — 1a) 


consequently remains below a bound ¢ which 1s indepondent of a and 4 


and which tends to zero with # Hondo tho integial A also remains less 
in absolute value than 


where Af 18 a constant mdependent of e That 1s, the integral A tends to 
zero as h does, which 18 what we wished to show. 

Differentiation under the integral sign 13 therefore permissible in 
this caso Sumular considerations lead to the required result in ofhor 
cages, 


Improper mtegials with an infinite range of integration aro discussed 
in the Appondi« to this chapter, § 4, p 307, 


HXAMPLES 
1, Evaluate 


1 
Py) = ff aH log w +1) de. 
0 


2 Lot f(x, y) bo twice continuously diflorentiablo, and lot u(r, ws 2) 
be defined as follows 


Qar 
u(%, if, 2) = f f(z + 20089, y + zsing)do 
Prove that 
% (Ungy  tyy —~ Ugg) ~~ te = 0. 
3%, If f(w) 18 twice continuously differentiable and 
1 rt o=8 
ue d= gq f Met nee) Fay (> dD 


prove that 


p—l 
May Uy Te Wye 
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4, Tho Bessel funotion J,(%) may be defined by 


+1 
Fmt f slau 
rJ~1 V(1— B) 


Prove that 
yd + aig + J = 0 


5, For any non negative integral indox ” tho Bessel function J,,(a) may 
he defined by 


att 


EL 
J,,(0) = U8 vin = Ds ae eA : cos7t (1 — £)"-h de, 
Prove that 
1 ne 
(a) J, +- . J! + ¢ = =) Jy, = 0 (zn = 0), 
(0) Tapia = Fg Wp! (n & 1) 
and Jy = J 


2. Tum Intearat or a Continuous Funcrion oven A 
REGION OF THH PLANT oR or Spacr 


1, The Double Integral (Domain Integral) as a Volume. 


The first and most impoitant generalization of the ordinary 
integral, like the ordmary mtegral rtwelf, 1s suggested by geo- 
metiical inturtion Let 2 be a closed region of tho ay-plane, 
bounded—as we assume all along—by one or more ares of curves 
with continuously turning tangenis, and leb z= f(a, y) be a 
function which is continuousin # We assume im the first mstance 
that f is non-nogative, and represent 1b by a surface m wyz-space 
vertically above the region 2 We now wish to find (or, more 
precisely, to define, since we have not yet done so) the volume V 
below the surface This has been done in dotail for rectangular 
regions in Vol, I, Chap X (p 4886), and, moreover, the case is so 
similar to that of the ordmary mtegral that wo feel justified in 
mentioning it somewhat briefly here The student will seo at once 
that a netu.al way of arriving at this volume 1s to subdivide R 
into NV sub-regions &,, 2,,. ., Ry, each having boundaries that 
are sectionally smooth (p 41), and to find the greatest value M, 
and the least value m, of f m cach region &, The areas of the 
regions 22, we denote by AR, On each region R; as base we con- 
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struct a cylmdor of altstude 1, ‘This set of cylinders completely 
encloscs the volume unde: the swlace Again, with cach region 
FR, as base we construct a cylmder of altitude m, and hence 
with volume m,AR,, these cylmdes le completely withm the 
volume under the surface Then 


Sim, AR, S V SEM, AR, 
1 1 


These sums Lm,AR, and UM,AR, we call the lower and wpper 
sums respectively, 

If we now make our subdivision finer and finer, so that the 
number NW increases beyond all bounds, while the greatest dia- 
meter of the 1egions A, (that 1s, the greatest distance between 
two points of 2?,) at the same time tends to ze10, we seo mburirvoly 
(and shall later prove rigorously) that the upper and lower sums 
must approach one another more and more closely, so that the 
volume V can be regarded as the common lumt of the upper and 
lower sums as N tends to oo 

We can obviously obtam the same limiting value if insicad 
of m, or M, we take any number between m, and J1,, og f(a, Ys); 
the valuo of the function at a pomt (am, y,;) im the region 2B, 


2, The General Analytical Concept of the Integral. 


These concepts suggested by geometiy must now bo studied 
analytically and made more precise without direct reference to 
mtwtion We accordingly proceed as follows We consider a 
closed 1egion R with area AR, and a function f(x, y) which is 
defined and continuous evorywhere in 2, cluding the boundary, 
As before, we subdivide the region by sectionally smooth axes * 
into N sub-regions 2, R,, .., Ry with areas AR. ., ARy 
In &, we choose an arbitrary poimt (&,, 7,) whero the function 
has the value f; = f(&,, 4) and we form the sum 


Vy = Sf, AR, 
1 


The fundamental theorem 1s then as follows 
If the number N anereases beyond all bounds and ai the same 
*T9 arca which are given in o suitable co ordmate system by an equation 


y = d(a), where ¢ 18 a continuous function whose derivative is continuous oxcopt 
for a finite number of jump discontinuities (of. p 41) 
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tyme the greatest of the drameters of the sub-regions tends to zero, 
then Vy tends toa lamt V Thos lumut 13 dependent of the par- 
hreular nature of the subdwnsion of the regions R and of the chorce 
of the pont (&, »,) m RB, The lumat V we call the (double) wtegrat 
of the function f(x, y) over the region RB an symbols, 


f Lf nas. 


Corollary We obtam the same Inuit if we take the sum 
only over those sub-cgions R, which ho onturely m tho mtorr 
: - that 18s, which have no points 1n common with the boundary 
0 

This existence theorem for the integral * of a continuous 
function must be proved m a purely analytical way. The proof, 
which is very snuilar 40 tho corresponding proof for one variable, 
18 given mm the appendix to this chapter (p, 293) 

We shall now illustrate this concept of an mtegral by considen- 
Ing some special subdivisions, The simplost case is that m which 
Kis a rectangl ab, oy <d and tho aub-cgions R, 
are also rectangles, formed by subdividmg the z-mtorval mto 
m equal parts and tho y-interval mto m equal parts, of lengths 


ie 8 and p20 % 
n m 


The pomts of subdivision we call ay = 4, #1, Gg) +. %, = band 


* We oan rofino this theorom furthor in a way whioh 1s useful for many 
purposes In tho aubdivision into N sub regions 1t ia not necossary to choose a 
value which is actually assumed by tho function f(a, y) ab a dofinito point 
(1 9,) of tho corresponding sub rogion, it is sufficiont to choose valuos which 
differ from tho valueg of the function f{ £5 9) by quantitios which tond uniformly 
to zoro 48 the subdivision is made finct In other words, instead of the values 
of the function f(¢,, 9) wo can considor the quantities 


fea Fko md + ax 
where | ¢ y| < ew» jim ¢y = 0. (The numbor ¢, y is theioforo tho difference 
—>H 


between the valuo of the funotion at o point of the + th sub region of the sub 
division into N sub rogions and the quantity f, with which we form tho sum ) 
This theorom 1s almost trivial; for, since tho numberg ey, (ond uniformly to 
zoro, tho absolute value of the differonce between tho two sume 


By, An, and Ef + ey, WAR, 


is lesa than ey DAR; and can be made as small as wo ao if we take the 
number J suffloiently largo, Tg if wo havo {(m, y) = P(e, y) Q(x, y) we may 
take fy = PQ, whoie P; and Q; are the maxima of P and Q in R, which aro 
in geneial not assumed at the samo pomt. 

(8912) 9 
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Yy =O; Yas Yor » Ym== 4 respectively, and through theso 
points we diaw parallels 1o the y-axis and the a-axis 1espectively, 
We then have N = nm, All the sub-regions are rectangles with 
aren AR, = hi = Aahy, 1 we put h= Aw, k=: Ay For the 
point (¢,, ,) we can take any pomt m the corresponding reot- 
angle, and we then form the sum 


af é, 1) AwAy 


for all the rectangles of the subdivision 

If we now let » and m simultaneously mcorease beyond all 
bounds, the sum will tend to the mtegral of the function f over 
the rectangle FR, 

These rectangles can also be characterized by two suffixes 
pw and y, corresponding to the co-ordmates w= a-+ vk and 
y= o-+ ph of the lower left-hand coinor of tho rectanglo in 
question Tere v assumes mtogral values from 0 to (#— 1) and 
pw from 0 to (m—1) Wrth this identification of the rectangles 
by the suffixes vy and y we may appropriately wirte the sum as 


a double sum * 
nol m1 


2 FE» n,)Awdy 
v=Q p=0 
Even when £# is not a rectangle, 16 18 often convenient fo 

subdivide the region mio rectangular sub-regions R, To do this 
we superpose on the plane the rectangular net formed by the 
lines 

e=vh (v=0,+1,4+2, 3) 

y=pk (w=0,+1,42,..), 


where and /% are numbers chosen arbitrarily We now consider 
all those rectangles of the division wluch he ontircly withn F 
These rectangles wo call 2; Of course thoy do not complotoly 
fill the region, on the contrary, in addition to these rectangles R 
also contains certain regions R, adjacent to the boundary which 
are bounded partly by hnes of tho net and partly by portions of 
the boundary of 2 But by the corollary on p 225 we can cal- 
culate the integral of the function f over the region # by summing 
over the interior rectangles only and then passing to tho limit, 


* Tf wo ate to write the sum im this way, wo must suppose that the poinla 
(£4 4) ave chosen so as to he in vertical or horizontal straght lines, 
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Another type of subdivision which 1s frequently applied 1s 
tho subdivision by a polar co-ordinate net (fig 3) Let the ongm 
O of the polar co-ordinate system lie in the interio1 of our region 
Wo subdivide the entire angle 27 mto » paits of magmtude 


Tig 3 —-Subdivision by polar co ordinate nets 


A@ == 2n/n = h, and we also choose a second quantity & = Ar, 
Woe now draw the lines 0= vh(y==0,1,2,.  ,%-~ 1) through 
the origin and also the concentric cnoles 7, = pk(i = 1, 2,. .) 
Those which he entirely in the mteuor of R we denote by FR, 
and thoi, a1cas by AR, Woe can then regard the integral of the 
function f (2, y) over tho region FR as the lmut of the sum 


uf (€4 n)AR, 


where (£; 7) 18 & pomt chosen arbitranly m #, The sum 1s 
takon over all the sub-regions R, in the mieuor of 2, and the 
passage to the mit consists in letting 4 and / tend smmultancously 
to zoro 
By clomontary geometry the area Alt, 18 given by the equation 
AR, = £(0% 4.4 — 12h == 324 + DPA, 


if wo assume that 2, lies m the 1mg bounded by the circles 
with radii pk and (u ++ 1h 


3 Examples, 


Tho sumplost examplo 1s the funotion f(., y) = 1 Hero the lunuit of 
tho sum 38 obviously indepondont of the modo of subdivision and is always 
equal to the area of tho region 2 Consequently, the mtogral of the function 
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f(a y) = 1 over the region 18 also equal 40 this arca ‘This might have been 
expected, for tho inteyial 18 tho volume of the oylinder of unt allatuds 
with the region 2 as base, 

Asa futher oxample we consider the integral of the function f(z, y) = % 
over the squas OSa@S1,0Sy%S51 Tho intuitive mieiprotation of 
the integral as a volume shows that the valuo of our intogral must bo } 
Wo can verify this by means of the analytical dofimtion of the integral 
Wo subdivide the rectangle into squares of side k= 1/n, and for tho 
point (&, %,) we choose the lowe: left-hand corner of the small squaro, 
Thon each one of the squares in the vertical column whoso left hand 
side has tho absowsa vi contiibutes tho amount vi to tho sum. = ‘T'lus 
expression occurs z timey Thus the contubution of the whole column of 
squaies amounts to nyh' == vk? If wo now form tho sum from v= 0 
to y= 2— J, we obtam 


The unit of this expression as 4 —> 0 18 4, a3 wo stated. 

In a similar way we can integrate the product ay, or more genorlly 
any function f(a, y) which oan be represented as a product of a function of 
w and a function of y in the form f(r, y) = p(w)(y), provided that the 
region of intogiation 1s a rectangle with sides parallel to the axes, any 


asa), 
osy sa 
We uso the same division of the rectangle as on p 225, and for tho vaiuo 


of the function i each sub-rectanglo we take the value of the function 
at the lower left hand comer ‘Tho mtegral 1s then the limit of the suin 


a mond 
hh YX O(vh)p(uk), 
v=0 p= 
which may also be written as the produot of two sums m the form 
a1 m1 
{SE hevm} {"S gua), 
yea Q peor 


But m accordance with the defimtion of the ordinary mtegral, as 4 ~> 0 
and & -> 0 each of these factors tenda to the mtegral of the corresponding 
function over the mterval from @ to b or from o to d respectively We 
thus obtain the genoral rule +f a function f(x, y) can be represented as a 
product of iwo funciions o(x) and (y), ats double wiegral over a rectangle 
1SxSb,oSysd can be resolved into the product of two wmlegrate, 


fi ff fle, y)dedy = f “ltd. f “wuddy 


In virtue of this rule and the summation rule (of, p. 231) we oan, for 
example, integrate any polynomial over a rectangle with sides parallel to 
the axes, 
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As o lasl oxample wo consider & case in which 16 13 conveniont to use 
a subdivision by tho pola co o1dmato not stead of a subdivision into 
rectangles Lot the region & bo the circle with unit radius and centre the 
origin, given by 2 -+ 48 <= 1, and lot 


Se, y) = 6/1 — 28 ~ 9%); 


in othe, words, wa wish to find the volume of a hemisphero of unit radius, 
We constinot the polar eo ordinato not as bofoie Tom tho sub 
region lying between the ouoles with iadn 7,== pk ond 1, 5 1= (¥-F 1)k 


and betweon tho limes 0 == vk and 0 = (v-- 1k (1 ae ) wo obtain tho 
contuthution : 


if Ta trck tay? segs 
where for tho value of the function im tho sub region FR, we have taken 
the value which the function assumes on an mtormodiate curele with the 


r * 
radius p, = Tocbh Tf All sub-regiona which he in the samo 1mg givo 


the same contribution, and since thoro are n= 2n/h such regions the 
contribution of the wholo ing is 


2m 4/1 — On" pyhs 


The mtegial 1s thereforo the hmxt of the sum 


mol itertemire 
Zan VI — 0,2 ouhs 
B=0 


and, as we alieady know, this sum tonds to tho singlo integral =< 
Berea manera | 
an f r/1— dr = — 28 Ta rip ya 
0 8 0 8 
we therefore obtain 
ae V1 a yds = * 
R 
in agreement ‘with the known formule for the volume of a sphore. 


4 Notation, Extensions. Fundamental Rules, 


Tho rectangular subdivision of the region F 18 associated with 
the symbol for the double integral which has been in use since 
Loibnitz’s time. Starting with the symbol 


nL yl 


py ae (Ey 14) Awdy 


y=0 pe 
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for the sum over the rectangles, we indicate tho passage to tho 
lit, from the sum to the integral, by ioplacing the double 
summation sign by a doublo mtegial sign and wuting the symbol 
dx dy mstead of the p oduct of the quantities Av and Ay Accord- 
ingly, the double mtegral 1s frequently wrriten m tho form 


| f Fe, y)dady 


msteacd of in the form 


ff fe. nas 


m which the area of AR 1s 10eplaced by the symbol dS Wo again 
emphasize that the symbol dedy docs not mean a produet, but 
meiely refers symbolically to tho passage to the limit of tho 
above sums of nm terms as 2 > co and m —> 0 

It 1s clear that m double integrals, just asin ordinary integrals 
of a single vauable, tho notation for tho “ variables of integra- 
tion ” 1s immaterial, so that we could equally well have writton 


[Fee odudo or ff M8 n)dbdy 


In miroducimg the concept of integral wo saw that for a 
positive function f(z, y) the micgial represents the volume under 
the surface <= f(x, y). In tho analytical dofimition of integral, 
however, 16 18 qmte unnecessary that the function f(x, y) should 
be positive everywhore, 11 may be negative, or 1b may change 
sign, in which last case the surface mteisects the region R Thus 
in the genezal case the integral gives the volume m question with 
a defimte sign, the sign bemg positive for surfaces or porlions of 
surfaces which lie above the #y-plane Ifthe whole of tho surface 
corresponding to the region # consists of soveral such portions, 
the integral represonts the sum of tho comesponding volumes 
taken with their proper signs In particular, a doublo intogral 
may vanish although the function undor tho integral sign docs 
not vanish everywhere 

For double integrals, as for smgle mtograls, tho followmy 
fundamental rules hold, the proofs bong a smplo ropotition 
of those m Vol. I (p 81) If cis a constant, thon 


| fete, y) dS = ff fe, yas 
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Also, 
[[uen+demas=ff foonas+ ff se, nas, 


that 1s, the wmtegral of the sum of two functions ts equal to the sum 
of then two integrals Timally, uf tho region 2 consists of two sub- 
regions RF’ and R” that have at most portions of the boundary 
In common, then 


[fsonas=ff ro, nas+f f fe nas, 


that is’ when regions are jouned together the corresponding entegrals 
are added 
5, Integral Estimates and the Mean Value Theorem. 


As m the case of one independent variable, there are some 
very useful estimation theorems for the double mtegral Since 
the proofs are practically the same as those of Vol I, Chap. II, 
section 7 (p 126), we shall here be content with a statement of 
the facts 

If f(z, y) 2 0 m A, then 


[ff y) dS =. 0, 
h 
amularly, if f(@, ¥) S 0, 


[{feasso. 


This leads to the followmg result, 
Tf the mequalily 


f(@, 4) 2 $l, y) 


holds everywhere wm R, then 
= S. 
[{fonS2f fone 


A direct application of this theorem gives the relations 


[[ fe nas sf [| fo, y)|as 
[ff nas = —f {|r »|as. 


and 
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Woe can also combme theso two mequalities m 2 single formula: 


If [te nas|sf [| se, 9) 4s 


Tf m is the lower bound and M the uppor bound of tho values 
of the function f(a, y) m FR, then 


mARS | f f(a, y) dS s MAR, 


where A# 18 the area of the region 2 The integral can then bo 
expressed in the form 


[[7@ nas = par, 


where 2 18 a number intermediate betwoon m and M, tho exact 
value of which cannot in general be specified more oxactly * 

This form of tho estimation formula we again call the sean 
value theorem of the mtegral calculus. 

Here again the followmg generalization holds if p(x, y) 18 
an arbitrary positive continuous function in 2, then 


| [ve ate nas = wf f ne, yas, 


where « denotes a number between the greatest and least values 
of f, which cannot be further specified, 

These integral estimates show as before that the wtegral 
varies contmuously with the function More picoisoly, if f(a, 4) 
and (, y) are two functions which satisfy tho equality 


| F(a, y) — pa, y) | < ¢, 


Where ¢ 18 a fixed positive number in the whole region R with area 


AR, then the mtegrals ri f S(e, y)dS and if a d(a, y)dS difler by 
R ft 


less than ¢AR, that 1s, by less than a numbor which tends to 
zero with « 

In the same way we see that the integral of a function varies 
continuously with the region For supposo that two regions J’ 
and 2” are obtamed from one another by the addition or removal 
of portions whose total area 18 less than e, and suppose that 

* Just as in the case of continous functions of ono vatinblo, wo oan atate 


that the value 4 18 certumly assumed at some point of the region 2 by the 
contentons function f {% y) 


t 
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J (@, y) is o function which 1s contmuous in both regions and such 
that | f(, y) |< UM, where M 1s a fixed number. Then the two 


integials f i f(a, y) dS and uf A f(a, y)d8 differ by less than Me, 
R vi 


that 18, by less than a number which tends to zero with ¢ 
The proof of ths fact follows at once from the last theorem of 
tho preceding sub-section 

We oan thereforo calculate the integral over a region Zt as 
acourately as we please by takimg rt ovor a sub-region of whose 
total area difters from the area of & by a sullficiontly small amount 
Tor example, in the region R we can construct a polygon whose 
total area diffors by as little as we please from the area of & 
In particular, we may suppose this polygon 10 be bounded by 
lines parallol 40 the 2 and y-axes alternately, that is, 10 be pieced 
together out of rectangles with aides parallol to tho axes 


6, Integrals over Regions in Three and More Dimensions. 


Every statement we have made for integrals over 1ogions of 
the xy-plane can be extended without further complication or 
the mtroduction of new ideas to rogions in threo or moro dumen- 
sions IJfeg we consider the case of the mtegral over a threo- 
dimensional region 2, we have only to subdivide this rogion & 
by means of a finite number of surfaces with continuously varying 
tangent plancs into sub-regions which completely fill # and 
which we denote by 2, 2,,..., Ry It f(@, y, 2) 18 & function 
which 1s continuous im the closed region R, and if (&;,, 4, &) 
denotes an arbitrary pom im the region J, we agam form the sum 


Bi flEs to WAR, 


in which AR, denotes the volume of the iegion R, The sum is 
taken over all the regions R,, or, 1f if 13 more convenient, only 
over those sub-regions which do not adjom the boundary of ZR. 
If wo now let the number of sub-regions increase beyond all 
bounds in such a way that the diamoter of tho largest of them 
tends to zero, we again find a limit independent of the particular 
mode of subdivision and of the choice of the termediate poids 
This hmit we call the ategral of f(x, y, z) over the regoon R, and 
we denote 1b symbolically by 


i; i f f(a, y, 2) dV. 


(g 012) ge 
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If, m particular, we effect a subdivision of the region into 
rectangular regions with sides Aw, Ay, Az, the volumes of the 
inner regions F, will all have the samo value AvAyAz As on 
p 280, we wndicate the possibility of this typo of subdivision and 
the passage to the limit by mtroducing tho symbolic notation 


[[f fe y, 2) dady dz 


m addrtion to the one above All the facts which wo have men- 
tioned for double mtegrals 1emam valhd for triple integrals apart 
from the necessary changes 1n notation. 

For regions of more than three dimonsions the multiple 
integral can be defined in exactly the same way, onco wo have 
siutably defined the concept of volumo for such regions If 
in the first mstance we iestricb ourselves to rectangular rogiona 
and subdivide theso mto similarly oriented rectangular sub- 
regions, and if we further define tho volume of a rectangle 


%S%,54+h, Oy SS Wy SS Ag+ he, a) Oy Sy Sa hy, 


as the product yh, = Ay, tho defimtion of mtogral involves 
nothing new. We denote an mtegral over the n-dimensional 
region & by 


Ef ; f fee Wo, 5 By) At, Ely. = Aly. 


For more general regions and more goneral subdivisions we must 
rely on the abstract definrtion of volume which wo shall give 
in section 1 of the appendix (p 287) 

In what follows, apart fiom section 3 of tho appendix, we 
can confine ourselves to mtegrals nm at most three dimensions. 


7. Space Differentiation. Mass and Density. 


Tn the case of single integrals and functions of one vanable, 
we obtam the mtegrand from the integral by a process of dif- 
ferentiation, talang the integral over an interval of length 4, 
dividing by the length h, and then letting ’ tend to zero, Tor 
functions of one variable this fact 1opresonts the fundamental 
connexion between the differential calculus and tho mtogral 
calculus, and we interpreted 1t intuttively m torms of the concopts 
of total mass and density Tor the multiplo mtegrals of functions 
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of soveral variables the same connoxion exists, but here it 1s 
not so fundamental in character 
We consider the multiple integral (domam integral) 


[ [fe y)dS or [{ [few aav 


of a continuous function of two or moro variables over a region B 
which contains a fixed pomt P with co-ordinates (2, y)—or 
(2, Yoo 2), 88 the caso may be~—and wluch has the content + 
AB, Ii we then divide the value of this mtegral by the content 
AB, 1t follows from the considerations of sub-section 5 (p 282) 
that the quotient will be an intermediate value of the mtegrand, 
that 18, a number between the greatest and the least values 
of the miegrand m tho region. If we now let the diameter of 
the region B about the point P tend to zero, so that the content 
AB also tends to zero, this intermediate value of the function 
f(x, y\—or f(e, y, z)—must tend to the value of the function at 
the pont P Thus tho passage to the hmit yields the velations 


1 
bn . S(e, y) dS =f le, Yo) 


and. 


lim = i 1 if F(x, y, dV = f(@o, Yo, Zp) 


AB~>0 


This lmitmg process, which corresponds to the differentiation 
desciibed above for integials with one independent vauable, we 
call the space dyfferentration of the mtegral We see, then, that the 
space differentiation of a multyple integral gwes the integrand 


Thig connexion enables us to interpret the relation of mtegrand to 
integral in the case of sovelal independent vatiables, as before, by means 
of tho physical concepts of density and total mass Wo think of a mass of 
any substance whatevo. as distributed over a two- or three dimensional 
region 7 in such a way that an arbitrarily small mass 1a contamed im each 
sufficiently small sub region In ordor to define the speorfic mass or density 
at a pomt P, we firat consider a neighbourhood B of the point P with 
contont AB, and divide the total mass in this neighbourhood by the content 
Tho quotient we shall call the mean density or average densrty m this sub 
region If we now let the diameter of B tend to zero, fiom the average 
density im the region B we obtain m the limit the density at the pont P, 


* The word content is used as a general word to molude the idea of longth 
in ono dimonsion, area in two dimensions, volume m three dimensions, and 
so on 
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provided always thet auch a limit oxisis mdependently of the choice 
of the sequence of rogions If we denoto this density by p(w, y)—or by 
u(r, ¥, 2)—and assumo that 16 18 continuous, we sco at once that the procesa 
desorbed above ws simply the space differentiation of the intogial 


J fo y) as, 
Lf f vse Y, 2aV, 


taken over the whole region R This integral takon over the whole region 
therefore gives us the tofal mass of the substance of density (4 mn the 
Legion * P 

From the physical pomt of view such a representation of tho mass of 
a aubstance 1s naturally an idealization ‘That this idealization 1s reasonable, 
10 that 1t approximates to the actual situation with sufficient accuracy, 
is one of the assumptions of physics 

Theso ideas, moreover, retain ther mathematical significance coven 
when (4 18 not positive everywhere, Such negative densities and masses 


may also have a physical interpretation, e g. in the study of the distasbution 
of eleatric charge 


or 


8. Repuorton or tan Murrieie Intmeratu To 
Rergatep Siverm Lyrearars 


The fact that every multiple integral can be reduced to singlo 
integrals 18 of fundamental importance m the evaluation of 
multiple integrals, It enables us to apply all the methods which 


we havo proviously developed for finding indefinite integrals to 
the evaluation of multiple integrals. 


1 Integrals over a Rectangle. 


In the firat place wo take the region Rasa rectanglea Sv & 8, 
aS y S B nthe zy-plane, and we consider a continuous function 
f(x,y)mR In Vol I, Chap. X (pp 490-1) we used a process of 
cutting the volume undor the surface z= f(#, y) mto slices m 
order to make the followmg statement appear plausible. 


* What we have shown horo 1s that the distribution given by tho multiple 
integral haa the same space derivative as tho masa distribution orginally 
given, It remains to be proved that this »mplies that the two distributions are 
actually identical, in other words, that the statemont ‘‘ space differentiation 
gives the density x” oan be satisfied by only ono distribution of mass The 


proof, which 1s not difficult, is passed over here (It closely resembles the proof 
of the Heine Borel so vering theorem } 
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To jind the double untegral of 1(x, y) over the region R, we first 
regard y as constant and mtegiate f(x, y) with respect to x between 
the mis aandb Thus wntegral 


ly) =f Fle, de 


as @ function of the parameter y, and we have then to integrate uw 
between the amis aand B In symbols, 
p b 
[[fens=f{ dom =f fe yd, 
R a a 
or, more broefly, 
fi 
Yd =} dy a, 4) de, 
[ffl a= f dy f fle, 9) 
In order to prove this statement analytically, we 1cturn to 


the definition of the multiple mtegral on p 226 Taking 


hee 04 and k= a— fp 
7 m 


we have 
[ [fe ydS=blm X XY f(a+ ph, a-+ vk)hk, 
R 1pm 
n>» 


> Oo yal po 
t—> co 


where the limit 1s to bo understood to mean that the sum on the 
right-hand side differs fiom the value of the mtegial by less than 
an arbrtiarly small pre-assigned positive quantity ¢, provided 
only that the numbers m and » are both laigor than a bound * 
N depending only on «, By introducing the expression 


O,— 3 f(a +- ph, at vij\h 
pra 


we can write this sum in the form 


a 
x Dh. 
pal 
1 1 
If we now chooso an arbitrary fixod value for e, 6 g 100 a 10,000’ 


* Tho root idea of tho following proof is simply that of rosolving the double 
limit as a and m inorease simultaneously into the two succesatve angle limiting 
processes, frst m— « whon 2 is fixed and thon 7 -> 0 (of, Chap. II, Appondix, 
reotion 2 (p 103)), 
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and for n choose any definite fixed number greator than NV, we 
know that 


# 
| [f{fe y) dS ~kU®,|<e 
R pol 
no matter how large the number m is, provided only that it 1s 
greater than VY If we keep x fixed dunng the liming process, 
the above expression will never oxceed « In accordance with 


the definition of the ordmary mtegial, however, m this hmiting 
process the expression ©, tends 10 the mtegral 


& 
[fe a-+ vk)de = (a+ vk), 
and we therefore obtain 


[{fenas—i IG phe 


For arbitiarily small values of « thia mequahty holdg for all 
values of n which are greater than a fixed number N deponding 
only one If we now let » tond to o (10 let & tend to zo10), 
then by the definition of the single integral and tho continuity of 


i] ie y)dz = dy) we obtain 
inn bE fla + vk) = fy 


n> o v=o 
whence 


p 
[[ fe n@8—f ody) Se 
Since ¢ can be chosen as small as we please and the left-hand 
side 18 a fixed number, this mequality can only hold if tho left- 
hand gide vanishes, 1 e, if 


[Fes nas ~ [dy fe, ya 


This gives the required transformation, 

This result accordmgly reduces double untegration to the per- 
formance of two successwe single integrations The double inten al 
can be represented as a repeated sungle’ mntegral 

Since the parts played by # and y are intorchangeable, no 
further proof 1s required to show that tho equation 
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[ffeo nas= fae f"7¢, nay 


18 also true, 


2. Results. Change of Order of Integration, Drfferentiation 
under the Integral Sign, 


T'rom the last two formule of the preceding sub-section we 
obtam the 1clation 


Boab bop 
[ eyf fe, yydo= f de f fle, yay, 

or, in words’ 

In the repeated wnteqratron of a contenuous function with constant 
lamas of untegration the order of mntegratron can be reversed. 

This theorem can also be stated as follows 

Uf the function f(x, y) 18 contanuous om the closed rectangle, then 
m thas rectangle we can perform the wmtegqration of the witegral 

b 

i f(x, y)dx with respect to the parameter y by wmtegrating with 


a 2 
sespect to y under the wmtegral sign, that 1s, by mteqiatung first with 
respect to y and then unth respect to x. 

This theorem corresponds oxactly 10 the 1ule for the differen- 
tiation of an integial with respect 10 a paramoter (cf section J, 

219), 
: We obtain o further result if we regard one of tho above 
hmits, say b, as a variable parameter Wo can then differentiate 
the double mtegral with respect to this parameter, by the funda- 
mental theorom of the differential and intogral calculus we obtam 
the result 


Ef [po waedy =f Fs nay 

Similarly, if we regard 8 as a vaiablo paramoter we obtain 
Ef fo. vaedy =f flo, Bae 

Finally, from the two equations we obtain 
ssa | LL dody =I B 

by ropeated differentiation. 
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In other words: 


Differentiation of the mtegral with respect to one of the upper 
hauts leads to an ordinary integral over the corresponding side of 
ihe rectangle, maced dhfferentration with respect to the two upper 
lamtts qaves the wntegrand at the cor esponding corner of the rectangle * 

Lhe theorom on the change of order in intogration has many 
applications In particular, it is frequently used im tho expheit 


calculation of simple definite integrals for which no indefinite 
imtegral can bo found, 


As an example—for further examples seo tho appondix, seotion 3, 
pp, 318-6—we consider the mtogral 


Oe pb 
I= { es da, 
0 # 
which converges for a> 0,b> 0, We can express J as a repeated integral 


in the form 
00 b 
In { de { e-*Y dy, 
eat) 


In this ampiopor repoated mtegral we cannot at once apply our theorera 
on shango of order if, however, we wiilo 


. nb 
= ay 
i=hm : dy iE e-"v dy, 


Daten 
by changing the order of mtegration we obtam 
bY ent b ban TV 
f= lim us dy = log - — km f er) 
My» oda bh tmpoda ¥ 
Sinoe m virtue of the relation 
7] ety P ev? 
err eee ra 
a ¥ to ¥ 


the second integral tends to zero as 7" mnoreases, wo have 
% p-AM _. pba 
[= f Titel i da= tog? ’ 
o % a 


In a similat way we can prove the following gonoral theorom* if f(é) is 


ca 
sectionally smooth for ¢ = 0, and if tho mntegral 1) 0 dt oxiate, thon 
1 
+) 
— J (ae) — fbx) a b 0,4 >0 
I= f ee de = f(0) log = (a> , b> 0). 


«Tho ronder'’s attention may be drawn to tho connexion botweon this 
formula and the theorem on change of order of differentiation (of. P 55), he 
should investigate for himself to what extent the two facta aro equivalent, 
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For here wo can again express tho single mntogral as a repeatod integral 
ad & 
i= if ds i f(ay)dy 
0 b 
and change the order of mtegration 


3 Extension of the Result to More General Regions. 


By a smple extension of the results aleady obtamed we 
can prove that our result holds for regions more general than 
tectangles Wo begin by considering a convex region R, that is, o 
Tegion whose boundary curve 1s not cut by any straight lime 
m more than two pomts unless tho whole straight line between 


y 


LL GaLy 


Fig }——-General canyex region of integration 


these two points is a part of the boundary (fig 4) We supposes 
that tho region hes botween tho “ limes of support” (cf, ox. 1 (6), 
p 100) s=%, c= a, and y== yy, y= y, Tespectively, Simcoe 
for pomts of & tho a-co-ordinate les in the terval % Se Ss a, 
and the y-co-ordinate in the mtorval yy) Sy Sy, we consider 
the integrals 


and 


which are taken along the segments in which the lines y = const, 
and # = const respectively intersect the region. Tore ¢a(y) and 
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¢,(y} denote the abscissee of the pomis in which the boundary 
of the region 1s mntersected by tho lime y= const, and yp(z) 
and ,(#) the ordinates of the pomts in which ne poDneeey 18 


intersected by the hnes a= const The integral [r i, (x, y)dm Is 


therefore a function of the parameter y, where “the parametor 
appears both under the mtegral sign and in the Upper ad lower 


hmits, and a simular statement holds for the integral ie 7 x, y) dy 


Gs 
as a function of a The resolution mto repeated integrals 1s then 
given by the equations 


J [te nas= fay fH, nae 


To.prove this we first choose a sequence of points on the are 
y= ¥,(x), the distance between successive pomts bemg less than 


Fig 5 


@ positive number & We join successive points by paths each 
consisting of a horizontal and a vertical lne-segment, lying in J. 
The lower boundary y= ,(z) we treat similarly We thus 
obtain a region Rin R, consistmg of a finite number of rectangles, 
The boundary of # above and below 14 represented by sectionally 
continuous functions y= ¥,(2) and y-==4,(e) respectively 
(of. fig. 5), By the known theorem for rectangles we have 


[Jf y) a8 ain fH (n, y)dy. 
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Since #,(%) and (2) are uniformly contmuous, as 8-> 0 the 
functions ¥,(7) and (x) tend uniformly to y,(%) and ¥,(a) 
respectively, and so 


Wig(¥) f4(%) 
im f° fia ydy={- fo vdy 
i~>0 Wats) Yry{r) 
umformly in @ Tt follows that 
x! Pala) MI ia) 
hi d »yda=sft ad aw, y) de, 
foe ad Oe ata ad La 


On the other hand, as 8 > 0 tho region # tends to R ence 
] »¥)dS = » yas 
im ff fe nas=f {fe ) 
Combining the three cquations, wo have 
“h Wal) 
,ydS=] da v, y) dy. 
J [fim yas—=f dof fe, addy 


The other statement can be established in a similar way. 
A siinilar argument is available uf wo abandon the hypothesis 


Fig 6—-~Non-convex regions of Intcgration 


of convexity and consider regions of the form mdicated in fig, 6, 
We assume merely that the boundary ourvo of the rogion ig 
mtersected by every parallel to the a-axis and by overy parallel 
to the y-axis in a bounded number of pomis or intervals, By 


f F(a, y)dy we then mean the sum of tho integrals of the function 


fla, y) fora fixed a, taken over all the intervals which the lino 
#== const, has in common with the closed region Yor non- 
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convex regions the number of these intervals may exceed unity 
Tt may change suddenly at a pomt w= £ (as in fig 6, mght) m 
such a way thatthe expression f fla, y) dy has a yump discontinuity 


at this pomt Without essential changes in the proof, however, 
the resolution of the double integral 


[ {fo nas= fda f flo, dy 


remains vahd, the integration with respect to # boing taken along 
the whole mterval 4 <2, over which the region R lies. 
Naturally the conresponding resolution 


[ [fe nas= [dy f fle, yd 
also holds, ° 


Fig 7 —Circular ring as region of integration 


If og. the region 1s the oiole (fig 7) defined by a+ ¥7 S1, thon the 
resolution 18 as follows’ 


[ [re nas—f ie ie aft dy 


If the region 13 a ouoular mmg between the omoles a? -+- yi= 1 and 
a2 y= 4 (fig, 7), then 


-1 pt V(x) 2p kV (4—x?) 
{ f Se, y)dady = : de f Fie, ydy + ii dat f fle, yay 
: ah NV (4-88) LY /(h-wt) 
$1 p—-V =x) +1 ptv (lex) 
+ def fle, yay +f das Fle, y)dy 
=] Nm V(4—2) —1 */(1—x4) 
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Aa a final oxamplo we take as tho region 2 a triangle (fig. 8) bounded 
by the Imes ¢ = 4, y= 0, and w= a(a > 0) If we integrate fiat with 


respeot to +, 
J fs Gs: US = f “dy i ‘fe nar 


and if we intograte first with respeot to y, 


[fs nas=f “de [te yay, 


" 


Fig 8 —~T'rinngle a8 region of Integration 
Comparing the two results, wo havo 
a a a 
fae f He nay = [ay [fee van 
0 0 0. vy 
In particular, if f(2, ¥) deponds on y only, our formula gives 


a ¢ a 
[ef tad = [roo vay 
0 0 0 


T'rom thia we seo that uf the mdefinile integral [ : t(y)dy of o function f(x) 
is integrated again, tho result can be oxprossed by asinglo integial (of p, 221). 


4, Extension of the Results to Regions in Several Dimensions. 


The corresponding theorems m more than two dimensions 
are 80 closely analogous to those alieady given that 1 will bo 
sufficient to state them without proof, If wo first consider tho 
rectangular region % S@ Se; Yo SY BYy % SX SH, onda 
function f(x, y, 2) which 18 contmuous in this region, wo can 
reduce the triple mtegial 


v= ff {fey adv 
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in several ways to single integrals o1 double intogials Thus 


Jf ff. ¥ av = def f(e, y, zdudy 
[ [ft y, 2)dady 


is the double integral ot the function taken over the rectangle 
% SUS, Yy Sy SY, 2 bemg kept conslant as a parameter 
during this mtegraiion, so that the double micgral 18 a function 
of the parameter z Tntther of the remaining co-ordinates @ and ¥ 
can be smgled out m the same way 

Moreover, the triple integral V can also he represonted as a 
repeated integral im the form of a succession of three single 
integrations In this representation we first consider the expression 


[ilo yaee 


® and y beimg fixed, and then consider 


‘s dy f f(@, y, 2) de, 


a being fixed. We finally obtain 


Y= f "de { “ly f ae (a, y, 2) dz 
Ry Yo a 


In this repeated integral we could equally well have integrated 
first wrth respect to # and then with respect to y and finally 
with respect to 2, or we could have made any other change in 
the order of mtegration; this follows at once from the fact that 
the repeated integral 1s always equal to the triple mtegral We 
therefore have the followmg theorem: 

A repeated imiegral of a contmuous funchon throughout a 
closed rectangular region 18 mdependent of the order of integration. 


Here 


The way in which the resolution 1s to be performed for non rectangular 
regions yn three dimensions scarcely requires special mention We content 


ourselves with writing down the resolution for a spherical region a? ++ y? ++ 
asl 


$V dens $V (lat) 
SEL Flos y adadyde = f ts f ae ay f dm {rr Me 
* xt 


IV] REDUCTION OF MULTIPLE INTEGRALS 24:7 


WXAMPLES 
Evaluate the intogials m Ex 1-8 


q. f fevrazdy over the onole a -+ y? S 1, 


2 -|- — Bay 3 -- 4f*) 
: {few dady over the circle v? -+- yt < 1, 


3. f 7 ff (a? 4. yf? +. #)\xyeda dydz throughout the sphore 22 + Pe 2 
Sr 


4, f f if zdadydz throughout the region defined by tho mequalities 
O+yPSa vt ytes., 


5, f i f (2 4- y + 2) a? y924 dv dydz throughout the region »-++ y4-2S1, 
«20, y 20,220 


___dadyda 
6 f f [xa aay? + (@ D8 throughout the sphere a -+- y?-+- 2 <1, 


da dy d 
"LL eae ea ap Mmonshont tho ephore «8 + A+ PSL 


css dy 
8, lilvzrs over the squae («| Sl, |y[ 31, 


9. Prove that if f(a) 18 1 continuous funotion 
bm fo playde = nf) 
m ————- f(a)da = = f(0), 
has 5 i? -+- a? 


4, Transrormatron or Munriete Inrmarars 


In the case of single integrals the introduction of a new 
variable of integration is one of the chief methods for trans- 
forming and simphifymg given mtcgrals, The mtroduction of 
now variables is likewise of great mmportance mm tho case of several 
variables, In the case of multiple mtegrals, in spite of ther 
reduction to single integrals, oxplictt evaluation is generally 
more difficult than m the caso of one independent vanable, and 
the integration m terms of elementary functions is less often 
possible, Yet m many cases we can evaluate such integrals by 
introducmg new variables in place of tho original variables under 
the integral sign, Quite apart from the question of the explicit 
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evaluation ot double mtegrals, the change of variables 18 of 
fundamental unportance, suice the transformation theory gives 
us @ more complete mastery of the concept of mtcgral 

The most important speoial case 1s the transformation to polar 
co-ordmates, which has already boon carned out im Vol I, Chap 
X (p 494) Hero we shall at once proceed to general transforma- 
tions. We first consider the caso of a double integral 


» Y) aS = , y) dady, 
[ {fo nas=f | fe, ydndy 
taken over a region # of the zy-plane Let the equations 


a (u, v) 
y = o(u, 2) 


give a one-to-one mapping of the region R on the closed region 
R’ of the wv-plane We assume that in the region F’ the functions 


¢@ and y% have contmuous partial derivatives of the first order 
and that thew Jacobian 


Pal tle the-v 


never vanishes in the closed region R’, to be specific, we assume 
that 1b 18 everywhere posttwe Wo then know that with these 
assumptions the system of functions «= ¢(u, v), y= yu, 2%) 
possesses a unique inverse u== g(, y), v= h(e, y) (p 162). 
Moicover, the two families of curves u== const and y= const. 
form a nef over the region KR. 

Heuristic considerations readily suggest how the integral 


f{ f S(® y)dedy can be expliessed as an integral with respect 
R 

to # and v, We naturally think of calowating the double integral 

f f f(x, y)dS by abandonmg the rectangular subdivision of the 
R 


region R and instead using a subdivision mto sub-regions R, by 
means of curves ‘of the net w= const ot v= const. We there- 
fore consider the values u = vh and v= pk, whero h= Aw and 
k == Av are given numbers and v and yp take all integer values 
such that the Imes w= vh and v= ph rtersect R’ (so that 
their ymages are outves in R) These curves define a number 
of miethes, and for the sub-regions #, we chodse those meshes 
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which he m the mterior of R (figs 9, 10). We now have to 
find the area of such a mesh 
If the mesh, stead of bomg bounded by curves, wore an 


Z 


Figs 9, 10 ~Decomposition of regions in a transformation 


ordinary parallclogram, half the parallologram bomg formed by 
the trangle with the vertices coesponding to the values 
(tt, %,), (u,-+ h, ¥,), and (w,, v,-+ &), then by a formula of ele- 
mentary analytical geometry (cf Chap. I, p 14) the area of 
the parallelogram would be given by tho detormmant 


plu, a h, %,) ae b(uy, v,) p(t, vy, 2 h) = P(t,, Vn) 
P(t, A, W,) — Yee, Oy) (Uys Oy EB) — (, 8) 


which 18 approxmately equal to 


dult, 0) holt, %,) 
Y(t, v,) fy (Uy, v,,) 


On multiplying this exprossion by the value of the function f in 
the corresponding mesh, summing ovor all tho rogions 22, lying 
entirely within #, and then performmg the passage to tho hmit 
A~>0 and k- 0, we obtain the expression 


Lf Fb 2), We, 2)) Dude 


for tho integral transformed to the new variables, 

This digcugsion is incomplete, however, since we have nob 
shown that it is permissible to replaco the ourvilmcar meshes 
by parallelograms or to replace the area of such a parallclo- 
gram by the expression (duty —~- yyd,)hh; that is, we have not 
shown that the error thus causcd vanishos in tho limit as A> 0 
and &-~>0, Instead of completing this method of proof by 


hie = AkD, 
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making these estimates, we prefer to develop the proof of the 
transformation formula in a somewhat difierent way, which can 
subsequently be extended directly to regions of higher dimensions 
y 

it 


Fig us Fig 14 


Tor this purpose we use the results of Chap III, section 3 

(p 150) and perform the transformation from the variables x, y 

to the new variables 4, » 1m two steps instead of in one. Wo 

replace the variables w, y by new variables @, » by means of the 
equations 


C= & 


yn Plyarrhes) y == D(u, 2), 


Hore we assume that the expres- 

sion @, vanishes nowhere in tho 

a region R,10 that O, 18 every- 
Me hee greater than zoro, say, 
and that the whole region # can 
be mapped in a one-to-one way 
on the region B of the wv-plane, 
Tig, 13 We then map this region B in 

a one-to-one way on the region 

R’ of the w-plane by means of a second transformation 


w= Vu, v) 
B= , 


LaXy tatyrh 


where we further assume thet the expression Y", 18 positive 
throughout the region B, We now effect the transformation of 


the integral f{ f F(x, y)dedy mm two steps We start with a sub- 
z 


IV] TRANSFORMATIONS ast 


division of the region B mto rectangular suli-rogions of sides 
Az = h and Av=k bounded by tho les «= const = a, and 
2 = const = v, nthe xv-plane This subdivision of B corresponds 
to a subdivision of the region R into sub-regions F,, each sub-region 
being bounded by two parallel lmes 2 = @, and #== a, +h and 
by two ares of curves y= @(v,,a) and y= D(v,,-++- b, #) (figs 11,12) 

By tho clomentary interpretation of the single mtegral, tho 
area of the sub-region (fig, 18) ag 


Xyth 
AR, = f [b(v, + k, a) — O(v,, a)] dey, 
My 
which by the mean value theorem of the mtogral calculus can be 
Written in the form 
AR, = ALD(v,, -- h, &,) a D(v,, %,)]; 


where &, 18 a number bolween #, and #,-- 2 By the mean value 
theorem of the differential calculus this finally becomes 

AR, = hhk®,(6,, &,), 
in which 6, denotes » value botweon v, and v,-+ &, so that 
(6,, &,) axe the co-ordmates of a pomt of the sub-region in B 


under consideration, Tho mtogral over FR 18 therefore tho limit 
of the sum 


ELAR, = hk fG,, 06, #,)P(6,, &,) 


as h > 0, b> 0. Wo seo at once that tha expression on the nght 
tends to the integral 


[[fey@ded y= 0,2) 
Pi 
taken over the region B Therefore 


ip a f(a, y)dudy = f f Fu, yD, deedu, 


To the micgral on the right wo now apply exactly the same 
atgument as that just employed for f f t(u, y)dudy, transforming 
R 


the region B ito the region RF’ by means of the equations 
w=: ‘V(u, v), v= v, 


252 MULTIPLE INTEGRALS [Crtar. 


The integral over B then becomes an integral ovor R’ with 
an integrand of the form f@,'/,, and we finally obtam 


[f Fe OP dude, 


Here the quantities # and y are to be expressed nm torme of tho 
independent variables w and » by means of the two transforma- 


tions above. We have therefore proved the tiansformation 
formula 


ff fle, ydady =f f flo, yOPydudo, 
& R 
By introducing the direct transformation a == d(u, v), y= yilu, 2) 
the formula can at once be put im the form stated previously. 
Tor (9) ®, and a») =, Y’,, and go by Chap. ITI, section 3 


O(a, v) d(w, v) 
(p. 147) we have 


O(e, ¥) 
D= W24t = OY, 
a(u,v) ° * 


We have thorefore established the transformation formula Sor all 
cases in Which the transformation 7 —= plu, 0), y= a(u, v) can 
be resolved into a succession of two primitive transformations of 
the forms * & = «, y= D(v, 2) and v= v, = Wu, ») 

In Chap. IIT, section 3 (p. 151), however, we saw that wo can 
subdivide a closed region & into a fintte number of togions m 
each of which such resolution 1s possible, except perhaps that 
ib may also be necessary to replace w by v and v by ~—u; this 
substitution 18 merely rotation of the axes, and we sce that 1 
does not affect the value of the integral, m fact, even the sumple 
heunstio argument at the beginnng of this aub-section is perfeotly 


rigorous for this case, We thus arnve at the followmg general 
result } 


* We have assumed above that the two dorvatives ©, and Vy are positive, 


but we easily see that this iy not a serious restriction, Tor tho incquahty 
ee 2 > 0 shows that these two denvatives must have tho same sign If they 
? 


were both negative, we should merely have to replace « by ~a@ and y by —y, 
which leaves the integral unchanged The two primitive transformations then 
have postive Jacobiang 

¢ The above proof in the frat instance holds only for every closed region 
A ing entirely within R Since, however, R, can be chosen so as to osoupy 
all o: 


except & portion of arbitrarily small area, the transformation formula 
continues to hold for F itself, 
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If the transformation x= ¢(u, v), y = y(u, v) represents a 
continuous one-to-one mapping of the closed segron RB of the xy-plane 
on a reguon R’ of the uv-plane, and of the funchons 4 and ys have 


conimnuous first der watwes and they Jacobian haa = tty — ty, 
1s everywhere postiwe, then (u, 


J Le urdeody = ff f ples, »), Hey ») a dud 


For completeness we add that tho transformation formula 


Temains valid if the determmant a 8) vanishes without, how- 
ever, changing its sign, af a finite number of isolated points of 
the region. For then we have only to cut these pomts out of 2 
by enclosimg thom in small circles of radius p The proof is vahd 
for the residual region If we thon let p tend to zero,* the trans- 
formation formula contmues to hold for the region R m virtue 
of the contmusty of all the functions involved. 

We make uso of this fact whenever we mtroduco polar co- 
ordmates with the ong m the mteuor of the region, for the 
Jacobian, being equal to 7, vanishes at tho origin. 

In Chap. V, section 4 (p 877) wo shall icturn to transforma- 
tions with nogative Jacobians, and we shall seo that the argument 
remaing essentially the same Novortholess, woe would pomt out 
here that provided the Jacobian D does not vanish the hypothesis 
D> 01m 4 sense mvolves no loss of generality, for we can always 
change the sign of D by mtorchanging w and v A difleront 
method of proving the transformation formula will be grven m 
Chap Y, § 3, Pp 373, 


Regions of more than Two Dimensions. 


We can of course proceed in the same way with regions of 
more than two dimensions, e g, with regions m. three-dimonsional 
space, and obtain the following general result: 

Ef a closed region R of xyz. space 1s mapped on a region R’ 
of uvw... -space by a one-to-one transformation whose Jacobian 


O(@, Ys % » » +) 
O(u, v, W,...) 


* Yor another application of this method, sco zeotlon 5, p, 282 
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is everywhere positwe, then the transfor mation for mula 


Hea [fe Y,% . )dadydz 


=f f [fe Y, Zs ) AB 4+) guavdeo ees 


A(u, v7, w, .) 


holds In mn dimensions the Jacobian 13 an n-rowed deter- 


minant of similar construction to the Jacobian m two 
cumensions 


As a special application, we oan obtain the transformation formula for 
polar co-ordinates in another way In the caso of polar co ordinates m the 
plane we must write ¢ and 6 mstead of « and 2, and we at once obtain 


the expression a z= 7 (of p 144) In tho caso of polar co ordinates 
? 
+ space, defined by tho equations 


= 7 cose Bind 
y= rang sing 
z= roosd, 


in whitish p rangea from 0 to 27, 0 from 0 to m, and 7 from 0 to -++ ©, Wwe 


must identify wu, v, w with 7, 6, p, as the expression for the Jacobian wo 
obtam 


cosoein@ roosmoos6 —r sing sind 
Ola, Y, 2) ‘ 
a A = | sMesinG = ram cosd r cos sind | = +7 sin 0, 
ar, 4, p) 
cos 8 —#r ain 0 0 


(This value +? sin 6 13 obtained by expanding mm terms of the elements of 
the third column ) The transformation to polar oo ordmates in apace 18 
therefore given by the formula 


If am ys eddwdyde = f ff se, y, er? sin Odrddde, 


As in the corresponding case in the plane, we oan also arrive at the trans- 
formation formula without usmg the general theory We have only to 
start with o subdivision of space given by the spheres r= const, tho 
cones § = const, and the planes @ = const The details of this elementary 
mothod are similar to those of Vol I, Chap, X, section 2 (p 494) and can 
be left to the reader 

In the case of polar co ordinates m space our assumptions are not 
satisfied when 7 = 0 or @= 0, smce the Jacobian then vamshes The 
validity of the transformation formula, however, 1s not thereby destroyed. 
We can easly convince ourselves of this, as we did in the case of the 
plane, 
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TexXAMPeLES 


dove 
1*, Tvaluate the mtogral f i evt=dady taken over the triangle with 
vartices (0, 0), (0, 1), (1, 0) 


2 Evaluute the mntogial 


___ didy 
i eres, (1 + a7 -- 
taken 


(a) over one loop of the lemmacate (2? ++ ¥*)* — (22 — y*) = 0, 
(b) over the tuangle with vertices (0, 0), (2, 0), (1, 73). 


3 Evaluate the mtogral 
i f He ayzdedy dz 


2 gf 48 
taken throughout the ellipsoid - “+ a + 5 =1, 


4, Prove that 


Ife e-@t WY dady = ao-* f ae 


{where 2 denotes tho half-plano «2a > 0), by applying the transfor- 
mation 


ei - yie wt at, y= vr. 


| f ‘i (tty# -- uy?) dudy | 


13 INVALIaNt on mvorsion, 


8, Evaluate the mtoegial of Ix, 4, p. 247, by using threo dimensional 
polar co ordinates 


6 Prove that 


7, Evaluate tho integral 


t= ff foos(we + yo t )abandt 


taken throughout the sphere £3 4- q?-} ? <1, 
8. Prove that 


f foos(a + yndidam 2d rir, (r= Vat + gy) 


whore the integral is to be extended over the oucla & +- 421 and J, 
denotes the Bossel function defined m Ex 6, p. 223. 
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5 Improper Iyrmcrars 


In the case of functions of one vanablo we found it necessary 
to oxtend the concept of integral to functions other than those 
which are continuous m a closed region of integration In fact, 
wo did consider the integrals of functions with jump discon- 
tantutics and of functions with infinite values, and also integrals 
over infinite tervals of integration The corresponding exten- 


sions of the concept of integral {or functions of several vamables 
must now be discussed. 


l. Functions with Jump Discontinuities. 


For functions which have jump discontmuities in the region 
of integration R the extension of the concept of integral 18 
mmeciate We assume that the region of integration can be 
subdivided by a finite number of smooth aics of curves * mto 
a finte number of sub-regions R,, R,, ., 2, msuch a way that 
the mtegrand f 1s continuous in the mtonor of each sub-region, 
and as the boundary of such a sub-region 1s approached from tho 
intenor the values of the function tend to definite contmuous 
boundary values; but the limiting values obtamed as wo 
approach a point on a curve separatmg two sub-regions may 
differ according as we approach the pomt from one sub-region 
or the other The integral of the function f over the 1cgion & 
we shall then define as the sum of the integials of the function f 
over the sub-regions R,. The mtegrals of f over the regions #, 
are at once given by our orginal defimtion if for cach sub-region 
we suppose that the function 1s extended by including the boun- 
dary values, so that 1+ becomes a continuous function mm the 
closed region &, 


As an example we consider a funotion f(x, y) which 1s defined in the 
square OS aS10sSy¥ 1 by 


fit, y)=1 for y<a, 
f(a y=2 for yeu, 
For this funotion the line y = # 18 & line of discontmuity, and by the 


process deseribed we find that the umproper integral Vs f f(%, y)dady taken 
over the aquare has the value %. 


* By o amooth are of & curve we mean an aro with a continuously turning 
taugeng, 
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2, Functions with Isolated Influite Discontinuities. 


If tho mtegrand becomes mfinto at a smglo pont P of tho 
region of mtegiation, we dofine the integral of tho function f over 
the region 2 by a process analogous to that for one independent 
variable Wo mark off a neighbourhood U, about the pomt of 
discontinuity P, so that tho closed remduc R,= R—- U, no 
longer contams the pomt P Thoro aro many possible sequences 
of neighbourhoods U, whose diameters tend 40 veo as v INGLOASEH, 
eg. the sequence of circles or sphores about the point P with 
radius e= 1/y If the sequence of tho integrals over the residual 
region R, tends to a limit Z,10 if 


slam ff Ste, a8 =I, 


and xf this lum is mdependent of the particular choice of the 
Bequence H,, then its valuo is called tho mtogral or, moro 
acourately, the umproper untegial of the function f over the region 


i, and we write 
T= ff flo, y)ds. 


Such an integral taken over the region R18 sometimes called a 
convergent wniemal (or 18 said Lo converge), If no limiting value Z 
exists, the mbepral is said to bo dsvergent (or to diverge) The 
definition of couso remams valid if P 1s an isolated point of 
Indeterminacy, such as the ougin for tho function sm ac i) 

Tf in the neighbourhood of P ithe absolute valuo of the 
function remams below a fixod bound, the integral 18 always 
convergent. 

The general conditions for tho convergence of an mtogral can 
therefore be stated as follows ‘To evory positive ¢ tho corre- 
sponds a bound § = 8(¢) for which tho following condition is 
satisfied: if U and U’ are any two (open) sub-regions of R which 
contain tho point of ciscontinurty P and whose diametor 1s 
amaller than 8, thon the integrals of tho function f over the 
closed residual rogions @—~— U and G— U' differ in absolute 
value by less than ¢ Wo shall illustrate these ideas by moans of 
a fow cxamples, 


The function 


Je, y) = log a? + 4 


{B 912) 10 
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becomes infinite at the origin of they plane Theroforo in order to caloulate 
the integral over a region & contaimmmg the origm, og over the cnolo 
of + 44 <1, we must cut out the origin by surrounding 1t with a region 
Us whose diameter 18 less than 6, and we must then mvestigate the con- 
vergence of the imtegral taken over tho 1csidual 1ogion ty = R—- Us 
as $0 The neighbourhood Us ceitainly hos within a onclo of radia 8 
about the ongin In accordance with section 4 (p 254) wo transform 
the integral to polar co ordinates and obtain 


iBa log a? 4- y2dudy =f r logr di d0, 
R hy 


8 


where the integral on the mghé 1s taken over the region Jt,’ of the r0 plane 
corresponding to the region Zs; In our caso this 18 aicgion which contains 
the rectangle $ Sr S1, 0S 0S 2x but does not moludo tho straight 
line x= 0 The function r logr 18 continuous for r = 0, however, f wo 
assign the value 0 to 1t at that pomt, for hm? log? = 0 Wo can thercfora 


r—>0 
let 8 tend to 0 and regard the transformed mtogial 


ff Pegrarad — im fe ? logrdr dd 
R 5—>04 Vary 


ag an ordinary integral in the sense of section 2(p 224) The convergenco 
of the integral 19 therefore established 


At the same time this example shows that, as m tho caso of 
one independent variable, a properly choscn transformation. of 
co-ordinates somotimes changes an improper integral into a proper 
integral This fact clearly shows how imadmussiblo a rostriciion 
we should lay upon ourselves if we refused to consider improper 
integrals 


As a further example we conside tho mtegral 


da dy 
I Lore a 


taken over the same rogion If we first thmk of the integral as 
vaken over the region R; obtamed from R by cutting out a 


circle with rads 8, and then transforming to polar ¢o 
ordinates, we obtain 
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From Vol I(p 246) we know that the integral [4 7 18 convergent 


if, and only if, a< 2. Wo therefore conclude that the double 


integral Woy . 18 likewise convergont 1f, and only 1, 
(Var ' 


a<2 Asin a lee example, the convergence 18 inde- 
pendent of the particular choice of the sub-regions U;. 

This remark can readily be used to obtam a sufficient (by no 
means a necessary) erteron for the conveigonce of improper 
double mtograls, which 1s applicable m many special cases. 

Tf wm the closed region RB the functron f(x, y) 18 contenuous every- 
where except at one pot P, which we take as the ongm x= 0, 
y== 0, and f becomes wmfimte at P, and of there ts @ fized bound 
M and @ postive number a <2 such that 


M 
Pew) Cray 


everywhere in R, then the wntegral 


Jf fe, vdedy 


converges. 


The proof is obtamed from the abovo by considering the 
relation, 
dady 


[ft shady sffif Ware 


where B is a region not contaming P and lymg within a small 
circular neighbourhood of P. 
We can deal with tho tiple mtogral 


da dy dz 
LLLP a 22s 


in a similer way If R contains the origin, we mtroduce polar 
co-ordinates and obtain 


[Sf qounodraoas. 


A discussion similar to the preceding shows us that convergenco 
ocours when a <3 Asa general criterion we have the followmg: 


(x, 7) dedy 5M f [77 
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The integral of a function f(x, y, 2) which becomes infinite at the 
origin, but 1s contanuous at every other pont of a region Ri contawmng 
the orwgin, ts convergent, of there is a fixed bound M and a positwe 
number a <3 such that the wnequalty 


few 2|s 


eS ed 
holds everywhere im the regron 
From these criteria we conclude more generally that integrals 


of the form 
Ihe G(x, Y) \dady » (a<2) 
(Ve — a)® + (y— 54)" 


over a two-dimensional region and mtegrals of the form 


fff gz, y, 2)dady de (a <3) 
alV (a — a) + (y— BF + 08)” 


over a three-dimensional region converge, whero (a, 5), or (a, 4, ¢), 
is a fixed point m the interior of the region # and g 18 a contmuous 
function i the closed region 2, We havo only to transfer this 
point to the orgin by translation of the co-ordinate system and 
then to apply our criterion 


8. Functions with Lines of Infinite Discontimuity. 


If a function f (2, y) becomes infinite not only at a single point 
but slong whole curves C in the region 2, wo can proceed to 
define the mtegral of a function f over the region 2 in an oxactly 
analogous way We cut the curve of discontmuity C out of tho 
region Rt by enclosing 1b im a region U, of area less than «. If 
thon as ¢ tends to 0 the integral of tho function f over tho ro- 
gion R— U, tends to a lumt J independent of the particular 
chorce of the region U,, wo say that the integral of £ over the region 
R 2s convergent (or converges) and we take this lmzting value as 
the value of the integral 

The simplest example 1s the case in which the curve 0 consists 


of a portion of a straght lme, say a segment of the y-axis, If 
the relation 


Lf 9) | ae 
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whero M 18 8 fixed bound and a 1s less than 1, 1s valid everywhere 
in the region #, then the mtogral over the region 2 converges, 
The proof is similar to the proofs of the preceding sub-section 


For example, we may cut the y-axis out of the region by means 
of straight lines parallel to 16 


4, Infinite Regions of Integration. 


Tf the rogion R extends 40 mfimty, we approximate to it by 
& sequence of sub-regions R,, R,, ,R, . , which are all 
bounded and have the property that every abitrary bounded 
sub-region of 2 1s contamed in every R, for which n 18 greater 
than a corlam m, (I, for example, 2 1s the whole plane, for R, 
we can choose the circular region of radius v about the ormgi ) 
Tf the lmat 

lim ff fm as 

oxiata and is mdopendont of the particular choice of the sequence 
of sub-rogions R,, we call 1t tho mtogral of the function f over the 
region 2, 


To illustrate this staloment by an example, we consider the integral 


ii femo'an dy, 


whero the region of integration 15 the whole ay-plane. In order to establish 
the convergence of this integral wo fizst choose tho sub regions F, as the 
oiroles K, with radius v, 

a2 -|- y? — v4, 


these obviously satisfy the above requrements. Wo have therefore to 
investigate the hmit of tho integral 


[ferric 


ps ¥-> co, But wo have already evaluated this mtogral (Vol I p 406) 
and have found it to be equal to n(i — e-”) Now 
lim a(1 — e~’) = 7 
vo 0 

If we also show that not only the sequence of circles, but also every other 
sequence of sub-regions J? with tho properties mentioned, leads to the 
same value x, then according to our definition the number 7 will be the 
value of the mproper integral, 

Leb any sequence of such regions 2, Ry, .. . be given, By hypothesis, 
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each oirole K,, 18 contamed. in tho mteuor of R, provided v is sufficiently 
large, on the other hand, avery 2, 1s bounded and 1s therefore contamed 


ma sirole Ky, of sufficiently large radius @ Since the mtegrand e~* oa 
18 positive everywhere, 1b follows that 


f fe co dedy < =f fe ct dedy < ‘| i ode dy, 
Ea 


As mand MM merease, the integrals ovor K,, and K,, have the same limit 7, 


60 that the integral over FR, must have tho some hmit, this proves that 
the integral must converge to the hmit x 


We obtam a particularly interesting resultif for the regions It, we choose 
the aquares|z|Sv,|y¥| Sv The mtegral | fe -o'—v'dedy oan then be 
Ry 
reduced to two simple integrations (of section 2, p 228): 


ia i eH Ot" devdy = leas lea = ( i cds) = (2 fe de). 


If wo now let v tond to o, we must again obtam the samo mit w, Hence 
0 2 
( f =*'de) = 
0 


i "rede = 4h4/n 


mm agreement with Vol I, p 496 


OF 


5. Summary and Extensions 


It 18 usoful to consider the concepts of this scotion again from 
a single unifymg pomt of view. Our extension of the concept of 
integral to cases m which the definitions m section 2 (p 224) 
are not immediately applicable consists nm regarding the value 
of the integral as the hmrting valuo of a sequonce of intograls 
over regions F,, which approximate to the origmal region of in- 
tegration Ras vy moreases For this purpose we regard the region 
F as open instead of closed, we assign all the points of dis- 
continuity of the function f to the boundary and consider the 
boundary as not belongmg to R We then say that the region 
48 approximated to by a sequence of regoons Ry, Ro, . , Ry >> 
of all ihe closed remons R,, he in R and eveay arbitrarily chosen 
closed sub-region in the mtenor of R ws also a sub-region of the 
region R,, provided only that n 1s sufficently large fin particular 
the sub-regions #, are so chosen that each one contams tho 
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precoding one im its mterior, wo say that thoy converge mono 
toncally to the region FR 

For tho sub-regions &,, we can at once apply the omgmal 
definition of the mtegral given m section 2, p 224 We now 
say that the wtegral of f over the region R converges of the untegral 
over R has a limteng value wndependent of the particular chowe 
of ihe sequence of regions R,. Tt 1s useful to state specifically the 
rollowing general facts which have been illustrated by the previous 
examples, 

(1) If the function f is nowhere negatwe m the region R, 16 18 
sufficient to show that for a single monotome sequence R,, tho 
sequence of valucs of the mtegral converges, m order to ensure 
convergence to the same limit for an arbitrary sequence R,/ 

Proof. R,, being a closed region in the tenor of R, 18 con- 
tamed m all regions Jv, from a certain w(v) onward Conversely, 
every region J), 1s contained in a cerlam Z,,, for the same reason, 
Since the function 1s nowhere negative, 1t follows that 


[fife vdody sf fe vdedy sf f fa ydody. 


As pv increases the two outer bounds tend to the same lmut; the 
sequence of integrals i, i; f(x, y)dady must therefore converge 
ny, 


to that limit, and our statement 1s proved 

in particular, f for 2, we choose a monotonic sequence of 
regions tending to R, it follows that the function f, which is 
nowhere negative, has a convergent integral over the region R, 
provided only that the sequence of integrals over A, remains 
below a bound M@ For these intograls then form a sequence of 
numbers which 1s monotonic non-decreasing and bounded, and 
therefore convergent 

Tho caso in which f 18 nowhere positive in R can at once be 
reduced to the preceding if we replace f by —f. 

(2) If f changes sign in the region R, we can apply the previous 
theorem to |f|. If the mtegral of this absolute value converges, 
it 18 certain that the mtogral of the function f ttself converges 
This is most casily proved by the followmg device We put 


f=h—f» 
where f, =f ii f 0, othorwise f, = 0, and p= —f ff SO, 
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otherwise fp = 0 Tho two functions f,, f, are nowhere negative, 
are continuous where f 1s contmuous, and im absoluto value 
never exceed fitself Ience, if the mtegral of | f | romans bounded 
for a monotonic sequence R,, the mtegrals of f, and f, convelge, 
and with them the integral of their diflerence, f, — fa 


‘ 


6, GromerTRicAL APPLICATIONS 
1, Elementary Calculation of Volumes 


The concept of volumo forms the startmg-point of our 
definition of integral It 1s immediately obvious, therefore, how 
we can use multiple mtegrals m order to caloulate volumes 


For example, m order to caloulate the volume of the ellpsord of 
revolution 


we write the equation in the form 
p= ck aaa — at — yf) 


The volume of tho half of the ellipsoid above the ay plane 19 therefore 
given by the double integral 


Pad fiytat— at ~ pydoay 


taken over the oirole a? + y* <a? If we transform to polar co-ordinates, 
the double integral becomes 


Tye af (at — 2) ddd, 
or on resolution into single integrala 
V b pan a b fa 
eae a. a Oe ~ i 
5 ai «of ra/(at — 1)dr ane [ria 8) dr, 
which gives tha required value, 
Ve 4 rat 
To onlculnte the volume of the general ellypsord 
we a" 7 


ater 
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We make the transformation 


v= apoos0, y= bp amd, 


and for half the volumo obtam 


Fo ef fli Bt narmef fo vi ett 
s-off a ae drity = abo f fo V/A oe") dp dd, 


Hore the region 2’ 16 the rectangle 0 Sp $1,050 520m. Thus 


V Qr pl 9 
= abe f ao f orv/(l— p*)dp = ~ nabe 
2 0 40 8 

or 


= 5 abo, 
Tinally, we shall caloulate the volume of the pyramid enclosed by the 


threo co ordimate planes and the plane ax + by +- oz ~ 1 = 0, where wo 
assume that @, b, and ¢ aro postive, Tor tho volume we obtam 


Vis =f [a — ae — ded, 


1 1 
where the region of integration is the tuangle0 Sa < 7? 0 SY SB; (Ll — an) 
in the zy-plane Therefore 


1} (L—ax)fd 
va [def (l— ax — by)dy 
6g 0 


Integration with respect to y gives 


bh (L—~avy){b (1 — aw)? 
(I — axy — oy | GO 
and if we integrate again by means of the substitution 1 — av == , we obtain 
1 pia ‘ 5] \ ; Ya 
V= die J, (1 — ax) da = — = — ax) Noe 5 


We could of course have obtained the result from tho theorem of clomentary 


geometry that the volume of a pyramid is one third of the product of baso 
and altitude 


In order to caleulate the volume of a more complicated solid 
we can subdivide the solid into pieces whose volumes can bo 
expressed directly by double integrals, Later, howover (im par- 
ticular in the next chapter), we shall obtain expressions for the 


volume bounded by a closed surface which do not involve thus 
subdivision 
(8912) 10* 
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9. General Remarks on the Calculation of Volumes. Solids of 
Revolution, Volumes in Polar Co-ordinates. 


Just as we can express the atea of a plane 1egion & by the 


double integral 
[[is=f [ dndy, 


we may also express the volume of a threc-dimensional region 2 


by the integral 
V= f f f dudy dz 


over the region R In fact this point of view oxactly corresponds 
to our defimtion of integral (of Appendix, p 291) and expresses 
the geometrical fact that we can find the volume of a region 
by cutting the space into identical paralleleprpeds, findmg the 
total volume of the paralleleprpeds contained entirely in R, and 
then letting the diameter of the paralleleprpeds tend to Zero. 


The resolution of this integral for V into an integral af dz y) ‘i dady 


expresses Cavaliert’s proncyple, known to us from clomentary 
geometry, according to which the volume of a solid 18 determmed 
if we know tho area of every plane cross-section which 18 per- 
pendioular to a definite linc, say the z-axis The general expression 
given above for the volume of a three-dimensional region at once 
enables us to find various formule for calewlatmg volumes. Jor 
this purpose we have only to mtroduce new dependent variables 
into the integral mstead of w, ¥, z. 

The most important examples are given by polar co-ordinates 
and by cylindrical co-ordmates, the latter will be defined 
below. We shall calculate eg the volume of a sold of revolution 
obtained by rotating a curve w= (2) about the z-axis We assume 
that the rotating curve does not intersect the z-axis and that the 
solid of revolution is bounded above and below by planes z= const 
The solid 1s therefore defined by inequahities of the forma Sz b 
and 0 sa 4/(a? + 4°) < d(z) Its volume is given by the inte- 
gral above If we now introduce the cylindrical co-ordinates 


t, p= 4/(x*-+ 9°), = are cos” == arc sin” instead of 2, Y, %; 
p p 


we at once obtam the expression 
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Val fdedyda=faef dof "pap 


for the volumo If we perform the single intogations, we at once 
obtam 


Ve nf pe)rde 


(cf, Vol I, Chap V, section 2, p. 285) 

We can also obtain this expression intuitively. If we cut 
the gold of revolution mto small slices 2, S244, by planes 
perpendicular to the z-axis, and if by m, we denoto the mmimum 
and by M, the maximum of the distance ¢(z) fiom the axis in 
this slice, then the volume of the slice hes between the volumes 
of two cylinders with altitude Az= 2,4, — 2, and radn m, and 
M, respectively. Lenco 


im, rhe SV SUM rds, 
By the definition of the ordinary integral, therefore, 
b 
Vx mf o(o)Pde 
If the region 2 contains the origin O of a polar co-ordinate 


system (r, 0, 4) and if the surface 1s given in polar co-ordinates 
by an equation 
r= f(8, $) 


where the function f(6, ) 18 single-valued, 16 18 frequently advan- 
tageous to use these polar co-ordimates instead of (2, y, 2) in 
caloulating the volume, If we substitute the value of the Jacobian 
O(@, y, 2) 
d(r, A, d) 
formula, we at once obtain the expression 


20 r f(a, ) 
= a lp=] dd} sinddé 2dr 
V [fhe ain. 0dr 0 dds [ df sin f " 
for the volume Intogration with respect to r gives 
1 2rr a : 
V=5 f dd if #70, 6) sin 6d8. 


In the special case of the sphoro, in which f(0, 9) = 2 18 constant, we 
Gt once obtam the value $nF% for the volume of tho sphere. 


= 72 sind (as calculated on p, 254) m the transformation 
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&. Area of a Curved Surface. 


We have already expressed the length of are of a curve by 
an ordinary integral (Vol I, p 279) We now wish to find an 
analogous expression for the area of a curved suzface by means of 
a double integral We regard the length of a curve as tho limiting 
value of the length of an mscrbed polygon when the lengths of 
the mdividual sides tend to zero. For the measurement of areas 
a direct analogy with this measuroment of length would bo as 
follows in the curved surface we inscribe a polyhedron formed 
of plane triangles, determme the area of the polyhedron, make 
the mseribed net of tangles finer by letting the length of the 
longest side tend to zero, and seek to find the limiting valuo of 
the area of the polyhedron This hmiting valuo would then bo 
called the area of the curved sunface, It urns out, however, 
that such a definition of area would have no precise meaning, for 
in general this process does not yield a dofimte lmitimg value, 
This phenomenon may be explained m tho following way. 4 
polygon scribed m a smooth curve always has the property, 
expressed by the mean value theorem of the differential calculus, 
that the direction of the dividual side of the polygon approaches 
the direction of the curve as closely as we please if the subdivision 
18 fine enough With curved surfaces the situation 1s quite 
different The sides of a petyhedron inscribed im o, curved surface 
may be inclined to the tangent plane to the surface at a noighbour- 
mg point as steeply as we please, even if the polyhedzal faces 
have arbitrarily small diameters The atea of such a polyhedron, 
therefore, cannot by any means be regarded og an approximation 
to the area of the curved surface In the appendix wo shall 
consider an example of tlus state of affans in detail (pp. 341~2). 

In the defimtion of the length of a smooth curve, howover, 
instead of usmg an mscribed polygon we can equally well use a 
circumscribed polygon, that 1s, a polygon of which every sido 
touches the curve This definition of the length of a curve aa the 
hamt of the length of a circumscribed polygon can easily be 
extended to curved surfaces The extension is even easier if wo 
start from the followmg remark we can obtain the length of a 
curve y= f(%) which has a continuous derivative f’(a) and lies 
between the abscisse a and b by subdividing the mterval between 
aand b atthe pots a», %,. .,%,1nton parts of equal or different 
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lengths, choosmg an arbitimy pomd £, 1m tho v-th sub-mnterval, 
constructing the tangent to the curve at tls point, and measuring 
the length 1, of the portion of this tangent lymg m tho stup 


# 
&, Se¢S%,y4. Tho sum D1, then tends to the length of tho 
pnt 


b 
surve, ic to the integral f V{L + f'(a)}?} da, rf we lob m increase 


beyond all bounds and at, tho samo time lot the longth of tho 
longest sub-ntorval tend 10 zero Tus statement follows from 
the fact that 1, = (2,.,—~ w)/f{l +f (é,F} 

We can now define the aca of a curved surface m a similar 
way. We begin by considering a swface which hes above the 
Tegion # of the ay-planc and 18 .epresented by a function 
z= f(a, y) with continuous derivatives We subdivide & into 
* sub-regions R,, R,,. ., 2, with the acas AR, ..., AR, 
and in these sub-regions we choose poms (£,, 9,), ++ + (Ens Mn) 
A& the pot of the surface with the co-ordmates ¢&,, y, and 
E=flé, n,) We construct the tangent plane and find the area 
of the portion of this plano lymg aboyo the region F,. If a, 18 
the angle which the tangent plano 


e~— e = fol &,, %,) (2 = E) 5 Fabs Ny) (y — m) 


makes with the ey-plano, and if Ar, 1s tho axea of tho portion 7, 
of the tangent plano above R,, then the region R, 18 the projection 
of 7, on the ay-plane, so that 


AR, = Ar, cosa,. 
Again (of, Chap ITT, section 2, p. 180), 


1 
COS o,, == 


"VL fbn ay) + APES Oy) 
and therefore 
Ar, = Y 4 + Sel€s Ny) 2 Ta loe Ny) ‘ AR, 


Ti we now form tho sum of all those areas 
» Ar, 
yee] 


and let ” incroaso beyond all bounds, at tho samo timo lotting 
the diameter (and consequently the aca) of the largest sub- 
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division tend to zero, then according to our definition of mtogral 
this sum will have the limit 


A=f [ VI+fe+ fas 


This mtegral, which 1s dependent of the mode of subdivision 
of the region 2, we shall deine as the area of the gwen surface. 
Tf the surface happens to be a plane surface, this definition agrees 
with the preceding, for example, if z= f(x, y) = 0, we have 


A= fas 


It is occasionally convenent to call tho symbol 


do=V1+ fet fPdS = V1 + fre + fyrdedy 


the element of area of the surface z= f(a, y) The area mébegral 
can then be written symbolically m the form 


| [ae 


We arrive at another form of the expression for the area if 
we think of the surface as given by an equation ¢(2, y, 2) = 0 
instead of = f(v, y) If wo assume that on the surface 4, = 0, 


say >, > 0, then the equations 
Ge 8 ds 
a0 bs Yoh 
at once give the expression 
joe, 1 
| [VEE IPE G2 5 day 


for the area, the region R agam bemg the projection of the 
surface on the ay-plane, 


Ags an oxample of the application of the erca formula wo consider the 
area, of a spherical surface, The equation z= V(R? — a2 — y*) represents 
a hemisphere of radius R We have 


Oz w Oz y 


az B= ae PP by ~ A R— Be — 
The area of the hemisphere 1s therefore given by the integral 


Mak fat 
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whero the region of mtogration R’ 1s the circle of radins R lymg m the 
wy-plane and having tho ongin as its contio By intioduomg polar co 
ordinates and resolving the intogral mto smglo mtegrals wo futher obtain 


vo rf dof “Tie = art f "Teo 


Tho ordinary miegral on the night can easily be evaluated by moans of 
the substitution R? ~ +4 = uw; we have 


R 
= Qh, 
0 


4A = —2nh 4/78 — 23 


in agreement with the fact, known from elementary geometry, that the 
area of the surface of a sphore 1s 40, 


In the definition of area we havo hitherto smgled out the co- 
ordinate z If, however, the surface had been given by an oquation 
of the form «= a(y, 2) or y= (x, 2), wo could equally well have 
represented the area by mtegrals of tho form 


[[Vo++epga o f i Jhb ye + 2) dede, 
or, if the surface were given implicitly, we should have 


[ [Vibe + d+ $2) 5 dads 


OT 
J[VGE+ b+ 4. 5 dye 


That all those expressions do actually dofine tho same area 
is self-evident The equality of the difforont oxprossions can, 
however, be verified directly Tor oxample, we apply the trans- 
formation 

c= aly, 2), 
Uray 


f ‘4 AC fe as d:°) da dy, 


to the integral 


Here « = a(y, z) 1s found by solving tho equation f(a, y, 2) = 0 


fore. The Jacobian 1s fe. ¥) by and therefore 
ay, 2) 
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Vibs? + oF 4 ey" + $2") Ges WAC Pies b+ bf) dy dz 
ae ; dedy = f f VEE cert ay 


The mtoegral on the right 1s to be taken over the projection 2 
of the surface on the yz-plane 

If in expressing the aroa of a surface we wish to get rid of any 
special assumption about the position of the surface relative to 


the co-ordinate system, we must represent the surface 10 the 
parametric form 


w= g(t, 2), y= plu,r), z= x(u, 2), 


A definite region 2’ of the wv-plane then corresponds to the sur- 
face In order to mtroduce the parameters u and » m the 
above formule we first consider a portion of the surface and 


assume that for this portion the Jacobian ale, y) =: D i every- 


u,v 
whore positive According to Chap III, section 3, p. 153, for tina 


portion we can then solve for u and v as functions of w and ¥, 
obtaming 


for the partial derivatives, 
In. virtue of the equations 
22%, see, and 5- = Uy + 
oe tu” Oy 


we obtain the expression 
az\2 fae \2 
b+ Gi) + Gi) 
- : V {buh Pudy)*+ (huxo— Xulho) (Xubo— buxe) 


If we now introduce u and v as new independent variables and 
apply the rules for the transformation of double integrals (p 253), 


we find that the area of the portion of the surface corresponding 
to R' is 
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a =f i V4 (buiho~ hush »)" -|- (yh, Xv 7 Xuif sy" -|- (Xue d ux of a} dey 
r 


In this expression thoro 18 no longer any distinction between se 
co-ordinates w, y, and 2 Sinco we niuvo at tho samo mnlopu 
expression for the area no matter whuch ono of tho specinl ae 
Parametric representations wo start with, 1b followa that al 
these expressions are equal andl represent the area, 

So far wo havo only consideed a portion of tho suface on 
Which one particular Jacobian does nob vamsh We reach tho 
kame result, however, no matter which of the Uneo Jacobiana 
does not vanish If then wo supposo that ab each pom of 
the surfaco one of tho Jacobiana 18 not ZO1L0, Wo Gon subilivudo 
the whole surface mto portions like the abovo, and hus Gnd hut 
the preceding mtegral still grves tho atea of tho whole surface: 


A =f f V4 (buh us)? (by Xe Xutly)?+- ( X dy De xv)*} diedv, 


The expression for tho arca of a surface in parameti xo- 
presentation can bo put m another noteworthy form if we malo 
use of the coafficients of tho lino eloment (of Chap ILL, suction 4, 


Bi aes) do =x Bend 4+- 2 dudv +- Gd’, 
that is, of the expressions 

Bp == hu® + Yr ie Xu® 
1! PP mz dude -[- Belly “f- XuXo 

Gam yt ptf 8, 
A simple calculation shows that 
| BG Fan (dubo~ Yhytpy)*-|- (YuXo— Xutfly)? | (Xuho~ ure)* 
Thus for the area we obtam. the oxpreasion 

f if VLG — I) dudo, 

and, for the element of area 

do = 4/(HG — F*) dudv, 


' Aa an example wo again oonsidor the aren of n aphore with radius 2 
Waiok we now represent poramotrically by the equationa 
we Foon sing, 
Y= 2 eine sing, 


a =m Raosy, 
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where u and v range over the region 0 Su S2rand0 Svan Asimple 
caloulation once more gives us the expression 


Qa 7 
mf du f sinvdy = trJt3 
0 0 
for the area, 


In particular, we can apply our result to the surface of revolu- 
tion formed by rotating the curve z= (%) about the 2-axi8, 
If we refer the surface to polar co-ordinates (u, v) in. tho ay-plane 
as parameters, we obiam 


T= U0osv, y= usnvy, 2= f(a + y?) = J(u). 


Then 
B=1+4%u), F=0, G= wv, 


and the area is given in the form 


ar ty ity 
[ dv f UVI+ fu) dy = an f UV 1+ h’?(u) du. 
If instead of w we mtroduce tho length of aro s of the meridian 


curve 2== du) as parameter, we obtam tho area of the surface 
of revolution m the form 


2 “ud P 
ris / s 
Where « is the distance from the axis of tho pomt on the 


rotating curve corresponding to s (Guldin’s rule, ef, Vol. I, 
p. 285) 


Ag an example we oaloulate the surface aren of the torus or anchor ring (of. 
Chap, TZ, seotion 4, p 165) obtained by rotating the owele (y— @)*-+- 2% = +3 
about the zaxis If we mtroduce the length of aro of the circle as A 


8 
parameter we have u = ¢ + ¢ mS and the area, 1s therefore 


Qa 2nr & 
ax f ds = anf (a+ roo") ds = 2nd. Ir 


The area of an snohor rm 
ference of the generating 
centre of the oirole, 


g 1s therefore equal to the product of the cironm- 
carole and the length of the path described by the 
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WAAMPLES 
1, Calculate the volume of tho solid defined by 
{Vi (a! ++ y®) — IP 


4 +58) <1). 


2, Find the volumo out off from the paraboloid 


by the plano z == h, 
3. Find the volumo out off fiom tho ellipsoid 


2 aS 42 
ie | 


by the plane 
la +. my ++ uz = p 


4. (a) Show that if any closed ourvo 0 == f(@) 18 diawn on the surface 
== a? cos 20 


(r, 0, » being polar co ordinates m space), the area of the surfaco so enclosed 
18 equal to the area enclosed by tho projection of tho curve on the sphere 
r = a, the omgin of co ordinates bemg the vertox of projection 
(b) Express the area by o simple mtogral 
(c) Find the area of the whole sinface 
§, Find the area of tho suface of the spheroid formed by rotating an 
ellipse shout 1ta major ams, and show that if tho fourth and lngher powers 
Of the eocentricity e may be neglected, this nica 1s equal 10 that of tho 
sphere whose volume 1s equal to that of the spheroid 
8 Find the volume and surface area of tho solid gonorated by rotating 
the triangle ABC about the side AB 
7 A tube surface is gencrated by tho apheres of umt radius whose 
centres form the closed plane curve LZ Provo that the sien A of the 
surface is 2 times the length of L, 
8*, (a) Calculate the volume of the region defined by 
+ P+aA se 
at 2 — re = 0 
of yt re & 0, 
(6) Calculate the aren of the spherical part of the houndary of this 
Tegion, 16 the area of the suiface 


a2 4. yt gh ma 7? 
e+ y— raed 
e+ yi + re & 0, 


276 MULTIPLE INTEGRALS [Cuar, 
9, Caloulate the area of that part of the screw surface 


yore tan” = 0 
h 
for wluch 


Pset+ysR, |z| & 5h 
10. Caloulate tho area of the surface 
(ch + of ahem at — of 


7 Prrystcan APPLICATIONS 


In section 2, No 7 (p 235) wo have already seen how the 
concept of mass 1s connected with that of a multiple integral. 
Fere wo shall study somo of the othor concepts of mechanics. 
We begin with a more detailed study of moment and of moment 
of inertia than was possible in Vol I, Chap X (p. 496). 


1, Moments and Centre of Mass. 


The moment with aespect to the xy-plane of a particle with mass 

m 2 defined as the product mz of the mass and the 2-co-ordinate. 

Similaily, the moment with respect to the yz-plane 1s me and that 

with respect to the ze-plane 1s my. The moments of several particles 

combine additwely, that is, the three moments of a system of 

particles with massos m,, My, « » My and co-ordinates (a, 44, 2); 
» +) (Gar Yn %n) ate given by the expressions 


n n nt 
I,=ima, Ly=Bmy, T.= Emp, 
peal peal yr tf 


Jé mstead of a finite number of particles wo aro dealmg with 
a mass disimbuted contmuously with density w= p(x, y, 2) 
through s region m space or over a surface or curve, wo define 
the moment of the masg-distribution by a limitmg process, as in 
Vol. I, Chap X, scotion 6 (p. 497), and thus express the moments 
by integrals. For example, with a disimbution im space we sub- 
divide the region # into sub-regions, immagine the total mass 
of cach sub-region concentrated at any one of its pomts, and 
then form the moment of the system of these particles Wo 
soe at once that as 7—>o and at tho samo timo the greatest 
chamotor of the sub-regions tends to zero the sums tend to the 
limits 
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Leaf f [ podedyd, T, =f f [ uydudyde, 
R R 
T. =f ff padudyds, 
oi 


which we call the moments of the volume-distribution 

Smularly, if the mass 19 distmbuted over a surface S given 
by the equations «= d(u, v), y= Hu, v), 2== x(u, v) with 
surface denarty j(2#, v), wo define the moments of the suxface dis- 
trebutcon by tho expressions 


T= [ j uado = ‘i i po/ EG — FFdudo, 
T= i f uy do = if A py VG — Fdudo, 


t's =f fusdo= f f wo RE — Fedde 


Finally, tho moments of a cw ve x(s), y(s), 2(8) 1 space with mass 
density j(s) aro defined by tho expressions 


Li i “pst ds, D's f “ny ds, L', = [ “a ds, 


where s denotes the length of are 

The centroud (centre of mass) of a mass of total amount Jf 
distubuted though a region FR 1s defined as the pomt with so- 
ordmatos 


My yt 

MW’ M 

Yor a distribution in space the co-ordinates of the centre of mass 
are therefore givon by tho oxpressions 


= lf [utedyas, &e, where Ma f f f wdadyds 


Ags an oxamplo wo fitat considor the wuform hemisphorical region # 
with mass donaity 1: 


7, 
Gm: We oe 


a - yh tS, 
2 0, 


Te i f f ndudy de, 


The first two momonts 
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Tas f i, ydudy de 
if 


are zero, since the integration with respect to 2 or with respect to ¥ gives 
the value zero Tor the tlurd, 


fT, = ff f sdndyds, 


wo introduce oyhndncal co ordinates (7, z, 6) by means of the equations 


gra 2, 
c=? cos, 
y= rsing 


and, obtam. 


Vv {1— 2°) Li2eg 2 *) i rf 
y= fade f rar fa 0 = On f 5 adam n(E—% Peay’ 
Since the total mass 18 27/3, the co-ordmates of the contre of mass are 
e=Q,y=0,2=— 
Woe ahall noxt caloulate the centie of mass of a homispherical surface 


of unit radius over wluch a mags of umt donsity 1s umfoimly distributed, 
For the parametric representation 


Wm COSUAINY, Y= SNUSNY, Z== cos 


we oaloulate the surfaco element from the formula on p, 273 and 
find that 


JEG — Fdudy = anvdudy 
We accordingly obtain 


T= fantvd fo cos udu = 0, 


1, =f sin? vay fs sinudu = 0, 


ay fa 
n, = fai siny cove f du= ona i st Tf 
0 


for the three moments Since the total mass 1s obviously 27, wo seo that 
the centre of mass Iles at the pomt with oo ordinates w= 0, y = 0, 2 = 4, 


2, Moment of Inortia. 


The generalization of the concept of moment of inertia is 
equally obvious, Lhe moment of mertia of a particle with respect 
to the x-aais os the product of us mass and p?= y*--22, that is, 
the square of the distance of the point from the a-axis, In the 
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same way, we dofinc tho moment of mertia about the v-axis of 
a mass distributed with density p(x, y, z) though a region & 


by the expression 
, f f py? 4+- 24) dudy dz 
R 


The momonts of mortia about the othor axes are reprosonted by 
similar expressions Occasionally the moment of incrlia with 
respect to a port, say the org, is defined by tho exprossion 


i i fae -+ y® -L- 2) dudy dz, 


and the moment of incrtia with respect to a plane, say tho 


y2-plane, by 
‘a i i pada dy dz 


Similarly, the moment of inertia, with respest to the a-axis, of 
a surface distubution is given by 


ff war + do, 


where p(u, v) is a contimuous function of two paramotors wu and v. 

The moment of moitia of a mass distributed with donsrty 
u(x, y, 2) Umough a region &, with respect to an axis parallel to 
tho x-axis and passing through the pomt (€, 9, 2), is given by the 
expression 


Lf fy — a + @— OFldndyde, 


If in particular we let (&, 7, £) bo the centre of mass (cf. p. 277) 
and recall the relations for the co-ordmates of tho contre of mass 
(given on p 277), we ab onco obtain the equation 


[f[ [o@r+ededyde= f f fully — a+ @— 0 ldedy de 
=F Of ff mdudy de 


Since any arbitrary axis of rotation of a body can bo chosen as 
the z-axis, tho meaning of this equation can be oxpressed as 
follows’ 

The moment of merha of a rand body with respect to an arbitrary 
ams of rotation is equal to the moment of inertea of the body about 
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& parallel axes through rts centre of mass plus the product of the total 
mass and the square of the distance between the centre of mass and 
the ams of rotatron (Steimor’s theorem) 

Tho physical meaning of the moment of mertia for regions m 
several dimensions 18 exactly the samo as that already statod 
in Vol J, Chap V, section 2(p 286). 


The kinetio energy of a body rotating uniformly about an axis 


1s equal to half the product of the square of the angular velocity and 
the moment of wnertia 


The following examples may serve to illustrate the concept and the 
actual caloulation of the moment of imertia m simple cases 
For the sphere V with centre at the origm, unit radius and unat density, 


we see by symmetry that the moment of mertia with respect to any axis 
through the origin 15 


=f ffs -+ x )dudy dz =f {fw + 2) da dy dz 
-{f ‘i (y* + 2%)dudy dz. 


If we add the three integrals, we obtain 


aI =f f fe + #3 -+- 2*)dudyde, 
v 
or, if we introduce polat co-ordinates, 


] 8 
Tas af tar f f[omode f° duce = 5° 2. Sarmm 


Tor a beam with edges a, b, ¢, parallel to the # axis, tho y-axis, and 
the z-axis respectively, with unit density and centre of mass at the origin 
we find that the moment of mertia with ime to the zy-plane ia 


{2 er ef 
f oe vf edz = ab ©. 18 
a]Z /—bj2 J—e]2 


8, The Compound Pendulum. 


The above ideas find an apphoation m the mathematical treatment of 
the compound pendulum, that 1s, of a mgid body which osoillates about a 
fixed axis undor the influence of gravity. 

Woe consider a plane through G, the centre of mass of the rigid body, 
perpendicular to the axis of rotation; let this plane ont the axis m the 
point O (fig 14) ‘Thon the motion of the body 1s obviously givon if wo 
state the angle = o(i) which OG makes at tame ¢ with the downward 
vertionl line through O In order to determme thus funotion p(t) and also 
the period of oscillation of the pendulum, we require to assumo a know- 
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lodge of certaim phyaieal facts (cf Chap VI, seouon 1, p 412) Woe make 
use of tho law of conservation of encrgy, which states that durmg the 
motion of the body the sum of its kinetic and potential energies remains 
constant Ifere V, the potontial cnorgy of the body, 18 the product Moh, 
where MM 19 the total mass, g the gravitational 
aocoleration, and f, the hoght of the centre of 
mass above an arbilaary horizontal Ime, og. 
above the hozzontal hno through tho lowest 
position reached by the centro of masa durmg 
the motion If we denote OG, tho distance of 
the centre of mass fiom the axis, by a, thon 
V = Mgs{l— cos). By p 280 the kinotic 
energy 18 given by 7'= 47%, whoro J 18 tho 
momient of mertia of the body with respect to 
the axis of rotation and we have written 9 for 
do/di The low of consorvation of energy there 
fore gives the cqualion 


Beret 


41 op? — Mgs cos = const. Iig 14 —The compound 
pendulum 


If we mtroduco tho constant | = I/Ma, this is 
exactly tho same as the oquation proviously found (Vol, I, Chap. V, 
p. 802) for the simple pondulum; 218 accordingly known as the length of the 
equrvatent suaple pendulum 

Wo can now directly apply tho formule proviously obtaimed (loo. oit.), 
The period of oscillation 18 given by the formula 


Ten? af z pte dp 
2g rc — CONDp 
where 9 corresponds to tho groatoat ciaplacomont of the contro of mass; 
for amall angles this 18 approximately 


q I 
TF pees an af = an ging 


The formule for tho simple pondulum 28 of comso molndod in this os a 
special case, Tor if tho whole mass Jf is concentrated at the contre of mass, 
then J = dfs’, so that 7 = 8 

Investigating furthor, we recall that J, the momont of inortia, about 
the axis of rotation, ia connooted with J,, tho momont of inortia about a 
parallel axis through tho centro of mass, by the relation (of. p. 270) 

I= I,-+- Ms’. 

Hence 


I 
ta g+ —2% 
ate Mia’ 
or, 1f wo introduce the constant @ = Iy/M, 


imo, 
a 
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We seo at once that in a compound pendulum 7 always exceeds a, 
so that the pouiod of a compound pendulum 1s always greater than that 
of the simple pendulum obtained by concontrating tho mass Jf at tho 
centre of mass Moreovor, wo note that the period 1s tho same for all 
parallel axes at the samo distance s fiom the centro of mass Jor the 
length of the equivalont simple pendulum depends only on the two quan. 
tities ¢ and a= I,/M, and therefore remains the same provided noithor 
the direction of the axis of rotation nor its distance from the centre of 
mags is altered 

If in the formula 7== 8 + a@/s we replace the quantity s by @/s, that 
18, 1f the axis 18 moved from tho diatanco ¢ to the distanco a/s from the 
contre of mass, then / romains unchanged This means that a compound 
pendulum has the same period of oscillation fox all paralicl axes which 
have the distance s or @/s from the centro of mass. 


The formula 7 == 2n f Ct") shows at once that tho poriod 7 


increases beyond all bounds as s tonds to zero or to infimty It must 
therefore have a minimum for some values, By differentiating we obtain 


& = 4/a= 2. 


A pendulum whose axis 18 at a distance a= 4/J)/M from the contre 
of masa will be relatively mmsonsitive to small displacements of tho axis 
Por in thw case df'/ds yanishos, so that first ordor changes in s produce 
only second order changes in 7 ‘This fact has been apphed by Prof 
Schuler of Géttmgen in the construction of very accurate clocks 


4, Potential of Attracting Masses. 


Wo have seen m Chap, IT, section 7 (p 90) that according to Newton's 
law of gravitation the force which a fixed particle Q@ with oo-ordinates 
(E, 7, $) and mass m exoris on a second particle P with co ordinates (#, ¥, 2) 
and unit mass 1s gryen, apart from the gravitational constant y, by 


m grad *, 


where 7 = af (a — E)* + (y — 4)? + (z — C)* 1s the distance between the 
points P and Q, The direotion of the force 1s along the line joming the 
two particles, and ita magmitude 1s inversely proportional to the square 
of the distance If wo now consider the force exerted on P by a number 
of points Q,, Qa -.., Q, With respective masses m7, mM, +My, WO CAN 
express the total force as the gradient of the quantity 


ac a 
ct Pot 


where 7, denotes the distance of the point Q, from the pomt P If a force 
can be expressed as a gradient of a funotion, it 1s customary to call thus 
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function tho potential of the force, wo accoidingly dofine the grayitational 


potential of the systom of particles Q,, Qa +. +» Q, at the point P as the 
expression 


#t mn 


ag a 
peais/(e — E+ (y — 0,8 + (2 — &)8 


We now supposo that instead of bemg concentrated at a fimte number 
of points tho giavitating massos are distitbuted with contmuous density p 
ovor & portion J? of spaco or a surface § o1 a curve @ Thon the potential 
of this mass distribution. at a pomt with oo ordinates (x, 4, z) outside the 
aystom of masses is defined as 


fff ul 4) dé dat, 
R 
jf 
8 
[ee 


In the first case tho integiation 14 takon throughout tho region with 
rectangula, oo ordinates (&, , ¢), m the accond case over the suface 
with the clement of surfaco da, and m tho thud oaso along the ourve with 
longth of aro a, In all (Ineo formule r donotes the distance of the pot 
P from the pomt (& y, %) of tho region of integration and y. the muss 
density at tho pomt (8, , UC). 

Thus og. tho potential at a pomt P with co ordinates (a, y, 2), due to 
a sphere K of constant density equal to unity, with unit radius and centre 
the origin, 18 given by the intogral 


or 


or 


LE dandy 
cere ras 


bl bV¥(L-8) pt VL fn] 
—1 Y-V GAB) Y-V dm gtent) o 


In all theso expressions the co ordinates (2, y, 2) of the pomt P appear, 
not as variables of mtepiation, bul as parameters, and the potentials are 
functions of these parameters, 

To obtain the components of the force from the potential we have to 
differontiate the integral with respect 10 the parameters The rules for 
differentiation with respect to a paramoter oxtond direstly to multiple 
integrals, and by section 1 (p 218) tho differentiation can be performed 
under tho integral sign, provided that tho pomt P docs not belong to the 
region of integration, that is, provided that we pre certain that there is 
no pont of the closed rogion of integration for which the distanco 7 has 
the value zoo, ‘Thus, for example, we find that the components of the 
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gravitational force on umt mass duo to a mass distributed with unt 
density through a region 2 m space are given by the expressions 


Ba f ff Zr aeanat, Fo f ff aaad, 
Pra ff f FP aeanas 


Iinally, we point out that tho expressions for the potential and its 
first derivatives continue to have a moaning if the pomt P hes m the 
miteior of the region of integration, Tho mtcgrals are then imploper 
integrals, and, as 18 easily shown, thor convergenco follows fiom the 
oliteria of section 6 (p 257). 

As an example wo shall oaloulate tho potential at an mtenal pomt 
and at an oxternal pomt, due to « sphorical surface § with radia a and 
unit surface density, If we take the centre of tho sphere as origm and 
make the a axis pasa through tho pomt P (inside or outsido the aphere), 
the pomt P will havo the co ordinates (x, 0, 0), and the potential will bo 


v i do 
J Ve — BP + otto 
Tf we introduce polar co ordinates on the sphere by means of the equations 


E= @ cos0, 
7 = @ 8in0 cosa, 
C= asind sing, 


U x ie a* sin 0 a0 [a 
o Vie — acos0)?-+ asm? Jo 
= ar fll 
o Va + a? — 2a cos 0 


Lf wo puta? 4- a® — au 0080 = 7%, so that ave Od0 = rdr, thon (provided 
that # + 0) the mtegral becomes 


then 


2a 


lwtal dy 
ah — = —(|a+a|—|#—al). 


Xa I + a v 


Tor | | > @ we therefore haye 
ond for | #| <a 


Hence the potential at an external pomt is the same as if the wholo 
mass 4na" were concentrated at the centre of the sphere. On the other 
hand, throughout the mterior the potential is constant At the surface 
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of the sphere the potential 1s contmuous, the oxpression for U is still 
dofined. {as an impioper integial) and has the valuo 4xa Tho component 
of force ¥, m the a direction, howover, has 2 yump of amount —4r at the 
surface of the sphoro, for if | «| > @, wo havo 


whilo = 0 if |a| <a, 

The potential of a sold sphero of untt donsity is found from the 
above by multiplying by da and thon mntegratmg with 1cspeot toa. This 
grvos tho value 

4xca8 

ar 
for the potential at an oxternal point, which is again the samo as if the 
total mass $na* were concentrated at the contro 


EEXAMPLUS 


1 Find tho position of tho centro of mags of tho curved surface of n 
right cone, 

2. Find the co ordmates of the contre of mass of the portion of the 
paraboloid 

2 yf es pw 
aut off by tho plano # = a, 

3*, A tube surface 1s gonerated by a family of spheres of unit radius 
with thoir contres mm the ay-plano, Lot § be a poition of tho surface 
lying above the ay plane and II tho aroa of tho projection of 8 on tho ay- 
plane Prove that tho z co ordinato of tho conizo of mass of J is equal 
to II/s 

4, Caloulate the moment of inertia of tho solid onolosed botween the 
two oylinders 


pee R and aye Ro (R> R’) 
and the two planos 2 = }, and z = —h, with reapoot to (a) tho z-axis, (b) the 
¢-exis, 


5. If A, B, @ denoto tho moments of morlia of on arbitrary aolid of 
positive donsity with rospect to tho a, y-, z axes, then tho “ tranglo in- 
equalities 

A+ B>0, A+O>8, B+O0>A4 
are satasfiod 


6, Find the moment of mortia of tho cllipsold 


with respeot to 
(a) the z axis, 


286 MULTIPLE INTEGRALS [Cuap. 


(b) an arbitrary axis through the origin, grven by 
@yena By (8+ f9+ y= 1) 
7*, Tund the envelopes of the planes with respect to which the ellipsoid 
ae et 
a Bo 
has the same moment of inertia fh, 


8, Let 0 be an arbitrary pot and 8 an arbitrary body, On every 1ay 
from O we take the pomt at the distance 1/V JZ from 0, where J donotos 
the moment of mertia of § with respect to the straight lime comoiding with 
the ray Prove that the pomts so constiuoted form an ellipsoid (the ao 
oalled momental ellipsord) 


9 Find the momental ellipsoid of the ellipsoid 
aR 
at the point (&, », ¢). 


10 ‘JEind the co ordinates of the centre of mass of the surface of tho 
sphere 2? + 9-1 2? == 1, the density being given by 


be 1 
VG I ee 


1] Wand the # co ordimate of the centre of mass of the octant of tho 
ellipsoid 


2 ¥ 2 
—+Etseh 20,420,230. 


12 A system of masses § consists of two pats 5, and 8,3 I, Z,, 7 aro 
the respective moments of inertia of 8, 8, S about three parallel axoa 
passing through the respeotive centres of mass Provo that 


i- Vee ae! 


where 7, and m, are the masses of §, and §, and @ tho distance between 
the axes passmg through their centres of mass 


13 Calculate the potential of the ellipsoid of revolution 


a a 
lh te a 


a bf 


af its centre (b > a) 
14 Caloulate the potential of o solid of revolution 


r=Viei+y)Sfe), «S28), 
at the origin 
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Appendix to Chapter IV 
1, Tor Existence or tum Morirere Intecran 


1, The Content of Plane Regions and Regions of Hugher 
Dimensions, 


In ordex to obtam tho analytical proof of the existence of the 
mulizple mtegral of a continuous function, we must begin with 
a study of the idea of content. 

In Vol I, Chap V (p. 269) we saw how the content of a plane 
region can in general bo expressed by an integral Without 
makmg uso of that fact, and without considermg the existence 
of the area as guaranteed by mturlion, wo shall now proceed to 
give a general definition of the 1doa of “ content ” and investigate 
under what conditions this concept has a meaning, 

Wo begm with a rectangle with sides parallel to the and 
y-axes, and define the azca of such a rectangle as the product of 
the base and tho altitude If the given rectangle is subdivided 
into smallor rectangles by a numbor of parallels to tho sides, 16 
is clear from this defimtion that tho area of the rectangle 1s equal 
to the sum of the areas of all the sub-rectanglos The arca of a 
region which 1s composed of a finite numbor of icotangles * can 
now be defined as the sum of tho areas of those rectangles 

The area thus defined is independent of the way m which the 
rogion 18 subdivided (or resolved) mto 1cctangles Yor if we are 
given two different resolutions, we can find a third resolution 
which is a finer subdivision of the two origmal ones Wo do 
this by prolongmg throughout the region all the lmes which 
occur in either of the resolutions These lines subdivide the two 
subdivisions into still smaller rectangles Tho sum of the arcas 
of these small rectangles 1s oqual to tho sum of the aroas of the 
rectangles both of tho first resolution and of the second resolution. 

Now im order to define the area of an arbitrary bounded region 
B we form an inner approximation and an outer approximation 
to the region, that 1s, we find two regions B; and B,, each con- 
sisting of rectangles, the 1egion B, bemg entirely within B and 


* Throughout this scction the woid rectangle will always bo understood 
to mean a rectangto with sides paallol to tho axos 


288 MULTIPLE INTEGRALS [CHAR. 


the exterior region B, contammg B Yor this purpose we first 
enclose the region B in o large squaro Then we divide this 
gquaze into small rectangles by diawimg parallels to tho axes 
Those rectangles having points m common with B together form 
a region B, which encloses B, those rectangles which lie wholly 
within B form a region B, which 1s contained in B, 

We now wish to define the area C(B) of B m such a way that 


for every choice of B,; and B, the area of B hes botweon that of 


OB) & O(B) Ss O(B,) 


If we make the subdivisions finer, so that the diametors of the 
rectangles tend to zero, then the areas C(B,) form a mono- 
tonic mereasing sequence and the areas C(B,) form a mono- 
tonic decreasing sequence Tor to tho regions B, rectangles can 
only bo added, and from B, rectangles can only be removed, 
Therefore C(B,) has a limit and so has O(B,) If these two lumiis 
are equal, we call this common lamut the area of the region B, 

Under what conditions are the two hmuts, C(B;) and C(B,), 
equal? Of course the answer is, when the difference C(B,) — C(B)) 
tends to zo10 ag tho fineness of the subdivisions increases Tho 
rogion B, — B, consists of those rectangles which have points in 
common with the boundary of B Thorefore if tho area of this 
region B, — B, tends to zero, it follows that the boundary of B 
can be enclosed im a, region composed of rectangles and having 
as small an area as we please, namely n B,— B, Conversely, if 
the boundary of B can be enclosed m the mtonor of a region S 
consisting of rectangles with a total area as small as we please, and 
if the subdivision 1s sufficiently fine, the rectangles B, — B, will 
all lie in 8, the area of B,— B, will then be less than that of S, 
so that 16 tends to zero. 

The result 18 as follows: the Wms of C(B,) and C(B,) are equal 
of, and only +f, ithe boundary of B can be enclosed m a regron consest- 
mg of rectangles of total aea as small as we please. In thes case 
our definition actually does assign a content * to B. 


*Trom the geometrical point of view it 1s somewhat unsatisfactory that 
in defining the content we have singled out a particular co ordimate system. 
As a matter of fact, howevor, there 18 no difficulty m showing that the content 
is independent of the co ordinate aystem, not only for two dimensions but also 
for n dimensions, We shall, however, omit this discussion here, or, on 
the one hand, it is not necessary for our partioular purpose, which is the 
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Tn the next sub-section (p 291) wo shall prove the mtuttively 
plausible fact that every sectronally smooth contenuous ow ve (that 
is, evely continuous curve which has a continnously tuming 
tangent except at a finite number of pomts) can be enclosed an a 
reguon formed from rectangles, whose aea 1s as small as we please. 
The condition is therefore satisfied whenever the region B con- 
sists of a finite number of parts, cach bounded by a fintte number 
of sectionally smooth curves Such regions have a unique area, 
others do not arise in practical applications 

We shall show on p. 292 that if a region B 1s subdivided by 
sectionally smooth curves tho sum of tho contents of the sub 
regions 1s equal to the content of the whole region B Tere wo 
shall merely show that the present definition of arca agrees with 
the mtegral formule obtained previously 


ynfco 


& 
Tig 13 --Approxlination to a reglon by seta of rectangles 


Wo bogin by considermg « region B bounded by tho #-ax1s, 
tho lines a== @, = 6, and a curve y= f(w) for the rogions B, 
and B;, respectively contained in and contaming B, wo can take 
tho regions composed of rectangles shown 1n fig, 15 (the one by 
dotted Imes and tho othor by continuous lines), Accordmg to 
the definition of a simplo integral in Vol. I, Chap J, section 1 
(p. 78), the arcas B, and B, aro respectively an uppor sum J, 


b 
and a lower sum J’, for tho mtogral i, yde. In addition to our 
=. a 


formula 
O(B,) S OB) S C(B,) 


poet of tho oxistonce of tho doublo iniegial, and, on the othor hand, tho 
aob that the contont is Indopondont of tho co o1dinato system follows immo 
diately when wo roprosont the contont by a multiplo integial and rooall that 
tho transformation formula shows that the yalue of this integral is unchanged 
whon now rectangular co ordinates a10 introduced, 

(8912) 11 
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we accordingly have the further mequality 


b 
CB) S | fa)de S OCB), 
by the definxtion of mtegal Smce lm C(B,) = lm O(B,), 16 
b 


follows that C(B) = f f(z)dz, 1 agreement with what we have 
said already . 

In the case of an arbitrary region B, subdivision of the 
region by lmes parallel to the axes shows that our definition 
of content agrees with the expression for the area’ 


| [dady 


The present definition of the area can immediately be extended 
to threo-dimensional regions, and in fact to regions mn x dimensions, 
The content of a parallelepiped with sides parallel to tho axes 1 
defined as the product of the lengths of the three sides Wo then 
extend the definition to regions composed of a fimte number of 
such paralleleprpeds Tor an aibitrary region B we thon find 
regions B,; composed of paralleleprpeds and lymg in B and similar 
regions B,contammeg B, The definition of the content of the region 
Bas tho common lmit of the content of B, and that of B, again 
has a meanmg, provided that the boundary of the region B can 
be enclosed 1n a set of paralleleppeds of arbitrauly amall total 
content In the next sub-section (p. 292) we shall show that this 
can always be done for regions bounded by surfaces having 
sectionally continuous tangent planes As before, we shall hence- 
forth restrict ourselves to such regions The word region 1s always 
to mean a bounded closed region whose boundary consists of a 
fimte number of surfaces with sectionally continuous derivatives, 

The volume of a cylinder with 1ts axis im the direction of the 
z-axis and its base in the zy-plane 1s the product of tho arca of the 
base and the altitude This is at once cloar when the base is 
composed of rectangles with sides parallel to the axes In the 
general case the cylinder can be enclosed between two cylinders 
whose bases are regions composed of rectangles and whose 
volumes differ from that of the given cylmder by arbitrarily 
small amounts The theorem therefore holds for cylinders with 
any base "rom this 1t follows as before that the double integral 


J [ fe, vydedy 
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gives the volume of a portion of space bounded above by tho 
surface z= f(x, ¥), below by the plane region B, and at tho sides 
by the vertical Imes by which the edge of tho surfaco 1s projected 
into the bounday of B Furthor, we seo that the definition of 
volume for a goneral region in space # agiecs with the integial 


expression 
J ff dadyte 


2. A Theorem on Smooth Aras. 


Tn discussing aicas wo used the theorem that a continuous 
curve with a continuously tuning tangent at all but a finite 
number of points can always bo cnclosed m a region composed 
of rectangles with sides parallel to the axcs and having an arbi- 
tiarily small total content Tt 1s obviously sufficient to prove the 
theorem for the mdividual ales with continuous tangents Let 
such an arc be given by the equations 


a= $6) 
y == f(s) i 


whero tho parameter ¢ 18 the length of aro and ¢(s) and yi(s) aro 
continuously diflerontiable functions ‘Then 


| (8) |S], 
ye) | <1 


By the moan valuo theorem of tho diflerontial calculus, for any 
two valucs s and s, of s in tho interval a & s § b wo havo 


[o— a |= | A(s)~ $s) |S] s— |, 
ly — mn |= | Ys) — (a) |S] s— |. 


If, therefore, wo subdivide the curvo imto # arcs of longth 
eas (b—a)/n and denoto the mitial pomt of the v-th aro by 
(w,, ¥,) and an arbitrary pomt of that are by (2, y), wo havo 


|jv—a,| Se or T,—CSetS 4, -+ « 
ly-ylSe or Y~-eSySyte 


Tho points of tho v-th aro therofore all ho in a squaro with side 


292 MULTIPLE INTEGRALS [CrtaP. 
Ze and atom 4¢® The whole curve 1s included in » such squares, 
whose total area 1s at most 

4e% == 4e(b — a) 
This quantity can pe made ag small os we ploaso by taking e 
sufficrently small, 


There 18 no difficulty in proving the correspondig theorem 
for surfaces in space defined by the equations 


w= lu, v) 
y = ip(u, 2) 
Or x(u, ”); 


whore the functions ¢, 4, y havo seotionally continuous deri- 
vatives, It 1s found that every such surface can be enclosed in a 
region of arbitrarily small volume, consistmg of a number of 
parallelepipeds 

A. consequence of this theorem is that xf a plane region B 
hounded by a sectronally smooth curve 1s subdivided nto two sub- 
regions Rt’, 2 which are separated by sectionally smooth ares, 
the aroa of £18 equal to the sum of the areas of 2’ and R”, For 
we can subdivide the plane by straight lnes parallel to the co- 
ordinate axes and so close together that all the rectangles which 
have points in common with the boundary of R or with the 
ares separating 2’ and R” have an arbitranly smail total area, 
As before, we define &, as the region consisting of all rectanglos 
having points in common with R, and 2, as the region consisting 
of all rectanglos entirely within 2, the regions R,', Ry, B,!’, BR,’ 
are sinularly defined, The regions 2,/ and RP,” together cover 
F,, some rectangles bemg counted twice, hence O(R,') + O(R,"") 
= O(8,) 2 O(R) Again, R/ and FR,” are contamed in R,, and 
are completely separate, hence C(R) = C(R,) = C(R/) + O(R,"). 
Since C(f,’) and C(R,’) can be made to approximate as closely 
as we desire to C(R’) and C(R”) by making the subdivision fine 
enough, the first of these mequalities gives C(R')-+ C(R") = O(R), 
the second similarly gives C(R')-+ O(R"”) S O(R). Taken to- 
gether, these inequahties prove our statement 

It is clear that this addrtion theorem still holds when the 
region 218 subdivided mto any finite number of regions RO, R®, 
..., 2”, Tho extension to more than two dimensions follows the 
same lines and offers no difficulty at all 
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8 The Existence of the Multiple Integral of a Continuous Function. 


Let the function f(s, y) be continuous m the mterior and on 
the boundary of a1egi0n 2 Wo wish to show that as the diametors 
of tho sub-regions &, tend to zero the upper and lower sums 
xm, AR,, UM, AR, (defined in Chap IV, section 2, p 224) tond 
to a common limut which 1s mdependont of the mode of sub- 
division ‘The proof is essentially tho samo as tho coriespondmg 
proof in Vol I, Chap II, Appondix (p 131), and can therefore 
be grven quito briefly horo, 

Woe first suppose that the subdivision of 2 into sub-rogions R, 
is eflected by polygonal paths We choose tho maximum diametor 
8 of tho sub-regions 2, so small that fo1 evory two pomts whose 
distance apatt 1s less than 8 the values of tho function diflor by 
less than «. Then in cach of theso 1ogions wo havo 


M,~ m, << 


Thus for the difference betweon tho upper sum and the lower sum 
we have 


SM, AR, ~ 3m, AR, <BcAR, = eO(R). 


Every subdivision obtained by subdividing tho given subdivision 
futher obviously has a lower sum which is betweon the upper 
and lowor sums of tho original subdivision 

Tho proof ie complete once wo show that for covery two sub- 
divisions of 2 into sub-regions with diameters less than 8 the 
corresponding upper and lower sums of the two subdivisions 
dhffor from ono anothor by as httlo as wo ploaso, provided only 
that 3 is choson sufficiontly small 

If wo aro grvon a second subdivision into sub-regions FX,’ 
which havo diamoters less than 5, then im this subdivision also 
the upper and lower sums will diflor by less than eO(R): 


SIAR,’ — im,'AR,' < eO(R). 


The two subdivisions togethor define a new subdivision which is a 
further subdivision of each of the two and which 1s obtained by 
collecting tho common pomts of cach pair of regions 2, and BR,’ 
(af such poms oxist) into a region &,,”, By the provious remark, 
the lower sum of this third subdivision 18 not smaller than the 
lower sum of the two original subdivisions, and diflera from 
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each of them by less than eC(#) ‘Therefore the Jower sind 
wn, AR, and Lae,/AR! differ by lowe Chan Hel Ry If we nave 
lo ¢ tond 40 vero, 1b follows from Cunchy'n test tint the fower 
sums havo a limit dependent of the mode of anbdivision 
Since wo havo already soon that the upper aunts ciffer front the 
lowor sume by as litle as wo pleas, the upper amy have the 
samo mit. ‘Cus proves tho oxiatenen af he doubte mlepral 


i} f fle, y)aS for polygonal subdivisions of 2 
R 


Wo mado this assumption in order to he sure (lit a common 
subdivision mio a finite number of reins 20,7" really: oxtata 
If, for oxamplo, the boundaries of tho sub-regions ara crrves, ancl 
a portion of a boundary curve im ono aubilivision rotianta of 
tho lino a = Oand a portion of a boundary iw the other conusts 


of tha ourva « ain y, thon tho common anbdivision will 


havo an infinito number of colla in tho neighhourhood of «0 
Woe oan, howevor, onsily gob nd of tue assumption of polygonal 
subdivision, For by p. 201 wo can replace avery curviliear sub 
division by a polygonal subdivision auch that the total differences 
of tho aroas, and honce the difluoneo of tho corresponding lowar 
sims, 18 arbitrarily small, ‘This obviously reduces the casa of 
aub-rogions of arbitrary boundary to the apecial enna alrendy 
dagoussed 

Tho proof is clearly indepondont of the number of dimensions, 

Tho corollaries on tho oxiatance of the double intogral xtated 
in Chap, IV, sootion 2 (p. 225) follow immediately from tho 


approxmation formula doveloped there aud require no further 
proof hora 


2. Guymran Formuna ror ime Anea (on Votusre) oF A 
Raagion pounpry by Sramenra ov Strataiur Tanea 


on Prang Anuas (Gurpin’s Toracuna). Tun Ponan 
PLANIMBTUR 


Tho transformations on pp. 299-300 anable us to give a 
simplo proof of tho following theorama: 

If @ straight-line sogmont $ of constant or variable length | 
is in motion in a plane, and uf ¢ representa time, then tho area 
swopt out by tho moving segmont is 
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4 an 
As j. I) “= dt, 


where f, and ¢, correspond to tho mial and final positions of 
the segment S, and dn/dt 13 the component of tho velocity of the 
mean centre of S m the dnection perpendicular to S, 


Again, the volume V swept out by a moving plane area P 
of area A 18 


4 dn 
_ A(t) — dé 
V [405 ; 


where dn/dt 1s the component volocity of the mean centre of the 
area A perpendicular to the plane of P 

Both in these formule and im the proofs, we assume to begin 
with that the moving segment S or plano area A passes once and 


Tig 16 


once only through cach poimt of the region swept out(sco fig. 16), 

Woe first give the proof im tho case of a segment moving in a 
plane The generating segmont must bo reprosented by an 
equation of tho form 


a(tje+ Biy-+ yQ=0, + P=, ° (a) 
or elso in the form obtained by solvmg this equation for the 
variable é, tm h(a, 9) 

We first carry out the transformation of 4 = ; if de dy 
by means of the formula on p. 299 for the special cage 
I (@, y) = 1. 


Denoting by ds the linc olomont taken along the segment S, 
we obtain tho expression 


ts d 
: = aif ra 
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for the arca. It 1s easy to see, by substituting t= d(, y) in 
formula (a) and dificrentaatmg with respect to # and y, that 

aires 
grad ¢ 
Hence the area is given by 


= t(ae+ ply+y') 


bam fiatflo'at py t yds 


Here a’, f’, y’ denote the derivatives of a, 8, y with respect to ¢. 
The mtegration with respect to s 1s to be taken along the seg- 
ment 8, 


The single integral with respect to s 1s equal to 
Ue) (aX ++ BY + y'), 


where (X, Y) are the co-ordinates of the mean centre of S But 
X and ¥ satisfy the equation aX + BY -+ y= 0, On difleren- 
tiating this equation with respeot to t, we obtam 


a X + pry +4 y/ + aX’ -+ BY’ = 0, 
Thus 


—(a'X + BY +- y')== aX’ - BY’. 


Here a, 8 are the components of the unit vector perpendicular 
to the segment S, and X’, Y’ are 
the velomty components of the 
mean centre at tho time ¢ The 
expression a’X-++ A’Y + y’ 1s thus 
equal to the velocity of the mean 
centre perpendicular to S This 
proves our formula, 
This result: can be shown to bo 
aoe intuitively plausible by the follow- 
ing argument We consider two 
neighbourmg positions of the segment 8, PQ and P’Q’,say (fig 17) 
These two segments determine an area which is given approxi- 
mately by the product of the length PQ of S and the chstance 
M'M of the mean centre of one segment from that of the other. 
The error mm this approximation 1s of higher order than that of 
the merement of time 6 corresponding to the displacement, It 
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would be an instructive example for the reader to try to fill 
mn the details of this geometiical argument and provide a strict 
proot 

The correspondmg theorem in three dimensions can be proved 
in the same way by the use of the transformation formule for 
volume integrals given on p 3800 Thore 18 no need to go thiough 
the proof hee 

In the special cage of a plane region which is rotated about 
an axis whilo retaiming 18s o1gmal size and shape, we have the 
problem already considered m Vol I (Chap V, p. 285), where 
Guldin’s rule for the volume of a solid of revolution was given, 

Our formule associate a definite sign with the area of the 
region swept out, In the two-dimensional case tho sign depends 
on which of the two ducctions normal to S 1s regarded as post 
tive, (Tho samo 1s true in three dimensions ) Tho area obtamed 
is positive if tho segment S, as 1t passes through any pomt, moves 
in the duection of the positive normal; otherwiso 1t 18 negative. 

These observations allow us to oxtend our results to cases in 
which the segment or plane arca does not always move in the 
same sonse, or covers part of the 
plane (or space) more than once 
The integials grven above will then 
express the algcbiaio sum of tho 
areas (or volumes) of the parts of the 
rogion described, cach taken with the 
appropriate sign. We leavo it to the 
reader to work out how tus may be 
taken account of in practice, 

As an oxamplo, let a segmont Tig 18 
of constant lengih move so as 
to have 1ts end-points always on two fixed curves O and OC! m 
a plano, asin fig 18, Tom tho arrows showing the positive dires- 
tion of the normal wo can dobormine tho sign with which each 
area appears in the integral, and wo find that the integral gives 
the differcnco between tho arcas enclosed by G and C’. If 
O’ contains zoro area, as when 11 degoncratcsa mto a single scg- 
ment of a curve, multiply-descubed, the integral gives the area 
enclosed by C 

This principle is used m the construction of tho well-known 


polar planumeter (Amslor’s planimotor). Tlus is a mechanical 
(8012) 11¢ 
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apparatus for measuring plane areas It consists of a rigid 10d at 
the centre of which is a measuring-wheel which can roll on the 
drawing-pape: The plane of the wheel 1s perpendioular to the rod. 
When the nstrument 1s to be used to measure the area enclosed by 
a curve O drawn on the paper, one end of tho rod 1s moved round 
the curve, while the other 1s connected to a fixed point O, the pole, 
by means of a rigid member jomted to 1t This end of the rod 
therefore describes (multiply) an are of a circle’ that 18, a closed 
curve contaimmg zero area It follows that the normal motion 
of the mean centre of the rod gives the area enclosed by CO, apart 
from the constant multiplier 2, But this normal component 1s 
proportional to the angle through which the measurmg-wheel 
turns, provided that the circumference of the wheel moves on 
the paper as the rod moves, in which cage the postiion of the 
wheel 1s only affected by the motion normal to the rod 

In the instrument as usually constructed the wheel 1s not 
exactly at the centre of the rod, but this only alters the factor of 
proportionality in the result, and the factor can be determined 
directly by a calibration of the mstrument 


EXAMPLE 


Let S be a tube surface (of p, 182) generated by a family of unit 
spheres whose centres he on o closed ourve CO in the ay plane Prove that 
the volume enslosed by & 1g 7 times tho length of C 


3. Votunes anp AREAS IN Space or Any Numper 
or DIMENSIONS 


1. Resolution of Multiple Integrals 


If the region RF of the wy-plane 1s covered by a family of curves 
$(%, 7) = const 1n such a way that through each point of 2 there 
passes one, and only one, curve of the family, we can take the 
quantity ¢(w, y) == & as a new independent variable, that 1s, we 
can take the curves represented by ¢(x, y) == const as a family 
of parametric curves, 

For the second mdependent variable we can take the quantity 
4 = y, provided that we restrict ourselves to a region Rm which 


the curves ¢{#, y)= const and y= const determine the pomts 
uniquely, 
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Tf we introduce these now variables, a double integral 
f f J (a, y) dedy 18 transformed as follows’ 
R 


{ [10 yaoay =f (Pagan, 


If we keep & constant and mtograte the right-hand side with 
respoct to 7», the mtegral with respect to 7 can bo writton m the 


form 
i f (2, y) V(ha" Gig by) dy. 
Vigai + oy") Sa 


ds _ VW (pa? + $y’) 
dy Pa 
this integral may be regarded as an mtegral along the curve 


p(w, y) = €, tho length of arc s bemg the variable of mmtegration 
Thus we obtain the resolution 


CS ae aie a ri 


for our double integral Tho intuitive meanmng of this resolution 
is vory easily recognized if we suppose that coriesponding to tho 
curves f(x, y) = const thore is a family of orthogonal curves 
which mtorsect each separate curve ¢ = const at right angles, 
in the duection of the vector grad ¢. If tho orthogonal curves aro 
represented by the functions a(o) and y{o), whoro o 18 the length 
of arc on them, thon 
clas Des dy by 


rrr reer Sot 


do /(b," ++ 9,7) * de V (ba -- Whee + b,7)" 


Since 


Since 
a das d 
a ba gt bye 
wo obtain 
o V (pa? + py?) = igrad )" 
Wo now considor the quadrilateral mesh bounded by two curves 


d(x, y) == &, d(@, y) = &-++ A€, and two orthogonal curves which 
out off a portion of length As from (a, y) = € The arca of this 
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mesh 1s given approxmately by the product AsAc, and this 
in turn 18 approximately equal to 


AsA€é 
V bP + OF)" 
The transformation of the double mtegral, 


ds dé 
%, 4) tle dy = Doe eee gas 
J {fle pindy =f f fey) TAFE EN 
simply means this, enstead of calculateng the double integral by 
subdumding the region ito small ce es, we may use a subdunsion 
determaned by the curves d(x, y)= const. and theu' orthogonal 
curves, 

A similar resolution can be effected in threo-dimensional 
space. If the region 7 18 covered by o famnly of surfaces d(2, ¥, 2) 
= consb in such a way that through every point there passes 
one, and only one, surface, then we can take the quantity 


& = (a, y, 2) as a variable of mtegration, In this way we rosolve 
a triple mtegral 


[ff feu adedyde 
a flow)  Vibe+ b2+ 62 
“Li ygatasean ee 


into an integration 


f(z, y, 2) 
SS 7gstataa® 


over the surface 6 = £ and a subsequent mtegration with respect 
to &: 


[J [fe davauie= fae fer as 


2. Areas of Surfaces and Integration over Surfaces in more 
than Three Dimensions. 


In. n-dimensional space, that 1s, m the region of sets of values 
with 7 co-ordmates, an (x — 1)-dimensional surface is defined by 
an equation 


P(X, Xe, » %,) = const, 
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We suppose that a portion of this surface cor:esponds to a certain 
region B of tho vatiables a, %,  . ; Vay Where a, 18 to be 
calculated fiom the equation (2, %. — , 2) == const 

We now define the area of this portion of suiface as the 
absolute value of the integral 


Am ffi. [Vitae ey to to) doy 55 deny 


In the first instance this definition is only a formal gencralization 
of the formule for the area obtamed by mtuttion m tho case of 
three dimensions, Novortheloss, 1) has a certain yusification in 
the fact that the quantity A 18 indopondont of the choice of 
the co-ordinate #,. This may be proved m the same way as for 
the three-dimensional case (cf Chap IV, section 6, p. 271). 

Tho mtegral of o function f(a,, %, «++, %y) over this (nm — 1)- 
dimensional surface we define as 


i ’ {fev Way ove) Uy) do 


=f ff Pes te +5 tn) Vibe — tan) dey tty «6 Atta 


whore, a8 before, we supposo that %, is expressed in torms of 
iy.» 5 &y—4 by means of the equation d(a, .., %,) == const, 
We again find that the oxpression 1s mdependent of the choice 
of the variable 2, 

As in tho case of two or throo dimensions, a multiple integral 
over an n-dimensional region R, 


ee 


can be resolved as on p 800, We assumo that the region Fi is 
covered by a family of sufaces 


play; Vas eo 39 ®,,) = const, 


in such a way that through cach pomt (a, ... , ,) of F thoro 
passes one, and only one, surface. If instead of a...) np Ons 
we introduce 


Uys 2055 Gn-4zs E = hy, +++» Bn)s 


as independont variables, the multiple integral becomes 
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= Ges wk a 
“/ 7 i, ah 


3. Area and Volume of the 7-Dimensional Unit Sphere. 


As an example we shall calculate the area and volume of 
the sphere m #-dimensional space, that 1s, the area of tho 
(2 — 1)-dimensional surface determined by the equation 


a? sae a Ln" == 
and the volume mterior to the (mn — 1)-dimensional surface, 
which 1s the volume given by the mequality 

ei+ ..- o's RR 

Let a continuous function f (r) of r= 4/(22+ .-+«,*) be given 
inside tho sphere, ‘We shall first find the multiple integral 
f. of ffe)dm,. ..d@,, over the sphere #2-+..,+2,?5 
Woe introduce the new vanable 
= GM 6 + On) = BPP. ot Op, 
and in virtue of the relations 
V(bab + + bug?) = Or 
aa?) = Qrdr 

we obtam the resolution 


[fo [Ferd dig [fear re 


where Q,(r) is the area of the sphere w?-+-- . ++ a, 7= 
According to our general definition, the area of a ie 
of radius 1 is given by the mtegral 


1 os Wy 
5 Qa(r) = 0 f f a es 


where the integration is extended throughout the mterior of the 
(n — 1)-cimensional sphere 


P+ .+ePSr, 
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If stead of the variables #, we mtioduco the quantities 
in 
gay Beta 1, 
i a 


we obtain 
0, (7) = ayn f Phe = : dens = 92ly,, 
n 


where wo denote tho arca of tho umt sphere £,7+-...-+ &,2—= 1 by 


Bee dé, ‘ a 
Wy, = 9, 7: 7 . f ae 
Then 16 follows that 


Lf [fete dog onl floyetar, 


We can now calculate w, convemently from this formula: we 
extend the mtegration on the left throughout tho wholo a,a,...2,,- 
spaco (ic. wo let R mereaso boyond all bounds) and for f(r) 
wo choose a function for which both the n-tuple integral on tho 
left and the smglo mtegral on tho right can bo oxphoitly evaluated. 
Such a function 18 


f= ew aM ban") co got 


With tlus function tho equation takes tho form 
( [Cotar)' iS forte ae 
“0 0 


~ $ 
"| en" dag = 4/a 
—o 


eT ee ree n 
fe r*yad dy =3r(3) 


(p. 324), we obtain 


Since 


(p. 262) and 


axe 7)" 
" Tynp)’ 


w 


Here I’ (*) means the elementary expression 3") if n 
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ig even and Soles ba /n if nis odd. Tor the goneial 


definrtion of the gamma function, sce Vol I, p. 250, and pp. 
823-5 of the present volume In order to find tho volume of tho 
n-dimensional unt sphere we now put f(r) = 1 and obtam 


Om fevaf [de diy doy = erp fr tdr = 205 


honee 
ye 
"T+ 2/2) 


4 Generalizations. Parametric Representations, 


In n-dimensional space we can consider an r-dimensional 
manifold for any 7S” and seek to define its content for tlua 
purpose a parametric representation 1s advantageous Let the 
¢-dimensional manifold be given by the equations 


Wy = Py (Ug, oo os Uy) 


® e 4 » cy ‘ * * 


et, = dy (thy, vay Ur) 


where the functions ¢, possess contimuous derivatives in a region 
B of the variables (uj ..., u,). As the variables wu, ... 5 Uy 
range over this region, the pomt (a, .,,%,) describes an 7-dimen- 
sional surface. 

From the rectangular array 


Gay Oy Oy 
Ou, Ou | uy 
oa, fay Oa 
OU, Og OU 
Ox, Oty Oty 


we now form all possible r-rowed dotermmants 


DB, (o=1,.. (1) 
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the first of which, for examplo, 1s the determinant 
Ox, Ot, Om, 
du, Ou | Or, 


Ox, Ot, aay 
Ou, OU,  Ouyg|° 


0% Oty On, 
Ott, Oly | OU, 


The content of tho dimensional surface is then given by tho 
integral 


i sna 7 VD P+ Deseo. Den dis. Uy 


By means of tho theorem on tho transformation of multiple 
integrals (Chap. TV, section 4, p, 254), and simplo calculations 
with deltermmants which wo shall omit here, wo can provo that 
this expression for tho content 1omains wnchangod 2f wo roplace 
the paramotors 4, .., Uy, by othe. paramotors. Wo lhikowtso 
seo that in tho caso f= 1 this reduces to tho usual formula for 
the length of arc, and in tho caso 7 = 2 in a spaco of threo dimon- 
sions 16 becomes the formule for the area 

We shall give a proof for tho caso r= m — 1, whoro 7 is avbi- 
trary; 10 woshall prove the following theorem: If P(a%, ..,%,)== 0 
is an arbitrary (mn — 1)-dimensional portion of surfaco in 
dimensional spaco, and if this portion can also be roprosonted 
parametrically by the equations 


wy aed yh,(te4 aeey Uy—1)s (t =a 1, e#aey n), 
then its areca is givon by 


= A=, f VDi-...--+ Dp a -|- , ick D,P tty. dys, 


where D; 18 a Jacobian of (x — 1) rowa 


D,= O(a, »  » @r4s Pyiys + +3 Vy) "3 @,,) aor if Oty, eeey tnt) 
A(t), e649 ros ae O24; » oy Uimys Getyy tangy ©) 


Here, as always, wo assume tho oxistonco and continuity of all 
the dorivatives involved. 
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Without loss of gencraltty we may assume that ¢,, = 9. 
Then, smce by p 301 A 1s given by 


A=f sf ay, A y15 


we have only to show that 


1 1 grad ¢ | dx, dityy=V=uDPdu, . digas 
ttn t 
or 
Of Mi +) det 
add [2 == Ss 2D) ) (git ate == Lm YD, 
| gr ¢| de, @ 4 O(a, : Lyn) D,2 : t 
Now from the properties of Jacobians we have 
D, = O(a, ory By.4) B, Hh + ’ oe fe te 2 Tn—1) 
D,, Olt, «+ » Unt) Oty, «+» Una) 
can O(a, 6 0 Buy @, +1) tony Bn) 
O(a), +, Fa) 
This last Jacobian corresponds to the introduction of (a,,...+5 
%y4) Crtyy+ +9 %y) instead of (a, . ,%n-y) as independent 


variables, But as the partial derivataves ue are obtained from 
the equations On, 


On 
ten 5+ gu, = 0, (v1, ..,%—~ 1), 


D, d 
we have += +-*, once 
Dy Pun 
D be oma be a 
Dye ba? 


which proves the formula for A 
It may be mentioned here that the expression 2D? may be 


represented as a determinant of (n — 1) rows, : 
xy? Xu, Cy, se ey, Kun 
DDE = | Hu, ey | = ' = Gf, 
a Mins Xu, : Kuo, 


so that 
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A= f f VGdu, daa 


Here the elements of the determinant aro the mner products of 
Ox Ox Ow Ox 
the vectors X,y, = (Se tony 2) and Xy, = (. ; 5), 
ie, the expiessions 
Hegel) 
i Ou, OU, 


TSXAMPLI'S 
1 Caloulate the volume of tho 2 dimensional ellipsoid 
a,* 


a 4 
: +t oy = 
ay ty 


2. Express the integral J of a function of 2, depending on 2, alone, 
ovor the umt sphoro a,2-+4-...-+ %,*= 1 in 2 dimensional space, as a 
singlo integral, 


4, Improrrun IntearaLts AS I'uncrTIONS OF A PARAMETER 


1. Uniform Gonvergenos. Continuous Dependence on the Para- 
meter, 


Impropor imtegrals fequontly appoar as functions of a para- 
meter; thus 6g. tho intogral of tho general powor 


[rim 


in the interval —1 < 2 < 0 18 an improper intogral, 

We have scen that an integral over a finite interval is con- 
tmuous whon regarded as a function of a parameter, provided 
that tho integrand 1s continuous. In the caso of an infinite 
interval, however, the situation is not so simple. Lot us consider 


og, the integral 
Fla) =f 2 2Y ay, 
(a) i, y Y 


According as # > 0 or » <0, this is transformed by the substi 
tution sy = 2 into 


ie] 0 ,,! wo 8 
§1n.2 ANZ Anz 
i . 12 or | dem —f —~- 1, 
2 0 z o % 


0 
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[a2] 
The integral f = dz converges, as we have seen in Vol I (pp. 
0 


252, 418), and m fact 16 has the value 7/2 (Vol. I, p. 450, and 
p 315 below) Thus m spite of the fact that the function 
(siney)/y, regarded as a function of w and y, is continuous 
everywhere and its integral converges for every value of 2, 
the function #(2) 1s discontinuous, 1t 1s equal to 7/2 for positrve 
values of 2, to —a/2 for negative valucs of x, and to zero for 
c= 

In itself this fact is not at all surprising, for it 18 analogous 
to the situation wluch wo have already met with in the caso of 
miinite seiics (Vol I, Chap, VIII, p. 3894), and we must 
remomber that tho process of mtegration 18 a generalized sum- 
mation In the case of an infinite somes of contmuous functions 
we required, uf we wore to be sure that the series ropresented a 
continuous function, that the convergence should be wnzform. 
Hore, in the case of convergent integrals depending on a para- 
meter, we shall agam have to mtroduce the concept of untiorm 
convergence, 

We say that the convergent untegral 


Fe) =f Fe, nidy 


converges uniformly Gn x) in the interval asx SS B, promded 
that the “ remarnder” of the wntegral can be made anbiiranily small, 
semultaneously for all values of x on the wnterval under consider ation, 
more precisely’ provided that for a given positive number ¢ 
there 1s a positive number A = A(e), which does not depend on # 
and is such thet whenever B= A 


[ie nay 


As « useful test we mention the fact that the integral 


i ‘fle, y)dy converges uneformly (and absolutely) of from a pount 
0 
¥ = Vo onward the relation 


<= €, 


Ifenl<2 


holds, where M 13 @ posityve constant and a> 1. For m this case 
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1 

Lt ney aoe ©" ya 
the right-hand side can be a as small as wo please by choosing 
A sufficiently large, and 1618 mdependent of a This 1s a straight- 
forward analoguo of the test for the uniform convergence of 
series given in Vol I, p 392 

We readily seo that @ uniformly convergent intemal of a con- 
tenuous functron rs riself a contunuous function Tor 1f we choose 
& number A such that 


m 
| Plo vay 
for all values of # in the interval under consideration, we have 


<| [17-+%, 9) fe whi] + 26 


<ufrn dy ow 


<e 


F(x 4- h) — F(a) 


In virtue of the contmurty of the function f(@, y) we can choose 
Ah so small that the finite mtegral on the mght is less than ¢, 
which proves the continurty of tho integral 

A amular result holds when the region of integration is finite, 
but the mtegrand has a pomt of finite discontinuty, Suppose 
og, that the function f(#, y) tends to infimty as y~> a, Wo then 
aay that the convergent anleg ‘a 


ie) = fa, y)dy 


converges unifomly inaSxS if for every positwe number € 
we can find a number kk such that 


[Fes (x, y) dy 


provided hk, where k 1s independent of x. Uniform convergence 
in thes sense occurs of wn the neighbourhood of the pont y = a the 
relation 


< ¢, 


L f(@, N<prns 


holds, whore as beforo M 15 a posrtive constant and y <1. Just 
as above, we show that in tho case of uniform convergence F(a) 
is a continuous function, 
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Tf the convergence 18 uniform, the improper integials F(a) 
are contmuous in a certam interval, say maSe2S f, We can 
then micgrate them over tlis interval and thus form the corre- 
sponding umpioper repeated mtegral 


f ‘de | io y) dy 


or , 
feof te, nay 


Instead of the finite interval es: a%S 8 we can of course also 
consider an infinite interval of integration 


2 Integration and Differentiation of Improper Integrals with 
respect to a Parameter 


Ié 13 not true in general that improper integrals may be 
differentiated or integrated under the sign of mtegration with 
respect to a parameter In other words, these operations are not 
interchangeable in order with the omgmal integration (cf the 
example on p 316) 

In order to detormine whether the order of tegration m 
improper repeated mtegrals 1s reversible, we can often use the 


following test, or clse make a special mvestigation on the lnes 
of the following proof 


If the unpioper mtegral 
Tia) =f fle, dy 
converges uniformly on the anterval a SxS B, then 


ppt op 
[aol feo, nay=f ayf fle yae. 
To prove this we put 
a Aa 
f fe dy =f Fla dy + Re) 
Then by hypothesis | #,(x) |< «(A), where «(A) is a number 
depending only on 4 and not on # and tending to zoro as A -> ©, 


In virtue of the elementary theorem for ordinary mtegrals we 
have 
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p 0 fi A A 
d  Ydy=] d dy tf R(a)da 
J dof fla yay =f dof Te, yay +f R (a. 
A p A 
=f 'dyf fle, y)do+ fR,(0)da, 


whence by the mean valuo theorem of the mtegial caloulus 


fof Fe y) dy — fly f fe y/) de | < (A) | B—o 


If wo now let A tend to infinity, wo obtain tho formula stated 
above 

Tf tho mtegration with respect 40 a parameter also takes 
place over an infimte interval of intogration, tho chango of oidor 
18 not always possible, ovon though tho convergence 1s umform 
It can, howover, bo performed if the corresponding mmpropor 
dauble integral oxisis (cf Chap. IV, section 5, p 262 ef seq.), 
Thus e g. 


[def Fe, dy = fay f Fle yas, 


if the double mtegral f f f(a, y) dw dy over tho wholo fist quadrant 
exists, 

The proof of this follows from tho fact that tho improper double 
integral 1s independent of the mode of approximation to the region 
of integration. In ono case wo perform this approxmation by 
means of infinite staips parallel to the @-axs, in the other by 
strips parallel to the y-axis 

A smular result also holds if tho intorval of intogration is 
finite, but the integrand 18 discontinuous along a fintto number of 
straight Imes y= const, or on a fino number of moro gonoral 
curves mm the region of micgiation, Tho correspondmg theorom 
is as follows 

Tf when x lies on the terval a Sx SB the function f(x, y) 8 
discontinuous only along a finite number of shaight lines y = a, 
YHo,...,y= a, and o the rntegral 


f i (a, y) dy 


converges uniformly un x, then wm this interval it represents a con 
tinuous funchion of x, and 
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feof fe y)dy =f af fe. yf) dar 


That, is, under these hypotheses the ordor of integration can be 


changed The proof of the theorem 18 analogous to that given 
above, 


It 18 equally easy 40 extond the rules for differentiation with 
respect to a parameter The following theorem holds 

Uf the functron f(x, y) has a secitonally contonuous dervvalwe 
unth respect to x mn the wmterval asx B and the two integrals 


Fa) = fle y)dy ond f filo, y)dy 
0 Q 
converge umformly, then 
Pay=f fale, yay. 
0 
That is, under these hypotheses the order of the processes of 


integration and of differentiation with respect to a parameter can 
be interchanged ror 1f we put 


Ge) =f fal, y)ey, 
0 
then, using the theorem of intorchangeability just proved, wo have 
§ £ es) P77) é 
G(x)da= | de} fix, y)dy=] dy} f,lv, y)da. 
[Meda fide f fo, dy =] dy f fala v) 


The integrand on the nght has the value 


{ 
f Fale yada = f(g, y) — f(a, y); 


therefore 
é 
[ @@)do= FQ) — Fea); 
hence if wo differentiate and then replaco ¢ by # we obtain 
aF(x) ae 
“dp a Gz) f f ol, y) dy, 


as was to be proved 


We can similarly extend the rule for differentiation when one 
of the mits depends on the parameter « For we can write 
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[ Lee niy= [ fe. nay + | fe way, 
$() (4) a 


where a is any fixed valuo in the intorval of mtegration, and we 
can then apply rulos previously proved to each of the two terms 
on the nght 

As above, our rules of differentiation also hold for nnproper 
integrals with fimte tervals of mtegiation. 


3. Examples. 
1. As an example we consider the mtogral 


9 ] 
f eV dy =, (we > 0) 
0 %& 


If a = 1 this integral converges uniformly, since for positive values of A 


we have 
a i] 
f ev dy Ss i eV dy = 
A 4 


where the right hand side no longer depends on # and can bo made as small 
as wo pleaso if wo choose A auificiontly largo ‘Tho same 18 faue of the 
integrals of the partial deivatives of the function with respoot tow. By 
ropeated differentiation we thus obtan 


e4 I i” 2 Pes a 
fi veevay = > [peed = 5 five wdy = get 
If, m partioular, we put @ = 1, wo havo 
Tin 1) = i ite Way oa tls 
Ths formula haa already beon establishod m a difforent way in Vol. I, 


Chap, TV (p 251). 
2 Jurther, let us consider the aur 


fx ae oe 


Again 1t is casy for us - convinoe ourselves that if = a, where a is any 
positive number, all the assumptions required for difforontiation under 
the integral sign are satisfied, By repeated differentiation we therefore 
obtain the sequence of formule 


(gee ne ge re 
o (a+ y)9 2 2 ao? f (a+ ye 2 2.4 ws 
ae 3...(8n—3) 1 

0 GE yi 2°24, (Bn 2) at 
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From these formule we can derive another proof of Wallis’s product 
for n(of Vol 1, Chap IV, section 4, p 224) Tor if wo put @ = V7, wo have 


oy n1.3  (2n—8) 
a BO ee ev 
j (1+ y7/ny" 2 2 4 “in 0) V 


[e3) 
As 7 increases the left hand side tends to the integral i, eVdy = bf Te 
For the difference 0 


i?) x Lvs) dy 
ev dy — ae 
f I~ Jo GF Par 
satisfies the equality 
‘7 
sf 
0 


ferw -{ a oRF 


eo “ a dy 
+f ev dy +f (1 of ya/ny” 


1 
—~ (1-+ y2/n)" 


ev? _ 


dy 


or, since {1 + 2/n)* > 4, 


[ova ss dy ev 
0 I~ Jo TF yin 


a 
ay 4 i) eV'dy 4. Ms 


sf 


to] 
But if we choose T go large that f Vita < * and then shoose 7 80 
large that F 
i 
: 0 (1 + yhjny 
as 19 possible in virtue of the uniform convergence of the process 


hm (1 -- y2/n)-® = 6’, 
R—H 


it follows at once that 


a 1 
ov ami) <n 
f ( (1 + y?/n)" | : 
This establishes the relation 


bent oy ean Ve 


which 15 equivalent to that obtamed in Vol I, p, 224, 


ev 


dy < 


& 
9 


o0) 
3 With a view to caloulating the mtegral f = dy, we shall dia 


* ey FY 0 
ouss the function F(x) = i, ent - dy This integral convorges oniformly 
uf z = 0, while the integral 


ire] 
if e~*¥ am ydy 
0 
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converges uniformly if « 2 § > 0, where 8 1s an arbitrarily small positive 
number Both these statements will bo proved below. Therefore J*() is 
continuous if @ = 0, and if 2 = 3 wo have 


fr] 
F(a) = — i e-*¥ am y dy 
0 


We oan casily ovaluate this last integral by mtograting by parta twico; 
we obtain 


1 
¢ a 
sila 1 +- a 
From this we oan find the value of F(x) by mtegration, this value is 
F(x) = aro cote +- 0, 


where 01s a constant In vutue of the relation 


which holds if a = 3, wo seo that hm F(#)=0 Since hm aro cots = 0, 
>a A—~>w 
O must algo be 0, and we obtam 


F(x) = aro cota, 


On account of the continuity of F(x) for # & 0, 


fe 8] 
Jum (2) = F(0) = i. =e dy 


which, since lim aro cota = 9? ™ gives the required formula 
#—>0 
Ring T 
ie, 7g 
[ y US 


(of. Vol. I, p. 450, footnote), 
We now return to tho proof that 


a 
few an 
#0 Y 


sonverges uniformly if a 20 If 4 1s an arbitrary numbor and &r is the 
least multiple of 7 which exceeds A, wo can write the “ romamder” of 
the integial 2n the form 


slid i 
[e co BY dy we = fie eeu St ay 25 ov St ay 
at v= 


The torms of the series on the right have alternating signs and thoir absolute 
values tond monotontoally to zoro By Leibnilz’s test (Vol. I, p 2870), 
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therefore, the series converges, and the absolute valuo of its sum is losa 
than that of 1ta first term, Hence we have the mequahty 


eas (4-1) (4 t4)r 2. 
few wy <f gv Oa gy < f ae = 
A ¥ 4 y A 


A A 
im which the right-hand side 18 dependent of x and can be made as small 


as we please, This establishes the umformity of the convergence The 
uniform sonvergence of 


tral 
¥ e~*Y gin y dy 
0 
for # 2 8 > 0 follows at onae from the relation 
< 7s) Az At 
{ dy Sf oe dy = — aoe 
a A & 8) 
On p. 310 we learned that umform convergence of the intograls is 4 
sufficient condition for mterchangeabilty of the onder of integiation, Mere 


conuei gence 18 not sufficient, as the following example shows, 
If we put fiz, y) = (2 ~ xy)zye-7, thon smce 


e-*V siny 


a 
F(a, y) = by (ay?e-*¥), 


the integral f f(x, y)dy oxista for every ¢ in the interval 0 Sw S 1, and 


in faot for every such value of # 1t has the value 0, Therefore 
1 Cy 
ff def Hes vydy = 0. 
9 0 
On the other hand, since 
a 

Sm y) = = (aye), 

for every ¥ = 0 we have 


1 
[ie y) de = yer, 


and therefore 


| [af te. yd mf yertay = foray = 1, 


Henaea 


[ow f (2 y)dy f a [ ie, y) det 
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4. Evaluation of Fresnel’s Integrals, 


The integrals 
+0 + 
i= f sin(t*) dr, Py == f cos (7) dr, 


which are of rmportance in optics, are known as Fresnel’s integrals, 
In order to evaluate them, we apply the substitution 7? = %, 


obtaming 
A= fl oo dt, n=l s dt 


Here we put 
1 2 — xf 
a la 


(this follows from the substitution # = r/4/t) and change the 
order of integration, as 1s permissible by our rules Then 


= D) o pe ta 9 2 Pie 
B= J, f def e ” amé dé, A= s,[ dope costdé. 


The mner mtegrals are casily evaluated by mtegration by parts, 
and #, and J, reduce to the clemontary rational integrals 


2 o 
ad secon UD, 
Ay Vaio 1 ‘a ‘= zh 1 -- at 


Tho integrals may bo ovaluated by the mothods given in Vol. I 
tof Vol. I, p 234); the second mtogral can be zeduced to tho first 


by means of tho substitution 2” = * and both have the valuo 
T 


8 That 28, 


EXAMPLES 
wo 
1. Evaluate f glen dy, 
0 


2 How must a, b, ¢ bo choson in order that 


ie) tee) 
i f e~lavt| 2bxytoy) dudy = 1? 
nm O0 i) 
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§ Evaluate 


oo nto 
(a) f f g—{ar?+ 2bey-tey)(dx4 + QBay + Cy*)dedy, 
—0 Uma 
+00 po 
(b) J : en (att 2day-tey"agd 4 Obey + cy?) dady, 
om 4 =o 


(a > 0, ae — 83 > 0), 
4, Evaluate the followmg mtegrals: 


ny 
{a) Kla)= f e— 9%" cosa da 
0 
© pb a ax 
(d) [ epee, 
0 a 
fe] 
(ce) Ila) = i gat atx" doe, 
0 


dv (where J, denotes the Bessel function 


(@) ft sin (ax)J (bx) 
0 . defined in Ex 4, p 228), 


ne 
5* Prove that f dx 1s of tho order of logy when # 18 large, 


and that 


sin? az 
Fea 


© gintag -— sin? ba a 
i, fe dst = $ log; 


@ 
6. Replace the statement ‘the integral f f(x, y)dy 18 not uniformly 
0 


convergent” by an equivalent statement not involving any form of the 
words *umformly convergent” (Cf, Vol I, p 46, Ex, 1,) 


5 Tan Fourtmr Integra 
1. Introduction. 


The theory given in scction 2, p, 310 e seg, is illustrated by 
the important example Jmown as Foumer’s integral theorem It 
will be remembered that Fourier series give a representation of 
a sectionally smooth but otherwise arbitrary periodic function m 
terms of trigonometric functions Fourier’s integral gives a corre- 
sponding trigonometrical representation of a function f(#) which 
18 defined in the whole mterval —o < 7 < ++ and 1s not sub- 
ject to any condition of penodicity 

We shall make the following assumptions about the function 


f(w): 
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(1) f(x) is sectionally smooth, that is, the function f(a) and 
its first derivative are continuous m any finite mterval, except 
possibly for a finrte number of jump discontinuities 

(2) The mtegral 


ff |f@)|@=0 


is convergent, 
(3) At a discontinuity # of the function it 1s assumed that 


f(z) is the arithmetic mean of the limits on the mght and left. 
Thus 


Fe) = 3(f(@ + 0) +f (@— 9). 
Tourien’s integral theorem may then be stated as follows: 
i a ei 
f= = [anf fo cosr(t — x)db, 
or, in complex notation, wo havo the equivalent formula 
wea faa —17(t--#) 
fa) = 5 is dr f f(jerne* a 


We may also state the theorem in the following form. if 


I itr 
ate) = ef Serva 


thon 
{(®= Fe a oredr, 


Tho two formule last wiiten are reciprocal equations for 
T(x) and g(%), each equation being the solution of the othor If 
tho vanable p == 7/27 18 introduced and finally roplaced by + 
again, we can oxpress Fourier’s integral theorem by means of 
the two reciprocal formula 


Mn) =f feted, fle) =f Retna, 
where 
h(r) == \/ 2 g(Qrrr), 


We shall give some examples to illustrate this theorom and 
then proceed to tho proof, Wo first observo that if f() is an 
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even function—ie if f(@)=f(~2)—then a short calculation 
shows that the theorem may be stated m tho simplified form 


f= : i “008 (72) dr i "f(t) 008 (7) dt. 


Ti, on the other hand, f(#) 1s an odd function—~.e. if 
(2) = —f(—2)—we obtain m tho same way 


F(a) = = f ‘aniee)de i 7 (@) am (at) db, 


EX AMerus 


I, Let fe) = 1 when 29 < 1, f(e) = 0 when «? > 1, Thon 
1 
f(z) = : f ‘008 (72) dr i, cos (ir) di 


Q, x? S> I, 
eee eee) a ety 
is : l @<i 


The integral on the right has played a part in mathematical hterature 
under the name of Dinichlet’s cscontinuous factor, 


2, Let f(a) = ek? (L > 0) whon # > 0 and f(a) = f(~—2). Ib 18 casy 
to show that 


2 re od 2 °K cos(rr) 
gam ~ht Panay Geert dr. 
I(x) a cos (saya f e~hb coa{iz) at i ee 


But if wo put f(—2) = —f(x), we obtam 


2? sss 2 ¢% © sin(ra) 
“s— eet =o a d ry 
J (2) =f acra)ar fe pin (ix) dt 4 a $ 


Fence we obtain the two mtegral formule 
” cos (ra) me eho ® sin(tx) T 
PPS LE Ge Fe 


8 The function f(a} = e~*"/2 gives an interesting illustration of the 
reciprocal formule, Since 


9 bred 
2 i e872 gos ttdt a= @~T2 
™ va 


(see p 318, Ix. 4a), the two reciprocal formule for g(r) and fix) 
ooingide, 
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2. Proof of Fourier’s Integral Theorem. 


The essential stcps m the proof of Founer’s integral formula 
are a transformation and a sunplo hmit opoiation applied to 
Dmichlet’s limit formula 


af (a) = hin ee Ko 4 ald) a) ay 

which holds for aibitrary positive valucs of a We shall first 
prove this formula, although the substance of the proof has been 
given in Vol I, Chap. IX, § 5 (p. 450) Woe rely on the clementary 
lunat formula (cf Vol I, Chap, IX, p 448) 


p 
linn _f rm (M2) s(t) dt == 
A~> 0 “a 


which holds when s(¢) 18 contmuous or sectionally continuous in 
the interval a S¢ SS B but 1s otherwise arbitrary, 
Lot us first consider the mtcval fiom 0 to @ In this interval 


6(t) = __ J (@ + t) ale -+- 0) 


is a sectionally continuous function which, by tho assumptions 
about f(w), must have the lmut f’(e ++ 0) as ¢ tends to zero, Thus 


Lie+ AO a= fpo+ yO t+ fy sm(r a, 


and the elementary formula givon abovo shows that the last 
integral on the mght tends to zero as A tends 10 infinity. 
The first integral on the might has tho lmut 


SA AINO 5. ayy gio , 7 
Inn f(o-+0)f met do fle of ae da= 5 fla-+0) 


(of p. 315) If wo now apply the comesponding argument to the 
intogral from —a@ to 0, we obtem Duichlot’s formula, 

Tho next step in the proof of Touzier’s theorem 1s the sub 
stitution of the expression 


sin am) = [cos inde 


(n 012) (2 
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in Dirichlet’s formula We also introduce the notation 


lhe + 4) ay dé ={se +t) dt fcos(te) de 


a a 
a ! def fla -+ t) cos (tr) dt = F(A, a), 
Diriohlet’s formula then states that 
nf (%) = lum F’{), a). 
A> @ 


Since this hmut 1s mdependent of a, we may write 


af(z) == lim lm Fi, @) 
Aa~> OD A~> EO 


If 1b were permissible to interchange the order of the limit 
operations in this formula, that is, rf we might take the lumit as 


a tends to mfimty under the mgn of integration, we should at 
once have 


i ates [ ty fi fe+ t) cos (tr) dt== if a i Late) cos (ér) dt. 


This immediately gives Founer’s mtegral formula uf we write 
a--i== 2 and then replace ¢ by 4. Thus the proof will be com- 
plete if we establish the change of order of mut operations 


lim hm F(A, a)== hm bm F(A, a) 
“FO a> 0 


Aa~>O A—-w A 


Our previous work (p. 310; cf also p. 104) shows that it is 
sufficient to prove that the limit 


= 
lin F(A, a) =f fof 2) SOY ay 
a> oa — t 
exists untformly with respect to A 
To prove this, we must show that if ¢ 1s given in advance 


we can find A mdependent of A, such that | F(A, a)~ F(A, b)| << 
whenever a@ and b both exceed A But 


FO, a) — FO, | Sf ito 9 LY a 
~a an(M) {2 f° 
+f e+ 9 ass] sola 
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Tt follows at once that 


, , 20 
| F(A, a) — F(A, 8) | yt 


so that itis only necessary to take A =. 20/e This gives the proof 
of umform convergence, and completes the proof of Foumer’s 
integial theorem. 


6 ‘Tim Burnin Inrearars (Gamma Tuncrton) * 


Ono of tho most mmportant examples of a function defined 
by an impropor integral involyng a patamotor is the gamma 
function (a) Toro wo shall give a fairly detailed discussion 
of this function 


1. Definition and Functional Equation, 


Tho function '(z) 18 dofined for every # > 0 by the mpropor 
intogral 


(a) =f “ort de, 


In Vol. I, Chap. TV, pp 260-1, wo studied this integral for integral 
argunents == 2 Tho method used there shows at once that 
tho mtegtal convergos for any «> 0, tho convergence being 
uniform im evory closed imtorval of the positive w-axis which does 
not include the point a== 0 The function I(x) 18 therefore con- 
tinuous for x >> 0, 

By simple aubsiitutions wo can transform the mtogral for 
(‘() mto othor forma which aro ofton used. ILere wo only 
mention the substitution ¢= v4, which taansforms the gamma 
function into the form 


w 
Tw) ~3 2 f en M'yka- L eag, 
v9 
Thus tho froquontly-ocourring intogral 
4] 
i on da (a >> —~ 1) 
0 


* A disousalon cloasly rolatod to tho prosont ono is givon by H Artin, 
Rinfithring in dis Pheoris der V Funktion (Lolpig, 1031), 
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can he expressed in terms of the gamma function ns 
eee rf 1 -|- *) 
ma doy oe eee 
[ et urdu 5 r( 5 


(of section 8, p. 303) 
Integration by parts shows, as in Vol, J, p, 261, that tho 


relation 

P(e 4-1) == aT (a) 
holds for any »>0 ‘This equation is called the functional 
equation of the gamma function. 

Of course Iz) is not uniquely defined by tho property of 
bemg a solution of this functional cquation, Jn fact, wo obtain 
another solution merely by roulplying I(x) by an orbilrary 
periodio function p(x) wath period umby On tho othor hand, 
the functions 


» 42) =T@)p@), pla + 1) = pla) 


represent the aggregate of all solutzons of tho equation; for if 
«(@) is any elution, the quotient 


which can always be formed since Iz) <= 0, satasfios the equation 
f+ 1) = f(a, 


fnstead of the function Va), vt is fhequontly more conveniont 
t consider the function u{a) = logT'(e); sinco Ia) > 0 for g > 0, 
this 1s always defined The function satafiea the functional 
equation (difference equaizon) 


U@ +- 1} — ua) = loge, 


order to specify the function log P(a) uniquely, thorofore, wo must 
supplement the functiona} equation by other conditions, Ona 


very simple condition of this type A 
theorem, due to H Bohr ype 1s given by the following 


conve solution of the difference equation 
ule + 1) ~ (a) = loga 
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lentical with the function logI'(x) wm the interval O<x <0, 
pe perhaps for an additwe constant 


fonvex Functions. Proof of Bohr’s Theorem, 


Ve say that a function f(x) 18 convex m a region a Sab 
xr every two pomts x, and a, of the region and every two 
lave numbers a, f, where a-++ P= 1, the expression 


af (a) -+- Bf (@,) — faa, + Bag) 


x changes sign, or, intuitively speaking, 1f the chord joinng 
points of tho curve y==f(«) ether never lies beneath or 


Ls 


atfx,) 1Bf(2t) 


f(e.20, + Bata) 


} 
Wc) 
| 


ay Ky tStg er) 


Fig 19 —A function which ia convex downwards 


xt lics above the aro of tho curvo itself betwoon a, and a, 
fig. 19). (Cf also Chap I, section 1, p. 8 and Chap I, p 100.) 
Bofore proving this theorem we shall ostabhsh coitam pro- 
1es of convex functions We restrict ourselves to functions 
sh are “convex downwards”, for which 


af (t,) -+ Bf (ey) — f (aay -- Bary) 2 0 


la; functions which aro “convex upwards” can always be 
aged into functions which aro “ convox downwards” by 
iiplying by —1, 

[£ a convex function f (7) 18 twice continuously differentiable, 
OX pression 


af (2) + BY (0) — faa, -+ Bas) 
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can be represented by the doublo integral 


Ply — 2) af "fa. + (em — ar} 


as 38 exeily verified Thus the mequality of the dofinition is 
certainly satisfied, provided that 


f(a) BO. 


On the other hand, the passago to tho limit a, —> a, shows ‘that 
this condition is algo necessary, and it is thorofore a characteriatio 
property of convex functions which are twice continuously dii- 
ferentiable 

A fact which is noteworthy and useful m applications is thab 
we need not assume the continuity of a convex function f(x); 
on the contrary, this property follows from tho definition of 
convexity We can mm fact replace the above inoquality by an 
apparently weaker one, which, however, is equivalent to it, 
expressed i the followmg theorem. 

Ef for every x and h for which the arguments x --h stall We in 
the reguon of defimtion the bounded function I(x) satisfies the inequality 


F(a + h) + fw — h) — 2f(a) & 0, 


that 1s, of the mad-pownt of every chord of the curve y = I(x) wes 
above or on the curve, then f(x) 18 conver 


Wo first show that every bounded function f(x) which satigfies 
the mequalrty 


Fe + h) +f (a — h) ~ 2f(x) = 0 
+8 continuous 
To prove this we write the condition in the form 


F(t) —f@—h) Sf@+ h)—f@), 
from which we derive the inequalities 
fe — vh) — fle — (v + Ih) S f+ b) — flo) 
Sf@+ (v + Dh) ~ f(e-+ vir), 


valid for every integer »=0 If wo add those for valucs of 
from v== 0 to v= %—1, wo obtam the estimate 


f (2) aie —- mh) Sf lw+ hy ~— F(a) <f(e + us —fe) 
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and hence if we assume that | f(z) |< C, 


|f@+ h)—f@)| < = 


Hero n can bo any postive integer such that the argument 
a -|- nh lies in the interval of defimtion If we let 4 tend to zero, 
the largost possible number n increases without limit, that is, 


the oxpression f(e-+ h)—~ f(x) tends to zero This proves the 
continuity of f(a) 


Fiom the continurty of f(z) wo can now easily provo its con 
voxity, that 1s, we can establish the inequahty 


af (ay) + Bf (@2) ~ fam, + Bata) 2 0. 
From tho inequality 


f(2) — fle — nh) & nf fle +h) —f(@)}, 
by moans of the substitution 
E= @— nh, 
wo obtain the rolation 
fe+ ml) —O E+ O +I —1O 
" a a-+- 1 ° 
and henee in general 


He ml) FO) ME +S) men 
m _ n , = 


If we put é-+- wh = &,, a fow transformations givo 
m m m m 
(1) H0-+ BG) 2/((1— "e+ 2a), 


which is exactly tho inequality wo requizo for rational values of a 
and 8. Wo thon deduce its validity for any values of a and 8 
from the continwty * of f (2). 


* Trom tho incqualitlos 


fla + 0) ~ ft) «fle + a) = fla) flo + ~ fe), 


whose validity for any numbers ¢ Sa 6 reget from zero is a direct con 
aequones of the dofinition of convoxity, wo seo that tho difforonce quotiont 
foto) = fe ia boundod and monotonioe if a tonds to 7cro through positive 
valuos or through nogalive values, and it thoroforo possosses a limit, Thus ao 
oonvox function has a derivative on the right and on tho left at every poms, 
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Finally, we apply the following mequality, which 18 obvious 
from the geometrical interpretation of a convex funciton: 


fle-+ hy + f(e—h)— {f(e+ 8) + f(@— 8)} = 0. 


Here § and 4 are two postive numbers, 5 S bh, 
This 1s proved by adding the two relations 


5(1+5)fo~ +5 (IF) e+) Sle 9) BO, 


5(1~ Ye h) + 5 (1+ * fet i) — fla + 8) = 0 


We now return to the theorem of Bohr staicd above (p. 824-b). 
We see at once that logI'(x) 18 convex For 1f wo write T(x) 
m the form 

Te) = few fOmLE MIB gt ye—1—M/2 gp 
tt] 
where 4 has any positive value and # any value greater than 2, 
and apply Schwarz’s mequality (cf. Vol I, Chap IX, p. 461), 


we have 
{Kia)}* ST (a + AT a ~ hy, 
and therefore * 


log (a +- h) + logl'(@ — h) — 2logI'(a) 2 0. 


Again, if f(2) and g(x) are two contmuous convex solutions of 
the functional equation 


ulz ++ 1) ~ u(z) = loge, 


* This fact is a special case of a general theorem If tho function Ev 
y= 1,2, , , satisfy the candislona: 8 f(t) 


fi®) 20 and {f(2)}* S fo — Af la & hy), 


eeegal ae log f(z) are convex, then tho sum 2 J,(v) also satiaflog 
For af we write & f,(¢) m the form 
B40) = B ne VITET) VIET A 
(A) LVF le = hy Via ay VIO Vw FH, 
and use the relation 
Efe) 
Vie =) Vila Bh = 
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the difference 
pla) = f(a) — gz) 
is a contmuous portodie function of period unity Morcover, sca 
fle -+ 1) f(a) = loga 
F(@) ~ f(a — 1) = log (w — 1), 
(a) satisfies tho r.clation 


f@+ 1) +s@— 1) — 2f(a) = log 


g—] 


and 


Since f{%) 18 convex, the mequality 
f (++ h) ++ fe — h) — 2f(a) S log eo 


holds for ovory % 1n tho range 0 <A 1 (of. p 328). 
Wo likewise obtain 


gfe ++) + g(e— A) — 2g(e) log —, 
and thorefore 


| He +h) + {ao — h) — 24x) | Blog 


If wo now lot # ino.case boyond all bounds, tho expression 


log — tonds to zero, and so docs the function 
f(t -+- A) -- h(a — h) — 24(2), 


we obtain the Inequality 
(Eye) & CS v filo = By vie FAY 
if wo now apply Soliwatz’a inoquallty to tho mght hand sido, wo have 
ELI SE lo WBLlw |W 
An analogous thoorom holds for intograts of the form 


b 
f Hee, tal 


if for all valuos of the priamoter ¢ the funotiona f(a, 4) aalisfy the conditions 
fie 20 and (fla, OP Sflw-— A, fiw t Ad 


Tho gamma funolion ia of thia type. 
(uul2) 12° 
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Smee this function 18 periodic, we obtain the equation 
fle + h) + pla — h) ~ 24(a) = 0, 
valid for ovory # > 0 
A continuous periodic function (a) which satisfies such a 
condition for every positive value of # and every value of x greater 
than 4 must be a constant * Tlus, however, proves that any 


contimuous convex solution of the equation u(a-+- 1)— u(x) = loge 
ean differ from log Ufx) only by an additive constant 


3. The Infiuite Product for the Gamma Function, 


In thus sub-section we shall give the wufinde products for tho 
gamma function found by Gauss and Weierstrass. 
We first show that the relation 


V(x} = lon G(x) 
> | 


holds, where 


— 12,.@-1) ., 
as 


This statement 1s plausible, since for integers w= v we have 


nm n 
Gylv) = (v rea ped! 

and a8 2 increases this obviously tends to the value (vy — 1)! 

Wo must show m genoral that the sequence ,{x) converges 
for every z= 0,—1, ~—-2,. , and thon that the lum function 
Gia) coincides with the gamma function for positive values of 
2, To prove tins last statement we notice that 1f «> 0 the 
function log G(x) satisfies the functional equation 


ula +- 1) — u(x) = loge, 


By Bohr’s theorem we have only to show thet logG(a) 1 
convex 


*Tf, say, d{1) = ¢(2) = a, then by tho equation ¢(f) = $(A(1) + 4(2)) 
wo have ¢(7) = a, and lkewiso g(a) = @ at all pomts a, of the mterval 1S 
2 <2 which are obtained by repeated bisection of the sub intervals  Sinco 
these points a, aro overywhero dense, from the continuity of (x) 1t follows 
that fee = @ throughout the interval 1 Sa 2, and by tho poriotieity of 
&(z) this holds for every # > 0, 
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In order to prove the convergence of the sequence G,(«) for 
ee 0,—~1,-—-2, . we introduce the oxprossion 


rose) Gre) 


for the number ”, and accordingly write 
Gy(o) = "tt CTI 
se : 1 -+-+ af v 
By a test proved im Vol I, p 421, tho product 
"a (Lt LP 
1-- a/v 
converges absolutely and umformly provided that the sories 
= | (1 -- 1/v)* 
yy pts ha 
1| L-- af 
converges uniformly. If we uso the Taylor oxpansion in powers 


of 1/v up to the terms of second order, the general torm of this 
series can be wiltton m the form 


(L-+ 1/r)e— (1+ afr) _ 1 afe@—1) (1+ Of)? 
1 ++ afv Oya 1+ a/v : 


wheie 81s a number. between 0 and 1 From thus 1t follows that 


(1 ++ aL ae (1 -+- a/v)| 


—1 


1 -- w/p =5 
where ¢ 1s a constant mdepondent of vy. In every closed region 
which contams none of the pomts «= —1, —2, Wo Can Iro- 


place the estimate O by a numbor which 1s also independent of a, 
Tn every stich region the sores converges uniformly, and therefore 
the product docs so too 

The limit function 
1,2... (n—1) 


G(x) == lm — ao aa ne 
ole n> w (oe +--l), (@@+n—1) 
is continuous for every @-=0, —1, —2,. and, a8 wo soo at 


once, satisfies the functional equation 


G(x -+ 1) == & G(x) 
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In order to show that uf a > 0 the funciion G(x} is sie 
with the function I(x), we considor the function log G(2) for o> 1. 
Té 18 the lumt function of tho sequence 


teh 
log G,,(%) = log (xn ~ 1)1 + awlogn 7 log (@ ++ ¥). 


For any positive value of A and any valuo of & grontor 
than # tho functions logG,(x) eotiely the condition for con- 
vexity, 


logG',(a ++ h) + log G(x — h) — 2 log @,(2) 
="5 (2 log (@ ++ ») — log (a -+ h-+ v) — log (a— h-+- v)) & 0, 
p= 


which consequently apples to the function log G(w) also. Simce 
m addition 


log G1) = 0 = logI'(1), 


by the general theorem G(x) muat be identical with I\a). Wo 
have therefore obtained Gauas’s infinwte product for (a): 


a 1,2,..(1—1) F 

ee ae 
a1 (+ tp) 
Gym 1+- afy 


The theoretical importance of thia expression arises from the 
fact that we can regard xt as definmg the gamma, function, not 
only for all positive values of x, but also for all nogative non- 
integral values of 2, 

This product can easily be put in a somewhat difforont form, 
ff im the expression 

n* = ex logn 


We substrtute for logn the value 
1 
logn == 1+ 5 + bin yp En 


Where y 1s Euler’s constant (cf Vol, I, p 881) and e, tends to 


2er0 AS m -> oo, we obtaim an expression for as 


Tey 
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1 ml Hi % mye ee bem ent 
ig = 7+) (145) (4-4, )< nt? 


4 ul x 
= ve’ lime*n*-» TI (3 ~p Set 
1 v 


Since the factor e~*-a tonds to 1 as increases, the product 


ag 


w\ 
I ¢ + *) e~» also converges and gives Woicistrass’s mfinite 
1 


product for Te)’ 


from which we see at once that re has zeros of the first order at 


the points Ga 0, —1, --2, een 


4 The Function log I(x) and its Derivatives, 


Ti we form the logarithm of Weierstrass’s mfinite product 


1 be x 
— ee ger T] os —alr 
Tw) xe HQ “FE ‘Ne 


we obtain an expression for the function log l(a) 
= ey @ 
log D(a) = —loga — ya — 3 (to (1 -+ ") _ ‘) 


By the rolation 
© a 1 r* tdé 


whence 


the mght-hand side of the equation for logI'(w) 1s dominated by 


3 0 
_ 2 = and therefore convorges absolutely and unt 
v 
formly m overy closed inicival of tho positive a-axis, 
The derivatives of the function logI'(#) are of particular 


the series 
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interest, smce they provide an exphers representation of tho 
@ 1 m 
values of the series 2 (. se 
If we differentiate the expression for logI'(2) torm by term 
with respect to 2, we agam obtain a series which, since 
if 1 & 


— —_ 


Gy op v(a -- vy 


* 


converges absolutely and uniformly in every closed intorval of 
the positive z-axis Hence, by known theorems on tho drfforentia- 
tion of nfimte scenes, 

a) d Dae an —3( 1 -5) 
Ta) de eh = a * d\obp ov 


Jf we again differentiate term by term, wo similarly obtain 


a s ot 
= Dy ee 
an log I'(a) eae 


and finally, formmng the higher derivatives, 


ee ee a 
tetas i= Ti gam LBL) (on & 2), 


5 The Extension Theorem. 


The values of the gamma funotion for negative values of x 
can easily be obtamed fiom the values for positive valucs of 
a by means of the so-called extension theorem If we form the 
product I'(z)l'(—z), which 1s 


1.2 (0-1) atm 12 ..(n~—1) - 


ot _. OT ee 
mpot(@+1) (at+n—1) n—yo—2(1—a) (2—a) , (»—-1—z) 
and combine the two lating processes into one, we obtain 


ee 
Ta) T(—2) Ba police {1 (a/(n— 1} 


But by the mfimte product for the sine, 


i as 2 
tS), 
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deduced mm Vol I, p 445, we have 
T'(a)T(—2) = — —* 


% Sl 7s 


Hence 


see 
hat a sine I(x) 


We can put this iclation in a somewhat difforent form by 
caloulating the product T'(z)T{1— 2) Sine 


Y(1 — a) = —aT{—2), 


I(a)C — a2) = —aP(x)P(—2), and wo obtain the extension 
theorem 


D(a) M1 ~ a) = 


sin wit 
Thus if we put w=4, we have T(4)=~+/z. Sineo 
FQ 
I(s) = 2 f edu, here 18 a new proof for the fact that tho 
0 


Vo 
integral i edu has the value 44/m. In addition, we can 
0 


calculate the gamma function for the arguments y== n-+ 4, 
where ” 18 any positive intogar 
1 
ih 
(:) 


w(t) = (m5) (03) 
fm. 


31 
22 


(2n— 1) (Q2n—-8) ..8.1 
on 


6 The Beta Function. 


Another mmportant function defined by an improper integral 
involving a parametor is Wuler’s beta function. The beta 
function is dofined by 


1 
Bia, y) = i, 1-1 — svt, 


If erthor ¢ or 18 less than umty, tho mtogral is improper. By 
the criterion of section 4, p, 307, however, 16 converges uniformly 
in @ and y, provided we 1estrct ourselves to intervals # = «, 
y 2 7, where € and y aro arbitrary positive numbers It therofore 
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represents a contmuous function for all posrisve values of x and 4. 
We obtam « somewhat different expression by usmg the 
aubstitution ¢ == 7-4 


male) Gag 


or, mm genoral, if we now put + = £/2s, where s > 0, 
(2s)*V-AB (em, y= f(s + t)-Ys — tte 
If, finally, wo put ¢== sin*¢ in the orginal formula, we obtain 
aw} 
Bie, y) == 2 f sin2?—1d cost dd 
0 


We shall now show how the beta function can be expressed 
mm terms of the gamma function, by usmg a few transformations 
which may seem strange at first sight 

If we multiply both sides of the equation 


(2s)*+4-I Bia, y) = f (s +. t)?-l(s — t)v1dt 
sy 
by e~** and integrate with respect to s from 0 to A, we have 
= 1ds os at 1 1d 
Bla, Bs Zs)etv-las == | eo s+ tts — tae, 
(2, yf (2s) fermdsf + as —1 


The double integral on the mght may be regarded as an 
integral of tho function e~**(s -+ i)*-1(s— 2), the region of 
mtegration hemg the isosceles triangle bounded by the lines 


sti=0 and s=A, 
If we apply the transformation 
a == S-+ 1, 


T= &— tf, 
this integral becomes 


: if f ert T*gt-Let—l do dy, 


As the tegion of intogration we now have the trangle m the 
gr-plane bounded by the Imes o== 0, r= 0, and o-+ 7== 2A 
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Tt we now fet A increase beyond all bounds, the left-hand side 
tonda to the function 


Bee, Tet 9) 


The right-hand side must therefore converge also, and its limit 
18 tho double mtegial over the whole firsé quadrant of the o7-plane, 
the quadrant bemg approximated to by means of isosceles 
triangles Since the mtegrand is positive in this region and the 
integral converges for a monotonic sequence of regions, by 
Chap IV (p, 263) this hmit 1s mdependent of the mode of 
approximation to the quadrant 

In patacular, we can use squares of side A, and accordingly 
write 


a A 
Bee, yet y)= fim ff eerotter-tdods 


0 


i) 2 
= [oor lde frartdr 
0 0 


We thorofore obtam the important relation * 


_ P@)Tty) 
Biz, y) mae I(a +)’ 


From this relation we see that the beta function 1s related to 
the binomial coefficients (e ma ear) es Sa | in roughly the same 


* This equation can also be obtained from Bohr’s theorem. We firat show 
that B(v, y) satisfies the functional equation 


Ble + 1, tf) = wey em ¥)» 


80 that the function 
ula, y) = Tio + y) Be yb 


considered as a function of a, satisfies the functional equation of the gamma 


function, Seaiy=au 


Sinco by the theorem m the footnote on p. 328 it follows that logu(a, y) 18 
& convex function of #, we have 


Tie + y) Bix, y) = T(x) aly), 
and finally, xf we pub © = 1, a(y) = Ty) 
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way as the gamma function 18 iclated to the numbers ml. For 
integers ¢= 1, y==m, In fact, tho function 


l 
(o-+y+)DBe+1y+) 


has the value (" i) ”) 
Finally, we mention that the definite mtegrals 
ar{2 nf 
J ainttdt and [ cost dé, 
0 0 
which are identical with the functions 
aoe ees Va he a er | 
;B(** :)= BG D ). 


can be simply expressed in terms of the gamma function: 


oP tt ee Pater , Vt TCL + 4)/2) 
[sm bdt = f cost dt = ; Tea) ; 


JExamPLEs 


1, Prove that the volume of the positive octant bounded by the planes 
a=, y= 0, z= h, and tho surface 


“ab ee (m > 0) 


2 Provo that 


[ffrGr + ¥ +2) ve 1yq—-ler—ldedy dz 


taken throughout the posttrve ootant of the eltpsord © = i+) y +5 < ] 
1 


ig equal to 
P\ r(\r(* 
ca ee [roe ae 
2 
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(Hint, Introduco new variables & y, ¢ by writing 


gts ae 
+ 


2 
ata é a = aE = 9) 


:] 
ft em a or yo= DV Ea(l — &) 


a eS 
i Ens a= orv/Ent, 


and perform tho mtegiations with respect ta y and { ) 
8 Find the 2 co ordinato of the centre of mass of the solid 


1 1 i 
() + (+ (sn eznvznexe 
& b c 


4, Iind the moment of mortia of tho area enclosed by the astroid 
at +. yt = Re 
with reapeot to the a axis 
5. Prove that 


Te 


T(x) Pa 4-4) 
23% a 4c) QV 


7, DIFFERENTIATION AND [NTEGRATION TO FRACTIONAL 
Ornprer Axsui’s InizearaL Lquation 


Usmg our knowledge of the gamma function, we shall now 
carry out a simple process of generalization of the concepts of 
differentiation and integration. We have already seen (p 221) 
that the formula 


¥ (a ae ) aie 1 2% 7 
=f = — 1)? f(t) de 
Fe) = [id= aay er 
gives the n-times-repeated integral of the function f() between 


the hmits 0 anda If D symbolically denotes the operator in 


* 
differentiation and if D7! denotes the operator } ‘ dx, which is 
the inverse of differentiation, we may write 


F(a) = D-*f(2) 
The mathematical statement conveyed by this formula 1s that 


the function F(a) and its first (n— 1) derivatives vanish at 
o= (0 and the n-th derivative of F(z) is f(x) But it 1s now 
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very natural to construct a definition for the operator D~* ovon 
when the positive number A 18 not necessarily an mtcger. Phe 
antegral of order d of the funchon f(x) between the limis 0 and x 
ws defined by the expression 

D"f@) = 


1 x 

a | (a — th tf (dt. 
Fy hom PO 

This definition may now be used to gencrahve nth-ordor 

% 

differentiation, symbolized by the operator D* or £ -, to pth-order 
differentiation, where » is an arbitrary non-negative number. 
Let m be the least mteger greater than p, so thal ws= m— p, 
where 0<p <1, Then our definition is 


Df) = D"D~*fla) = Fe [lo fa 


A reversal of the order of the two processes would givo the 
definition 


D*f (a) = D-*D"f(e) = ra fee— ponds 


It may be left as an exercise for the reader to employ tho 
formule for the gamma function to prove that 


D*Dif(a) = D°D*f(e), 


where a and § are arbitrary real numbers, Ho should show that 
these relations and the generahzed process of differentiation have 
& meanmg whenever the function f(x) 1s diflerentiable in the 
ordinary way to a sufficiently igh order. In general D*/(x) 
exists if f(z) has contmuous derivatives up to and meluding the 
mth order. 

In connexion with these ideas we may mention Abol’s entegral 
equation, which has important applications Since I'(4) = 4/7, 
the integral of a function /(x) to the order 3 is given by the formula 


D4) = 7. f° AO. at = ya) 


If we assume that the function ¥(z) on the mght-hand sido 
i given and that 1t 1s required to find f(x), then the above formula 
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is Abel’s mtegral equation, If the function #(z) 1s continuously 
differentiable and vanishes at # =: 0, the solution of the equation 
is given by the formula 


f(x) = Di f(a), 


- & f*_ yt) 
sha babe a Va — t 


or 


8 Nore on tam Derinirion or tam Arta of A Curviep 
SURPACE 


In section 6 of Chap IV (p 269) we defined tho area of a 
curved surface m a way somewhat dissimilar to that m which 
we dofined the length of aic in Vol I, Chap V (p 277), In the 
dofinition of length we started with macribed polygons, while m 
the definition of area we used tangent plancs inatead of inscribed 
polyhedia 

In order to see why we cannot uso insonhed polyhedra, wo 
may consider a cylindrical surface in wyz-space with the equa- 
tion a-+ y= 1, lying between tho planes z= 0 and ¢=1, 
The area of this cylindrical surface 18 27, In it wo now 
inscribe a polyhedral*surface, all of whose faces are identical 
triangles, as follows, We first subdivide the ciroumforonco of tho 
unit circle mio m equal parts, and on tho oylinder we consider 
the m equidistant houzontal circles z= 0, z= hy a= Qh, ..., 
%= (m— I)h, where h=1/m, Woe porform the subdivision of 
each of these circles mto n equal parts m such a way that the 
points of division of each onclo he above the contics of the arog 
of the preceding cuclo Wo now consider a polyhedron msoribed 
in the oyhnder whose edges consist of tho chords of tho circles and 
of the lines joining neighbouring pomts of division of naghbouring 
oircles Tho faces of this polyhedron are congruent isoacoles tri- 
angles, and if » and m aro choson sufficiently large this polyhedron 
will he as close as we pleaso to the cylmdrcal surface. If we now 
keep x fixed, we can choose m so largo that each of the irianglos 
1s as nearly patallol os we ploasc to the xy-plane and therefore 
makes an arbitrarily steop angle with the surface of the cylinder. 
Then we can no longer expect that the sum of tho areas of the 
triangles will be an approximation to the area of the cylinder. 


é 
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In fact, for the bases of the mdividual triangles we havo the 
value 2sm/n, and for the altitude, by Pythagoras’ theorem, 
we have 


1] a\? 1 tn 
f+ (1—0002)'= 4/3, sin on 


Since the number of triangles 1s obviously 2mn, the surface 
area of the polyhedron 18 


Fy ma = 20m sin 34 4 sini == Qn sin— i -+- din? sink 

The mit of this expression 1s not independent of the way in 
which m and tend to infimty If, for examplo, wo keep n fixed 
and let m—- oo, the expression mereases beyond all bounds, Il, 
however, we make m and n tend to © together, putting m= Nn, 
the expression tends to 27 If wo put m= 2%, wo obtain the 
hut 2rV1+- 74/4, andsoon Jom the above oxpression Pam 
for the area of the polyhedron we see that the lower lumit (lowor 
point of accumulation; of Vol I, p. 62) of the sot of numbers 


Pym 18 2n, this follows at onco from Fy» 2 2nsinw/n and 
lun 2n sinar/n = Qor 


N+ @ 

In conclusion we mention—without proof—~a theoretically 
interesting fact of which the example just given 18 a particular 
mstance If we have any arbitrary sequonco of polyhedra tonding 
to @ given surface, we have seen that tho areas of tho polyhedra 
need not tend to the area of the surface But tho limit of tho areas 
of the polyhedra (if 16 exists), or, more generally, any pomt of 
accumulation of the values of these areas, 18 always greater than, 
or at least equal to, the area of the curved surface, If for evory 
sequence of such polyhedral surfaces wo find the lowor limit 
of the area, these numbers form a definite set of numbers associated 
with the curved surface The area of the surface can be defined 


as the lower lwmat (lower pomt of accumulation) of this set of 
numbers * 


* This remarkable property of the area is called sem: conimiuaty, or more 
precisely lower sems condinutty, 


CHAPTER V 


Integration over Regions in Several 
Dimensions 


Tho multiplo mtegrals discussed im the provious chapter are 
not the only possible extension of the idea of integral to tho case 
of more than ono independent vanable, On the contrary, thero 
are other gonoralizations, corresponding to tho fact that regions 
of sovoral dimensions may onclose other manifolds of fowor 
dimonsions and we ean consider mtegrals over such manifolds, 
In tho case of two indepondent variables, m addition 10 integrals 
over two-dimensional regions wo can consider integrals along 
curves, which ave one-dimonsional manifolds, In tho caso of 
threo independent variables, besides mograls throughout three- 
dimensional regions and integials along curves, wo have to con- 
sidor integrals over curved surfaces, which are two-dimensional 
manifolds onclosed in three-dimensional space These concepts 
of integrals along curves (curvilinear intograls), integrals over 
surfaces, and so on, with many atraightforward applications, will 
be introduced and thelr mutual relations will bo investigated 
in the present chapter. 


J. Line Inrugrats 


Wo associate the defimtion of the smglo integral with the 
intuitive idea of area (Vol, I, Chap II, p. 77) and arrive at the 
multiple integral by straightforward gonoralization to tho case of 
o groater number of dimonsions On tho other hand, tho physical 
idea of work also loads us to tho single mtogral (Vol. I, Chap V, 
p. 304), If we seelz 10 give a mathematical definition of work 
for an arbitrary field of force in. space of moro than one dimension, 


wo obtam the curvilsnoar or line mtogral as a now generalization 
943 
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of the ongmal concept of the integral of a function of a single 
variable 


J Definition of the Line Integral, Notation. 


We begin with the pmely mathematical definition of tho 
integral along a curve (line wntegral, curmlonear inegral), mm three- 
dimensional 2yz-spaco. Let a sectionally smooth ™ curvo ¢ im 
this space be given parametrically by the equations 


=a) y= y(t), z= xX), 


where, as usual, x(?), y(t), 2(¢) ate continuous functions with Reo 
taonally continuous first derivatives, We consider an aro of this 
curve jommg the pomts Py and P with co-ordinates (29, Yo, 2g) 
and (%, 9, 2) respectively and corresponding, say, to the values 
of the parameter ¢ in the mterval ast BIE a continv- 
ous function f(x, y, 2) is defined in any 1egion containing tha 
arc, then along the aro thus function will be a function 
S@@), y(t), at)) of the paramoter ¢ alono In ordor to dofine, 
m analogy with the ordinary integial, a lino integral of the 
function along the curve C, we divide up the aro into small 
pieces by means of the points Py, P,, Ps. ., Pr, (Py == P) and 
denote the difference of the abscissa of P, and Puy by Az, 
We now form the sum 


awl 


af (x(t,), Y(t), a(t,)) Aa, 


where 2, can be given any value in that interval of tho parameter 
which corresponds to the arc between P; and P,4. If wo let tho 
nurnber of pots of subdivision increage beyond all bounds and 
assume that the length of the longest of tho arcs P,P;,, tends 
to zero, then we may expect that the above sum will tend 10 a 
defimts lmut This ht we denote by 


[flo y ade 
and call it a line sntegral of the function f(x, y, %) along the curve 
O ‘That ths hmit does exist and 1s actually independont, of the 


* Here, as before (of p 41), we say that a ourve 12 scotionally amooth (Ger. 
silckwetae glait) if it consists of a nite number of ares, cach ono of whol jing 
& continuously turning tangent at each of its points, inoluding the ond points, 


! 
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choice of the points of division can be proved directly, yust as 
we proved the existence of the ordinary mtegral It can be 
proved even more simply, howevor, by wutmg the sum m the 
form 


io id (x(t,), ylt,), at) ci Ate 


where Af, denotes tho incremont of tho de fas wo pass 
from one point of subdivision to the next By the definttion of 
the oidimary mtogral, in the passage to the linnt the ught-hand 
side tends to 


A das 
[FOO HO, ay) Fae 
and for the linc integial we obtain the oxpreasion 
? da 
J Po, y, a)da =f fla, 2) 5 de 


which expressos the lmo integral as an ordinary integral with 
respect to thé paramotor ¢. 

The ordinary intogral is a special case of the line intogral, 
which arises if we take an intorval of tho a-axis as tho path of 
integration, 

We can now define the line integrals 


of) dy 
J fle ys a)dy = f flan 2) a 


and 
fi 
J fee, y yaa J fe, y, 2) Sat 


just as above. Using the nght-hand sie of tho formule, we can 
verify the fact that the line integral depends only on the curve 
self and not on the way i which 16 1s oxpressed, io, not on tho 
choice of parameter ror if wo uso the contmuouely differentiable 
function ¢(¢) to introduce a new parameter 7 == d(é) and if in 
the interval in question d¢d(t)/dt > 0, then we have a one-to-one 
transformation of the paiameter interval into a parameter 
interval a; S 7 f,, and 


[hee Y; 2) a dt =[te, ¥; *) 5 7 ie, 
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In applications line integrals usually occur im the following 
combination Lot a(x, y, 2), b(a, y, 2), (a, Y, 2) bo thvoo functions 
which ate continuous in a region contammg CG, Wo consider the 
sum. of the three line integrals 


fate. y, eda +f dm, ys addy +f elm y, 2) ae 
@ @ oO 
which can also be written in tho form 
B ; 
[ade + bdy + odz}= | (an -+- by + ob) a, 
a a 


where, as before, de/dt = #, and so on We suppose that the fune- 
tions @, b, ¢ ara respectively tho a-, y-, and z-components of a 
vector 4 and that x 18 the position vector of the point (a, y, 2) 
of the curve ‘Then the quantities 2, y, 2 are the components 
of the vector x == dx/di, and we can write the integrand as the 
scalar product x. Tor tho lino integral we thus have the 
expression 


[Axa—[Ade, 


where the meaning of the notation is obvious, 
Just as we have considered Lne integrals im three-dimonsional 
space, 80 we can of course consider similar intogials nn tho plano: 


[Te y) de, [ten y) dy, [fade + bdy}. 


Moreover, these ideas can be extended to ne mtegrala of funo- 
tions of n variables, In this general case we can most simply 
define a ne integral 


[fe oy s+» By) A, 


by supposing that in n-dimensional spaco the » quantitios 
2, %,.  , @, are all given as functions of a paramoter ¢ in the 
interval asS~iss BP The values 2,(2), a(t), ... , ,(¢) mm this 
terval then correspond to a curve O in »-dimensional space, 
We then define the lune ntegral 


[fe Taree 3 B,) lat, 
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by the expression 


[fexo, tat), «ss tn(t)) de di 
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Tf we consider 7 functions G1, Go, +» 4 Gy Of the nm variables 
@1) Wg) +. +, Sq, Lhon we can again form the general line mtegral 


i) {a, da, ~b Gy dity 66. On, iby} 
and express 16 in vector notation m the form 
6 
Axdt= | Adx, 
ges! 


where, as above, by A wo mean tho “ vector” with componente 
(%, @,. +, @,) and by w the position vector of the point 
(01, Way sy Bn) 


Tho formule fo. the area of a region bounded by a closed ourve C 
(Vol. I, Chap V, section 2, p, 278) provide an mstanco where a line integral 
oocura natually. If the closed scotionally smooth curve O in the wy plane 
is givon by the equations @ = a(t), y = y(t), the area A of the region bounded 
by the ourve is givon by 


A A 1 ff 
A= — [yedt= Paya = —5/ {ye — wy} dt, 
a a A 
In our new terminology those are suuply the lne mtegrals 
Acs — [yde= frdy = — 5 [ude — dy) 
og 0 2Jo 


taken round 0 in the duection in which the value of the parameter 
inoronses, 


2 Fundamental Rules. 


From the expression for line mtograls in terms of ordinary 
intograls we may draw soveral immediate conclusions 

The value of the line integral depends on the sense in which the 
ourve O is described, and wm fact is muliyplhed by —1 if the sense 
of desorintion is reversed, 10 if the curve is described from P to Py 
instead of from P, 10 P The proof of this is self-evident. This 
sign property makes it always convenient to think of the curve 
O as having o definite direction; wo then call 1t an orrented curve 
(of, Vol, I, Chap, V, section 2, p. 268). We shall occasionally use 
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the symbol —C to denote the curve obtamed by describing O 
in the reverse direction 

If the curve C is formed by jommg together two curves 0; 
and C, described in succession (which we may indicate by writing 
0 = 0, + G,), then the relation 


Las 


holds for the corresponding lino integrals, the meaning of the 
notation being obvious. 

The following rulo is particu- 
larly important. If wo xosirict 
ourselves to the case of two 
variables w, y and consider a hue 
integral 


[{ade-t bdy} 


along 9 closed curve O (hke that 
Lig in fig. 1) within which tho vootor 
field a, 6 1s everywhere dofined 
and continuous, then the formula 


J {ado+ bay} 
= [{ado+ bay} + [{ada+ diy} +... + [{ado-+ bay} 


holds for every resolution of the closed region R bounded by the 
orvented curve O wnto sunilarly bounded sub-regions Ry, Ry... Ry 
with boundary curves C,, Cy, . , O,, Hero wo assumo that all 
the regions are desorbed in the same senso To prove tho stato- 
ment, we notice that m the addition of the integrals on the 
nght the parts which are taken over a portion of the boundary 0 
add together as 1s required to form the integral round 0, while 
every boundary curve lying within Fis the common boundary of 
two sub-regions and is consequently desorbed twice, once in each 
direction, so that the integrals along these arcs cancol ons 
another. 

Exactly the same result applies to the resolution of a line 
integral along a curve O im three (or more) dimensions, provided 
that the curve forms the boundary of a portion of a surface and 
tus portion 1s subdivided by the ourves O,, Og... , On. 
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A somewhat different application of thus principle occurs in 
the following theorem Let two oriented closed curves CO and C’ 
(of. fig 2) bo subdivided by the pomts 4;,. ,d,and 4y’/,. , A,’ 


rn 
Mig 2 — i my Ge S. 


respectively, in the order of the sonso of orientation, and Iet 
each pair of corresponding pomts A, and A,’ bo joined by o 
curved line, If by O,; we denote tho closed omonted curve 
A,Aj, 147,44, then 


Py if (ade + bay) = fade + bay) — fade + bay) 


The proof of this theorem is immediately suggested by the 
figure In order that if may hold, it is not necessary fo assume 
that the two curves C and O' never intersect themaclves or one 
another 

Finally, we montion an integral estimate for lune indegrals: 


f[ {ado + bdy + ode} s ML, 


where JM is an upper bound of 4/(a® + d3-- co) on O and 
L is the length of O. Tho proof follows at once from the 
inequality 


da dy dz aa MNT fdy\? (dey? 
Gt hg te | Sve aan e, +(3 Ma) 


which is obtained by applying Schwarz’s incquality (Vol. I, 
p- 12), 
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3 Interpretation of Line Integrals im Mechanics. 

As wo have already mentioned, tho line integral 18 closely rolated to 
the idea of work Ifo particle moves along a ourve undor tho influence of 
a field of force—which in general may vary from pomt to pomnt—and if 
the field of force 18 given by the veoto: A with components a, , ¢, the 
lne integral represents the work done by the field on tho partiolo Tor, 1f tho 
fores 1s constant and the motion takes place m a straight lino, the worl 
1s defined as the acaler product of the force veotor and the “ displacement 
vector, In order to generalizo this defimtion convmemgly, we roplace 
the path O by the polygon with vertices Py, Py, P,» + »Pa= P, and 
instead of the actual force we take a “substitute force which is con- 
atant along each of these segments P,P;4,, bemg equal to tho actual 
value of the force at the mitial pot P, Tho work performed by this 
substitute force along the segment from P; to Py4. 18 


A Ry» Yzy % Acts + B(Dg, Yar B)AYg + CCU Yys %) AZ 


since the displacement vector from P, to Pj4, has tho components 
Az,, Ay, Az; If we sum over the whole polygon, we obtam an oxpression 
which tends to the lne mntogral as we pass to the Hmitn—>0 Thus the lino 
integral 1s actually the expression for the work done during the motion, 

Other physical interpretations of the line integral will bo givon lator 
(of section 3, pp 370-1) 


4 Integration of Total Differentials, 


A particularly important case is thal im which the vector 
with components (a, b, c) 1s the gradsent of a potentral,* io. thore 
exists a function F(a, y, z) of the co-ordmates such that 


A = grad F 
or 
a= ff, b= TF, o= Ff, 


Although mn general the value of a lme integral in a veotor 
field depends not only on the end-pomts but also on the ontiro 
course of the curve C, the followmg theorem 1s valid hore: 

Lhe lune integral over a gradient field rs equal to the diffcrence 
between the values of the potentral function at the end-pornts and does 
not depend on the course of O between the end-points, That is, we 
obtain the same value for all curves which jom the two end- 
points and remain entirely within the region n which the potential 
function F is defined 


"Tf A = grad F, then the function F is often called tho potential of the 
veotor field 
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In this caso the lino integral takes the form 
£ 
{ade “+ Bdy + cdz} =| {Fo + Fyy + F,z}di, 


and the expression in brackets on the nght 1s simply the derivative 
di /dé of the function F with respect to the parameter ¢ We 
oan therefore perform the integration explicitly, and obtam on 
the ught the difierence of the values of J at the end point and 
the initial point of the path of integration In this case, therefore, 
we at once have tho formula 


[(ade-+-bdy+ ode} = Pal), y(P), A))—Flalo), y(a), ea) 


This apphes eg to the field of force due to a gravitating 
particle, which wo have already (Chap II, section 7, p 91) 
recognized as the gradicnt field of the potential 1/r The work 
done by this gravitational force when another particle moves 
from its intial position to 1ts final position 1s therefore mdepen- 
dent of the path, 

The exprossion ada -- bdy -+ edz 18 formally identical with 
what we have (p. 66) called the tofal differential of the function 
F(x, y, 2), 


35% 


ada +- bdy -+- odz== dF. 
We may therefore write our formula m the form 
[ar = Fw(B), w(B) AB) — Fala), yla), 2(a)) 


and apoalk of integrateng the total dafferentral ada +- bdy +- odz 

The following fact is of fundamental importance The state- 
mont “ the integral 1s andependent of the path” 18 equivalent to 
the statemont “ the wmtegral round a closed curve has the value 
vero”, Wor if woe subdivide a closed curve by means of two 
points Py, and P mto two ares O and 0,, the oquality of the 
two lino integrals taken along O and 0, from Py to P means 
oxactly the same thing as tho vanishing of the sum of the integral 
taken along @ in the direction from Py to P and the integral 
talon along OG, im the direction from P to Py; and this sum 1s 
the integral talken round the closed curve. 
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5. The Mam Theorem on Line Integrals. 


As we have already emphasized, it is only undor very special 
conditions that a lne mtegral is indepondent of the path, or, 
what 1s equivalent, that the line integral 1ound a closed curvo is 
zero Wor example, if » closed curve C forms tho boundary of a 
region of posttave area, thon by p 347 the hno intogral fedy or 
I(ady — ydz) 1s not zero. The chief problem of the theory of line 
integrals is to show that the suficrent condition for mdopendonco 
of the path, given on p. 350, is also necessary, and thon to oxpress 
this necessary and sufficient condition m a convenient and uscful 
form 

We shall first mvestigate this question of dependence of tho 
path in the caso of plane curves We may add in advance that 
the resulis m the case of three or more variables aro exactly 
analogous. 

We now make the following assumptions. Let the functions 
a{e, y) and b(w, y) (which wo shall again interprot as components 
of » plane vector field A), together with thoir partial derivatives 
a, and b,, be continuous in a region # of the plane. The follow- 
ing theorem then holds: 

Lhe lune wtegral 


[ {ada + bay} 


taken along the curve C in R is independent of the particular choice 
of the path C and is determaned solely by the imtial and final points 
of the curve O, sf, and only of, adx +- bdy ts the total dofferential 
of a function U(x, y), that 1s, of, and only if, a function U(x, y) 
ensis wm R such that the relations 


Uy = @, T,=b 


A= pad U 


hold everywhere nm R 

We have already proved on p 361 that this condition is 
sufficient, ie that from this 1b doss actually follow that the 
integral is mdependent of the path. 

It is easy to see that the condition 1s necessary, If the intogral 
is independent of the path, thon for a fixed intial pomt Py of 0 
16 18 a (one-valued) function U(£, 7) of the co-ordinates (£, 7) of 
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the end-point P U(€, 4) 18 differentiable with respect to ¢ and , 
and in fact for every mtorior pot of 2 wo have 


U (6,2) = bm {UE + hy) — Ue, a)} 


= Yim 2 al f {ade-+ bay} —f fade + bay}| 


hah 
= him 5 f {ade +- bdy}. 


Here C is any sectionally smooth curve whatever joining Py ta 
the pomt P in R, and O, is a sectionally smooth curve in £ joining 
P to the pomt P, with co-ordinates (f+ A, 9). Since for suffi- 
ciently small values of A tho lme-scgmont PP, belongs to F, this 
segment can bo taken as the path of integration CO, Then the 
parametric representation w= t, y= ny, StS E+ A of this 
curve CO, gives 


OYE, 9) = lim 5 ae alt, q)dé = alé, 9). 
Similarly, wo find that 
Ut, n) = lun 2 fhe, )dten BE, 2) 
os) = Tima = f° BE, dt = BEE, 


Hence 1 18 actually true thet U,(o, y) = 4, U,(a, y) = 6, as 
was stated This result, which has so [ar been proved only fo. 
interior points of 2, holds on the boundary also, in virtue of the 
continuity of all our functions, 

The above theorom, however, 1s of no groat value, smco as 
yet we have no general way of finding whother tho vector ficld 
A 1s a gradient field or not, Instead of tho gradient character of 
the vector field, we therefore attempt 1o state some olhor condition 
referring only to the functions @ and b themselves. This is given 
in the followmg maim theorem: 

Ef R 1s a simply-connected (open) region, a necessary and at the 


same time a sufficient condition that the mtegral f (adx +- bdy) 
G 


shall be mdependent of the path O joining two gwen pounts in R 
+8 that the “ condition of integrability ” 


Gy == 6, 


“e 912) 13 
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te satisfied for all points of Ro Mor a fired initial pornt of ( the 
integral f (ndx-| bey) then remasents a functern UE, 9) of the 
iS) 


co-ordinates (£, 7) of the end point, and the vectur field A 18 the 
gradient field of tne function U, whieh my Che redere tiv called 
tho potential of tho flak. 

That the condition ia necosaary fellowa frome Che Cuoren 
which wo flab slated and proved. Mor hy tna therm, 
if tho intogral ia independent of the path, a fan tion 
U(a, ) oxinis in # for whieh Uy cannd Uy &  Rines the 
dorivatives 


Uyyen az, y) and Uy bela, y) 


aro continuous, by Chop. Uf, asotion 3 (p. 65) the equation 
Oyy = Uye holds, and therefore 


Gy(m, y) Oy (at, y), 
ns atatod, 

Tn order to show that the condition ay: 1 by ia alan miMfcient, 
iid consequently equivalent ta 
J tho condition that Ain in 
pt p gradiont, We mnuat now uae the 
aHUUpLion ay" dy Lo conmtruct 
afuiehon Ur, y)in 2 auch that 
Ver cas, yyond U, bin yg). 
Wo flrat conaider the ample easy 
w which 20 in na rectangle with 
y 4 nidea parallel to the axes, given 
hy the inequahtion a 2a «* }, 
Fig yur 8. Tho fixed point 1, 
af the region with co-ordinates 
(2 9) i# Joined to tho point 2? with co-ordinates (£, y) hy moans 
of two lino-nogmonts Pol”, P’P parallol to tho axes, nealing 
at tho point 2’ with co-ordinates (£9). ‘The line Pit is para- 
mnobrically roprosontod by ae gy yest, whore mq 6S 7, find 
L”P by wea t, yor y, whore fo alsa é (of. fig. 8) Moneo tha 
intogeal fade -- bdy) from Py to P takon slong this pair o) 

lines ts givon by 


[ {ode bdy}= [U(to, td | frau, nae, 


R 
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y ri 
Ulé, n) == {| b(Eq, thdt-+ | alé, n)dt 
(E m= f go def alt 9 
defined in this way 1s the function required For by differentiation 


wo at once have 
UE, 0) = a(€, 0) 
and 


§ 
U0) = Bo 0) + é [ate nat 


Since @,(t, 7) is contmuous, wo may drflerontiate under tho 
integral sign on the mght* 


: 
UE, 9) = Oo, 0) + i a,(t, ) dt. 
As a,(x, y) = 6,(a, y), wo have 


¢ 
U,(é, 0) = Wey 9) + i) b(t, n)de 


= UE gs 9) + H(E, 0) — (£0) 1) == BLE, 0) 


Thus the statoment about the dervatives of U(é, y) 18 proved, 
and from this 1t follows at once that tho lme mtogral 1s inde- 
pendent of the path In general, therefore, 


Ul, n= f (ada + bay), 


where 0 1s an arbitrary seclionally smooth curve joinmg Py to P 
and lying in the rectangle, The thoorem 1s accordingly proved 
for the case of a rectangular region f 

To generalize tho reaulé for any ammply-connectod region & 
we have mercly to extend the constuction of the function J 
to such a general region, Wo say that a two-dimensional 
open region 18 suvply-connected 1f every closed polygon within 16 
can, by a continuous deformation within the region, be made 
to shrink up fo a point This pictorial idea of shrinking to a point 
ean be made precise in the followmg way Let the vertices of the 
polygon II be Py, Py, ..., Py with co-ordinates (@, Yo), 
(1,4), ++ (Za: Yn) Respectively We now think of these vertices 
as moving contmuously with the time, starting at Py, Py, ..., Pa 
respectively when ¢= 0 and all coming together ot tamet= 1 
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nt one and the same point (£, 7) in R That is, wo suppose that 
there are pomts P,(é), P(t), .., Pat), whose co-ordinates (a(¢), 


yott)), (a(t), yt), ..  , (tal), Yn(t)) are contmuous functions of 
é for 02S 1, and also that 


P,{0) == (%9(0), ¥o(0)) = Po, tony P,{0) = (x,,(0), ¥n(0)) = P, 
and 


Poll) = (@o(1), voll) = (Em), - os Pall) = (a(1), Yall) = (87) 


Of course any closed polygon can be made to shrink to a point 
1£ we do not restrict 1ts position in any way. The essential fcaturo 
of our defintiion of a simply-connected region 18 that every closed 
polygon i the region can be shrunk to a pomt, the polygon II(t) 
wrth vertices Pg(t), Py(t) .., Pa(t), Pot) remameng on the region 
during the whole mocess of shrinkung, i.e for all values of ¢ in the 
interval OS ESS 1, 

It is miwtively clear that this definition agreos with that on 
p. 41 For if our region F 18 multiply-connected m the sense of 
p. 41, there 1s a “ hole ” i it, and a closed polygon in 2 enclosing 
this ‘‘ hole” cannot be shrunk to a pomt without crossing the 
“hole”, 1¢. without leavmg R Conversely, if there are no 
“holes” in #, any closed polygon can be shrunk to a pot, 
We shall not prove this analytically, however, as the proof 18 
lengthy and, moreover, we require only the definition given 
here 

We shall seo that m the generalization of our main theorem 
the Innitation to a sumply-connected region FP 1s essential. 

This generalization for any sumply-connected region follows 
the same lnes as the proof for rectangles, m that we again con- 
struct a function U(@, y) m the region R for which U,= a and 
U,=b Starting from an arbitrary pomt P, m 2, we define 
U(x, y) by the statement 


Tv) = f "(ade + bdy), 


where the path of integration 1s any polygonal path in # joining 
the pomt P, to the point P(a, y). If we can show that the value 
U(a, ¥) thus defined 1s mdependent of the particular polygonal 
path which we have chosen, then we have actually constructed 
a function which satisfies the conditions U, = a, Uy = 6, 
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We therefore havo morely to provo that tho mtegial is m- 
dependent of the path, or instead, that the mtegral {(ada +4- bdy) 
round a closed polygon II contaiming the pomt Py vanishes or 
this purpose wo make IT shrink to a point m &, that 1s, & we 
form the polygon II(é) with vertices Po(t), Py), —, Pa(t) which 
comeides with IL at ¢= 0 and reduces 10 a single pomt at t= 1. 
Since the “line integral” for a smglo pomt—~a curve of zero 
length—clearly has the valuo zo10, our problem 1s morcly that of 
showing that the lnoe integral along II(t) remains constant as ¢ 
varies from 0 10 1, we shall then know that the mtegral along 
TI(é) 18 0 for all valuos of ¢, and, in particular, that the mtegral 
along IT 1s 0 for ¢= 0 

Now consider any valuo é’ of t. Since tho polygon I(’) lies 
withm &, we can choose a sequence of pomts (not necessarily 
verkices) Ay’ == Py(t'), Ay’, Ag’, .. » Am! == dy on Ti(é') so close 
together that exch par A,’, A;',, hes withm a rectangle R, mterior 
to R Iftis any parametric valuc close onough to ¢’, the polygon 
TI(é) hes a0 close to I(t’) that on II(é) we can choose poms 
Ay, Ay, 1.1; 4m = Ay for which the sogmonts 4,’A, ond Ay 144g, 
and the whole aro A,A;,, all he m the rectangle R, Then by 
what we have already proved for 1ectanglos, tho intcgial round 
the closed polygonal path Aj’Aj’,,4,,:4,4/ 18 zoro. Thus if woe 
denote that polygonal path by O;, we havo (cf p 349) 


m—1L 
ada -+- bdy) — da +- 6dy) = 3 dx -+- bdy) == 0, 
fi + u) fe ante v) 2s . r ” 


For all values of ¢ close cnough to ¢, theoforo, the integral 
round IT(d) is equal to the mtegral round I(t’), Thus if we think 
of the integral round I(t) as a function ¢(¢) of tho paramotor ¢, 
ri follows that ¢(é) 18 & constant; that is, the integral round 
TI(t) has the same valuo for every valuc of t, which 18 whet was 
required to complete the proof of tho theorem, 

Finally, we emphasize that for threo or moro dimonsions 
an exactly analogous theorem holds and 1s provod m an exactly 
analogous way We content ourselves by stating the theorem 
for three variables: 

if man open region R unthin which any closed polygon can 
be made to shrink continuously to a point we are gwen a continuous 
vector field A unth components a(x, y, 2), b(x, y, 2), o(x, y, 2) and 
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continuous parhal derrvatives ay, X,, Dz, Dy Oy Cy, then a necessary 
and sufficient condition that the lune wntegral 


[fade + bdy + edz} 


may be mdependent of the path C wm R, 18 that the conditrons 
By = Oy, 5, = Oy Op = the, 
oy, im vector notation, the condrtron 
curl A = 0, 
shall be satesfied, 


For a fixed initial pomt P, the me integral is a function 
Ula, y, 2) of the co-ordinates of the end-point, and mm fact 


- fade ++ bdy + odz}= Ula, y, 2) ~ U (aq; Yor %0)s 
9 
or, in vector notation, 
[ Adx= UP) — UPd) 
Po 


where the convenient abbreviation U(P) denotes the value of the 
function U at a point P 


6. The Significance of Simple Connectivity. 


Throughout the above discussion it 1s essential that the 
region under consideration should be sumply-connected If the 
connectivity of the region were not simple, we should not be 
certam that the function U could everywhere be determmed 
uniquely by integration along polygonal paths 

We give the following example to show that m multiply- 
conneoted regions the conditions of mtegrability are not suffi- 
cient to ensure that the integral 1s mdependent of the path 


The functions 


y % 
ate, y) = — a ye B(x, y) = at yy 
are defined and continuous for all values of x, y except = 0,y= 0 Thoir 
derivatives 

I 2y? I 2a 
oS ee ——~——, be, y) = ——_3, — 
WN srt ate OORT a wT A 
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are also continuous, except at the o1igin, and satisfy the condition 


is pase a3 


dyla, 7) = bale, y) = (at ye 


Tf we now tako the integral 


[ {ade + bay) 
QG 


round tho circle 0 with contro at tho origin givon by x == cost, y = aint, thon 
CG cannot bo enclosed in & simply-conneoted region 2 m which tho assump 

- tions oro satisfied; for the region R we must tako a img shaped region 
that docs not contain the point (0,0) Then 


Qer ar 
fad -+- bdy} =| {—sini(—sint) + cost. cost} dt = [ dt = 2n, 
f) Q 
and the integral round tho olosed ourve 18 therefore not 2010." 


Examepnus 
1, Evaluate the integial 


ji (c* siny da: -+ e” cosydy), 
G 


where 0 is a ourvo joining the points (0, 0) and (&, 4). 
2* Tivaluato the integral 


eo e® ; 
ie +R (w aosy ~~ y siny) dy -- apy (wsiny — ¥ oosy) da) 


along @ closed ourve enclosing the origin, which docs not interacot iteclf, 


2, Connexion betwen Lins Intrerats aNd Dovusia Intn- 
GRALs IN THRn PLann, (‘Tom Intearat Tomormms or 
Gauss, Stoxus, AnD GrreEn ) 


1 Statement and Proof of Gauss’s Theorem, 


For functions of a single independent variable one of the 
fundamental formule stating tho relation between differentiution 
and integration is 


['F'@)da= fla) — fle) 


*Wo may tommk in passing that the valuo of tho integral f(adw + bdy) 
for any ourvo which doos not intorseot itself and which onoloses the orlgin is 
tho samo, namely, 27 ‘This follows Immediately from tho general theorem on 
subdivisiona (of, R 840) if wo subdivide the ring shaped rogion botweon two such 
curves 0 and 0’ into a number of simply connected regions by oroas curves 
and apply the theorem to cach of thore 
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An analogous formule—Gauss’s theorom—holds in two dimen- 
sions lore agam a differentiation 1s cancelled by an mtegration, 
mn the sense that double integrals of the form 


J [ fodedy or ff gudedy 


are transformed into mtegrals that aro only taken round the 
boundary curve ( of 2 We here regaid the boundary O as an 
ouented curve and mdicate the sense of description by means of 
a sign Gauss’s theorem 1s then as follows 

If the functions f(x, y) and g(x, y) are continuous and have 
continuous derwatwes in a region R bounded by a secronally smooth 
curve C, then the formula 


Jf Uden a) + onl, ylldody = f (FC, yay — gfe, 9) da} 


holds, where the mtegral on the mght 1s 9 line mtegial round 
the closed boundary C of the region, taken m the positive sonse 
of description, 1¢ im such 9 way that the menor of the region 
R remains on the left as the boundary is described. 

In the proof we first restrict ourselves to the caso in which 
the boundary O is cut by every lmo parallel to one of tho axes 
mm two points at most, in addition, we assume that g(m, y) is 
zero everywhere in R, Then by the results of the previous chapter, 
section. 3 (p 243), we can express the mtegral 


ff fel, y)dedy 
as a repeated integral in the form 


Jf felo, y)dndy = [dy [f.(0, y) dem 


where ¥ ranges over the interval to which points of 2 correspond 
and the itegral /f,(2, y)dx is to be taken along the segments 
common to the lmes ¥ == const, and the region A, If a(y) (fig, 4) 
denotes the point of entry and «,(y) the pomt of emergence of the 
parallel at the distance y from the w-axis, where @, = a, then 


w(y) 
[fee ahaa = flox(y) v) — Flea), v) 


If, further, we denote the least and greatest values of y to which 
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points of & correspond by 7) and 7,, then by mtegrating this 
equation with respect Lo y from mq to 4, wo obviously obtam 


f if filt, y)dady = [ “Pla(y), y)dy + J "flood y) dy. 
R 6 mn 


For the special caso g(%, y)== 0, however, this equation 


wmky wn 
Fig 4 


equivalent to the theorem of Gauss stated above, as follows 
immediately from the defimtion of the line imtegral 


f fle, v)dy. 


It is to bo noted that the case in which the boundary of F contains 
portions parallel to the «axis is included in the above These 
portions contribute nothing to the boundary mtegral, for along 
every such portion the lno mtegral { f(x, ¥)dy vanishes, smce ¥ 
is constant there. 

If we make use of our assumption that no parallel to the 
y-axis outs the boundary of 2 in more than two pomta, the same 
considerations lead us to the formula 


f i: gy(%, y) da dy = [ “Cla y3(x)) — gla, yo(w))} da 


or * 


ff anlar, y)dardy = — f gle, y) den 


*'Tho ocourrones of the negative sign on the mght hand side should not 
vause surprise, the # axis and y axis in tho plane are not exactly equivalent, 
as the # axis is transformed into the y axis by a positive rotation of 7/2, while 
the 4-axis 1s transformed to the # axis by o negative rotation of 7/2 

(B12) 13° 
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Addition of the two formule finally gives Gauss’s theorem in 
the general form 


[ fle, 9) + outa, y)ldadu = [{f(@, y)dy — gle, yao} 


stated above 
We can now extend our formula to more general regions, 
which do not possess the property of bemg cut by every parallel 
to the axes in two pots at most We start from the fact 
that by piecmg together a fimte number of regions with that 
property we can construct regions which in geneial do not possess 
such a property (cf fig 5) or each separate region Gauss’s 
theorem holds, and, on addi- 
tion, the parts of the line 
integrals along the internal 
connecting nes cancel one 


Le Wp JA ™ 
es another in the usual way (p 


349), since each of these 18 
NY traversed twice, once im each 
direction, and we are left with 
Fig. § —Non convex region formed from Gauss’s theorem for the entire 
convex regions region Conversely, this proves 
Gauss’s theorem for all regions 
R which can be divided mto a fimte number of sub-regions 
in such a way that the boundary of each of these sub-regions 18 
intersected by parallels to the co-ordinate axes mm not more than 
two points We mention without proof that Gauss’s theorem 
does actually hold for any region with sectionally smooth boun- 
daries,¥ The pioof can be obtamed by a passage to the limit, 
In conclusion we remark that the condition that the region 
can be divided into a finite number of sub-regions, each of which 
18 out by every line parallel to an axis in two points at most, can 
be replaced by the followmg condition’ the boundary of tho 
region can be subdivided into a finite number of portions, each of 
which has a unique projection on the two co-ordinate axes, here, 
however, we allow the projection on one of the two axes to 
consist of a single point, 2e we allow the boundary to contam 
portions parallel to the axcs 
* For such regions our assumption is not necessarily satisfied Tor example, 


the boundary may partly consist of the curve y = 27 ain 1/z, which 18 cut by the 
? axJ8 10 an infinite number of pomia 
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As w special apphwation of Gauss's thcolem we deduce our previous 
formula for tho area of the region 2, Wo put f(a, y) = w and g(a, y) = 0, 


and at once obtain 
A =f fardy = f dy. 
‘ #0 


for the nicn A In exactly the aame way, if f(s, y) = 0 and g(a, y) = y, wo 
obtain 
Az — ‘i y a, 
+0 


mm agreemont with previous results (Vol. I, p. 273} Tor the sign, sce 
acction 4, 1, below (pp. 374 et seg ) 


2 Vector Form of Gauss’s Theorem. Stokes’s Theorem. 


Gauss’s theorem can be stated in a partioularly simple way 
uf we make use of tho notation of vector analysis Tor thus 
purpose we consider the two functions f{w, y) and g(a, y) as 
the components of a plane veotor ficld A. Tho integrand is 
then given, by the equation 


Fol, y) “+ GA%, y) = div.A, 


as the divergence of tho vector A (cf, p. 91). In order to obtam 
a veotor oxpression for the line miegial on tho 1ght-hand side 
of Gauss’s theorem, we intzoduco the length of arc sof the boundary 
curve C, the positive sonso of description 1s to be taken as the 
direction m which s increases, Tho right-hand side thon becomes 


ft (2, y)y — gle, yo} ds, 


whore we put da/ds == & and dy/ds = y, 

We now recall that the plano vector ¢ with #-component 
@ and y-component y has tho absolute value unity and the 
duection of the tangont, and pomts in the direction m which s 
increases, while tho vector # with #-componont y4(s) and y-com- 
ponent —a{s) has tho absolute valuo umty and is perpendicular 
to the tangent, and, moreover, has the same position relative 
to the vector # as tho positive #-axis has roladive to the positive 
y-axis * Teneo if the direction m which the longth of arc moreases 

* We seo this fiom considerations of continuity, wo may suppose that the 
tangent to tho ourvyo is made to coincide with the y axis in such o way that 
the ¢ direotion 1s the samo as tho direotion in which y ineroaacs ‘Thon » = 0, 


y= 1, and from thia ut follows that the normal vector # must point in the 
direction of the positive # axia 
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is that in which the boundary of the region 1s positively desciibed, 
# 1s the untt vector m the 

d + direction of the outward-drawn 
normal (fig, 6} It 1s useful to 
notice that we can also write 
tho components of the normal 
vector # in the form 


n on 
0 x 
Fig 6-~-Tangent and normal directions where dfon denotes differentia- 


tion mm the direction of the 
outward-drawn normal; * Gauss’s theorem can therefore also be 
written in the form 


J fer andeay = f (422 + 9%)as 


We now sce that the integrand is simply the scalar product 
Ax or the normal component of the vector A. Consequently 
we obtain Gauss’s theorem mn the important form 


J f div A dedy = I Ands = [ A,ds. 


In words: the wmiegral of the dwergence of a plane vector field over 
a closed region RB 18 equal to the lane witegral, along the boundary, 
of the component of the vector field un the durechon of the outward- 
drawn normal, 

Tn order to arrive at an entirely different vector interpre- 
tation of Gauss’s theorem in the plane, we first replace g(x, ¥) 
by —g(x, y), Gauss’s theorem then gives 


f i [falas ¥) — gol, y)dady = i (g(a, y)o + f(a, y)y) ds. 


If the two functions f(a, y) and g(w, y) are again taken as com- 
ponents of a vector field A, g tlis time bemg the 2-componont 
and f the y-component, and if we agam interpret x(s) and 4(s) 
ag the components of the tangential unt vector #, we see that 
the mwntegrand on the mght can be written im the form At= A,, 
where Az is the scalar product of the vectors A and ¢,1¢ the 


* For ‘' differentiation in a given direction " see Chap II, seotion 4 (p 62), 
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tangential componont of the vector A Tho mtegrand on the 
left we have already mot with (p 92) mm forming the curl In 
order to apply the concept of curl hoe wo imagine the vector 
field A exionded im any way in space, eg by taking the z-com- 
ponent everywhere equal to ze1o Tho integrand on the left is 
then just the component of the vector curl A in the z-direction, 
80 that tho above equation for the plane can be written m the 
following form 


ff (ow A), daudy = [ Adds. 


If by tho curl of a vector field in the ay-plane we mean the 
z-component of the vector curl A, whore A 1s any voctor field 
obtained by oxtension as above, we can formulate Gauss’s 
theorem as follows 

The mtegrat of the curl of a plane vector field over a closed region 
as equal to the entegial of the tangential component taken round 
the boundary Tus statoment 1s commonly referred to as Stokes’s 
theorem in the plane * 

If wo now make uso of the vector character of the curl of a 
vector field m space and observe that the above result involves 
the components of the vector field in the ay-plano only, we can 
free Stokes’s theorem for plano icgions from tho restriction that 
these plano regions lie in the ay-plane, Wo thus arrive at the 
following moro general statement of Siokes’s theorem. 


{ f (ourl.A),,dS = f A,ds, 


where 7 is any plano region in space, bounded by the curve O, 
and (curl.A),, 18 tho component of the vector curl 4 in thodiroction 
of the normal to the plane contammng 7 


* We romark in passing that Gauas’s ticorem or Stokos’s theorem can be 
used to givo a now simple proof far tha main theorom on hno inlograls 
(seotion 1, p 853), in particular, for the fact that tho condition f, = gy is sul 
ofont to ongure that the lino integial is mdopondont of the path We have seon 
that this indopendence of tho path 1s oquivalont to the vanishing of tho intogral 
round every closed path If suoh a path is the boundary of a rogion F af the 
type considored, Stokes’s theorom transforma the line integral 


J {olay y)dar + fae, ybdy} 


into the integral of the oxprossion f, — gy over the region; and if this expression 
vanishes, the vanishing of tho lino integial immediately follows, 
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3, Green’s Theorem. Integral of the Jacobian 


Certam other integral transfoimations, usually kmown as 
Green’s theorems, are closely related to Gauss’s theorem Thoy 
have many applications im the theory of differential equations 
In order to obtam these theorems we consider two functions 
u(e, y) and v(x, y), which we assume to have continuous deriva- 
tives of the first and second order in the region &. In virtue of 
the equations 


0 rs) 
De (200) = Ue + Wires oy (Udy) == UyVy + Uyy, 


Gauss’s theorem gives the formula 
7 f (10m Ugg — UyYy + Udy,) dady = f {uo,dy — w,da} 
sd +¢ 


or 
ff (ere+ UyVy) dedy = ~ J [eAededy-+ [{—weede+ Udyly}, 
where, as in Chap. II (p 93), we use the symbol 


Av = Vee + Uy 


This last integral formula 1s called Green’s (first) theorem. 
Tt has been proved above, subject to the assumption that the 
functions tz, Ve, My, Yys Vans Vyy are continuous in the closed 
region If in addition we assume tho contmuity of the functions 
Ung ONG Uyy, WE Can in a sumlar way obtain tho formula 


ff rere riiry) dandy = — f fududedy+- f{—euyde+ VUpdy}, 


and from these two formule we obtam by subtraction the relation 
known. as Green’s (second) theorem 


{ [ude — vAu) da dy = [ {(ou, — ty) dar — (wtty — Wv,) dy} 


We can write the hne integral in Green’s theorem somewhat 
differently if we recall that the derivative of a function f(a, y) 
in the direction of the outward-drawn normal to the curve 18 
given by the equation 


9 — ¥; — 
at y) = fay — fy% 
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provided that the direction m which s increases 1s that corte- 
sponding 10 positive description of the boundary. Thus, if in 
general we use the symbol 0/én to denote dilmentiation with 
respect to the outward-drawn normal to the curve, Gicen’s 
theo1ems can. be written m the form 


Jf (re “+ yey) dedy = —f fedudndy +] o ds 


f [udo— vAu) dady ={(uz— 0st) ds 


We can also oxpress the first form of Groon’s theorem in yet 
another way, by means of the vector notation: 


J {gad gradv) dedy = —f fv div grad uda dy + fords 


Here the quantity under the integral sign on the left 1s the scalar 
product of the two grachents, gradu and giadv, and the symbol 
Aw 1s replaced by tho equivalent symbol div gradu, 

We obtain another 1emarkablo relation botweon mtegrals if 
wo transform tho doublo integials of the products u,v, and uv, 
respectively into line mtegrals by means of Gauas’s theorem and 
then subtract: 


f ) (Uy — Uyd,) dady = f fav, da + wy dy}. 


and 


This formula gives us a now insight mto the nature of the 
Jacobian, As the mtegrand on the left wo have the Jacobian 
Olt, 0) 
O(a, y) 
region 2 and that the region R of the ay-plano is mapped on 4 
rogion R’ of tho we-plane by means of the equations 


U== Ue, y), V= ue, ¥), 
tho sense of description of the boundary being proserved aince 
O(u, ¥) 
o(e, 9) 
given by the line integral 


[ud sf u(v,de -- vy dy) 


+9 +9 


Wo assume that the Jacobian is positive throughout the 


>0, Tho arca of the region 2, as wo alrcady know, is 
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taken round this boundaiy in the positive sense, Thus the m- 


tegral of the Jacobian 
O(u, v) 
SS) 


gives the area of the image region, and. 


f fi dudy == i a a 5 dady. 


Thus we have once again obtamed the transformation formula 
of Chap IV (p 253) for the special case m which the mtegrand 
on. the left is unity. If we divide the mtegral 


I segs tede 


by the area of the region 2 and then let the diameter of R tond 
to zero, m other words, if we carry out a space-differentiation 
of this mtegral, m the lmut we obtam the mtegrand, that 1s, tho 


Jacobian. i * The Jacobian 1s therefore the mit of the quotrent 


of the area of the image region and the area of the origmal reguon 
as the diameter tends to zero, or, as we may say, ut vs the local ratio of 
areal distortion,* 


4 The Transformation of Az to Polar Co-ordinates. 


A process like that of the last sub-section enables us to trans- 
form the expression Att = ty, + Uyy to new co-ordinates, 0.2. to 
polar co-ordinates (7, 8) For this purpose we use the formula 


f [audedy ={ a ds, 


which arises from Green’s theorem if we put v= 1 If we divide 


* Since by the mean value theorem of the mtegral caloulus the ratio of tha 
aréa of a rogion to the area, of its mnage is given by on intermediate value of 
the Jacobian, the definition of the double integral now leads us almost at once 
to the general transformation formula 


f i: flu, v)dudv = if is Ps ah dey, 


the reader may work out the details for himself Jor another complete proof 
of the transformation formula of, section 3, No 3 (p. 378) 
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both sides of this equation by the area of the region & and 
let the diameter of R tond to zoco—that 1s, 1f wo carry out 
space-differentiation—in the limit we again obtain the oxpres- 
sion for Aw, 

In order to transform Au to other co-ordinates, wo therefore 
have only to apply the corresponding transformation to the sumple 


lie integral i 7 ds, divide by tho aica, and perform a passage 
g 


to the hmt, The advantage over the direct calculation 18 that we 
need not carry out the somewhat complicated calculation of the 
second derivatives of u, smeo only the first derivatives ocour in 
the line ntegial 


As an important example wo shall work out the transformation of Au 
to polar co ordinates (7, 0). Tor tho iogion R we choose a small mesh of 
the polar co ordmate net, say that botaveen the onclos r and # +- & and 
the lines 0 and 0 + &, whose area, as wo know, has the value Ahp, whore 
p=r+ th, 

By our genoral discussion we then have 

Aus=tm —- cl ay 
h->0 ai J 


hor 
or, if we onloulate the lino mtegral for our special boundary, 


Ok tH 2 : ~ 
dove tin 2{ 3 f°7" eb Mle by Orel 9) ag 


1 rth rglt, O-+ 2) — ult 0) 
+ ah kr ar), 


Tf we use the mean value theorems, wo oan alse write this equation in 
the form 


t 1 
Aw == lim = ryttey(742 91) + Melty 01) = Wooler Op)} 
h—>o P ? ; 


> 


where 7, f, and 0,, 0, donote values of the variables #, 0 which lie botwoon 
rand r+ h and botween 0 and 0+ 4% For the limit a9 4 +0, b> 0 
we at once obtain 


1 1 
Aus : (Ptby)y + i dads 


which Js the required transformation formula, 
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8, INTERPRETATION AND APPLICATIONS or ‘Tun [nTEGRAL 
TIMEOREMS FOR THR PLANT 


1 Interpretation of Gauss’s Theorem. Divergence and Intensity 
of Flow. 


Woe shall now interpret the integral theorems given in tho provious 
section m terme of the steady flow of an meompressible fluid in two dymon 
aions Such a flow (which of course 1s only an idealization of actual phystoal 
conditions) occurs when a fluid distztbuted over a plane with constant 
surface density umity moves in such a way that the state of motion, that 3s, 
the velouty vector at each point, 18 independent of the timo (which 18 what 
we mean by tho term “ steady”) Such a flows therefore dolermined by 
the field of its velocity vector v We shall call the components of this 
velocity veotor v, and v, If we consider any curve O to which we 
arbitrarily assign a positive direction of the normal—we denoto the unit 
vector in the direction of the normal by w—then the total amount of tho 
fluid which passes across the ourve in tho positive dircot«on of the normal 
in unit time 1s given by the integral 


fonds 
g 


if we denote * the length of areon O bys If the ourve iw closod and enolosos 
a region R, and uf 7 1s the outward-drawn no.mal, then Gausa'a theorem 


unds = [aw vded 
fonds f fav odedy 


states that the total amount of fluid leaving the region # in unit timo is 
equal to the integral over the region of the divergence of the velocity field 
This statement at once leads us to the intuitive mterpretation of the conoopt 
of divergence The line mmtegral on the left will not im genoral vanish If 
it has a positive value, the total amount of fluid in the region 18 deci casing; 
if 1t has a negative value, the amount of fluid 1s moreasing If the whole 
phenomenon 15 steady, ie mdependent of the time, so that thoro can be 
no merease or decrease in the amount of the fluid im the region, tho aub- 
stamce 1s necessarily bemg created or destroyed m tha region itself We 
say that the region encloses sources or sinks, the steady charactor of the 
flow 1s then expressed by the fact that the sources or smmks regulate the 
entry or exit of the fluid in the interior in such a way that the amount 
of fluid remains constant within each region The total amount of fluid 
leaving the region may be called the ofa! flow out of the region, This is 
positive or negative according as the sources or the sinks predominato, 
If we divide the total flow by the area of the region, we obtain the avorage 


*In order to see that the integral actually has this meaning, we first think 
of the curve ag replaced by a polygon with sides of length Ag,,As,,.  , A&a; 
assume that on each side of the polygon the velocity vector is constant, and then 
perform the usual passage to the limjt from polygon to curve, 
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or mean intensity of flow If we now let the diameter of tho region tond to 
zero, that 1s, f we cairy out a space differentiation, we obtain in the 
hmit the wensity of flow at tho pomt m question Gauss’s theorem tolla 
us that div v, the divergence of the velocity field, 1s equal io the wnlenaity of 
flow Gauss's theoram accordingly leads to an mtintirye interpretation of 
the hithorto purely formal concept of divergence 

This mtorpietation of the diveigence can also bo roughly oxpressed in 
the followmg way, we think of tho flow as divided into a flow m tho duce 
tion of the x axid with velocity v, and a flow in the ducstion of the y-axis 
with velocity v,, and consider a rectangle with corners P(&, 4), Po(é 4-2, 4), 
PE, nt k), PLE + h, 4+ b) LE tho velocity v, were constant along 
cach of the two sides P,P, and P,P, and had the respective values 
v4(8, 4) and (8 -+- hk, 4) there, the total amount of fluid leaving the 
rectangle m tho 2 dicotion m unit time would be given by the difference 
kv +h, 4) — hu,(E, 9) If we divide by hk, the arca of tho rectangle, 
wo obtain 

v,(§ + h, q) 04(6, ») 
h 


Lhe average not flow out of tho region in the direstion of the y-ax18 18 
obtained in the same way. Tho expression 


v(6 +h, 9) — 04(8, 4) fs va{E, 4 -+ b) — v6, 9) 
h h 


therefore gives an approximation to tho average nob flow out of the region, 
and the passage to the limit % -» 0, 4 -» 0 again loads to the meaning of 
the divergence given above 

Special interost attaches to tho caso of a source-free flow, that is, a flow 
im which fluid 18 neithor created nor destioyed in the region under con- 
sideration, This type of flow 13 charactorzed by tho condition 


div v = 0, 


which by Gauas’s theorom 1s equivalent to the condition 


frds= 0, 
Qo 


where the mlogral 1s talon round any closed ourve, 


2. Interpretation of Stokes’s Theorem 


Stokes’s theorem can also he intorproted in a simple way in terms of 
the flow of an incompressible fluid in two dimensions Let the veloolty of 


flaw be given by the veotor v with components v,, v2 ‘The integral f u,ds 


re 
taken round a, closed curve O we shall call the crrculatron of the fluid along 
this curve. By Stokes’a thoo1om this can at ones be expressed in the form 


[ods = f foul vaedy, 
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end this equation further shows us that the expression cule is to bo 
regarded as the epecifia circulation 01 evculation densily ab a given point. 
Stokes’s theorem then states that the aroulation along the curve O 18 
equal to the mtegral of the circulation density over the rogion enclosed 
by the curve 

Here again special mterest attaches to cages of flow for which the 
ciroulation along every closed curve 1s zero, so that by Stokes’s theorem 
the ciroulation-density vanishes everywhere Such flows aro sail to be 110+ 
fahonal, and are characterized by the equation 


curl v = 0, 

If a steady flow 15 both source fieo and urotational, 16 satisfics tho two 
systema of equations 

ay _ 

dy aa 


curl wv e=: 


= 0, 


div y = Oy Og, 
oe By 


These two equations, by the way, are of special nteroat m that thoy 
ocour in other branches of mathematics, m particular, in the theay of 
functions of a complex variable*, thus forming the connexion betiveoen tho 
latter subject and hydrodynamios 

We shall mention yet another mterpretation of Stokos’a theo1em. 


If we think of w as representing a ficld of force mstead of a velooity field, 
the line integral 


feds = f (ode + Udy}, 
r) o 


taken round any curve, closed or not, gives the work done by tho fleld 
of force on a particle describing the curve GC If 0 1s a olosed ourvo which 
fo.ms the boundary of a region R, then Stokes’s theorem states that the 
work done in desorbing the boundary of R18 equal to the imtegral over Ft 
of the curl of the field of force, If the work dono in describing a ologed 
path as always to have the value zero, the equation 


must be true éverywhere Conversely, xf this equation is true everywhore, 
it follows from Stokes’s theorem that the mtegral 


[rcs oe + v4 dy) 


+o 


Vanishes everywhere (of, p. 365, footnote) 


* Cf Chapter VIL, pp. 582, 550, 


Vi APPLICATIONS 393 


This result shows, in accordanco with section 1, p, 868, that ithe work 
Sree ta independent of the path rf, and only vf, 


curl y = 0 
Eleroughout the region 


3. Transformation of Double Integrals. 


As an application of Gauss’s theorem we give another method 
Ox deriving the transformation formula for doublo integrals 
(cf. Chap IV, section 4, p 2538, and p, 368, footnote) Let us 
Suppose that £ is a closed region of the y-plane bounded by tho 
Curve 0 and that the taansformation «= eu, v), y= yu, v) 
&1ves a one-to-one mapping of L on the region 2’ of the wo-plans 
bonnded by the curve C’, the senso of description of the boundary 
being preserved Let tho two regions satisfy the conditions for 
tho applicabihty of Gauss’s theorem, In order to transform the 
integral 


I= ff f(o, y)dady 


iniio an integral over tho region 2’ wo first transform it into a 
line integial round the boundary 0, This line mntogial, bomg a 
Simple integral, can at once be transformed mto a Imo mtogral 
round (", the boundary of F’, and the latter, by Gaugs’s theorem, 
Gan bo transformed into a double integral over 2’, In o1dor to 
Carry out tlis process we consider any function A(w, y), obtamed 
fa.0m f by mdofinite integration, for which 


A,=f. 
‘Then by Gauss’s thoorom 


I= f fAsdady = [Ady 


TE in the line integral on tho right we now introduce the variables 
aé, vinstoad of a, y, ioe if wo transform 1+ by moans of tho func- 
tions a(u, v) and y(u, v) mto an integral along the boundary 
C” of Rf, we at once obtain 


I= [ Aly,du+ yor) 


+0 


‘T’o the boundary integral on tho right wo apply Gaues’s theorem 
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m the revorse direction, tisnsformmg 11 into a double intogral 
over 2’ 


{(4y) du +- (Ay,) dv ={f [(Ayolu— (Ayu)ol dudv, 


From the equations 


(Ayn) » a AiYn as AYuy 
and 


(Ata) = Ay -+- Ay unt 
as well as 


Ay as A gy + Agus A, = Ay -- Ato: An =f, 
we find after a short calculation that 


(Ayla — (AYyu)o = (GiYy — Deu) fs 
so that finally 


I= | / fdady == ii J (Luygy — ByYy) f dude, 
R 4 


as was to be proved. 


4. Surraok Inrearas 


The theory of mtegration for three mdepondent vanables 
includes not only triple integrals and line integrals but the third 
concept of the surface wntegral In order to explain the latter 
we begin with some considerations of a general nature, which at 
the same time will serve to refine our previous ideas, in par- 
ticular those relating to double itegrals 


1, Oriented Regions and Integration Over Them. 


b 
We start from the ordinary integral f f(a) da of a function f(z) 


of the independent varmble x, The region of mtegration 1s the 
interval between =a and =6 We are necessarily led 
(Vol I, p 81) to the convention 


[eyae = — f'Fte)ae, 


which we can also oxpress 1p the following way tho region of 
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integration, that 1s, tho mtcival & under consideration, is given 
a definite direction, or, as wo say, a defimto orientation If we 
revorse the oriontation, that 1s, xf wo cdescitbe the interval in tho 
opposite direction, tho valuo of the integral 1s multiplied by —1, 
Tus convention may also be expressed by the equation 


[ fode=—f fla)da, 


where the region of inicgiation is denoted by --C when 16 is 
described in the duection a -» b and by —C when 1t 18 desembed 
in the direction b + a 

In the case of lie integrals in tho plane and 1n space we havo 
likewise seen that 14 18 necossary to assign a dofimite senso of 
description to tho curve along which wo are mtegiaimg, and that 
if this o1lentation 1s reversed the mtegral 1s multiplied by —1 
Té 1g now evident that a full treatment of the case of tegration 
over regions of several dimensions demands the adoption of 
analogous conventions, and that our previous definitions should 
be extended accordingly. 

In Vol I, p 268, we gave a definite sign to the area of a region 
R, the sign bemg positrve or negative according as the senso of 
description of the boundary 1s positive or negative, A plano 
region to which we attach a defimto sign in this way we call 
an oriented region (fig 7), m accordance with what we have just 
said, wo shall call 11 positively oriented if the senso of description 
of the boundary is positive, otherwise negatively o1ionted. Now 
we have represonted the aica of a 1cgion 2 by the double integral 


re f dady Tf this area 1s to bo taken as positive, wo shall attach 
R 


to the region a positive sense of description of the boundary, 
and we accordingly repiesont tho absolute value of tho area 
symbolically by the expression 


[f, dedy=| A]. 


If we think of the region as nogatively orionted, so that its area 
1s negative, wo oxpress tho actual valuo of the arca by the symbol 


f Hi dedy, and accordingly havo the dofimtion 
—8 
[ [ dedy=—| |, 
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Again, the area 1s expressed * as a line integral by tho formuls 
A|=— fyda= | ady, 
le ae 


If nothmg special 1s sad to tho coniary, wo shall always 
take R as a positively onented region, 


Fig 7 —~Oriented regions 


Tn the same way, we now state the general defination for any 
double utegral whatever 


| [fle nandy =f f fle, vdodys 
[ [fe y) de dy = —f {fe y) da dy. 


This defimtion corresponds exactly to the convention already 
adopted in the case of ordinary mmtegrals and line integrals, 
The equations do not represent any newly-proved fact. thoy 


are simply definsitons and are justified solely on grounds of con- 
Venence 


An example will illustrate the usefulness of this convontion, We sav 
(p 253) that in the one-to one mappmg of the 1egion 22 of the ay plano 


on & region F’ of the wy plane the area of the region F 1s given in the new 
co ordinates by the integral 


f [ea =f fx H aud 


provided that the Jacobian 1g positive everywhere in R, We know that 


* Tt is useful to verify by an example that the :ntegral pr yds 1s really o 
+ 


positive number, If, for example, # 1s a square 0 Sw# Sl, 0 Sy S11, on both 
the vertical sides we hayedz = 0 The side y = 0 likewise contributes nothing 
to the line integral, and on the third side we haye dz < O and y = 1, 
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if the Jacohian 18 positive, the oriontation (16 the sense of desomption of 
the boundary) of R and 2’ 1s the samo, whule if tho Jacobian 1s negative 
the regiona have oppoute o1tentations Tho above formula therefore would 
not hold 1f tho Jacobian wore nogativo, if wo considered tho doublo mtogral 
without regaid to tho ortontation But 2 remames true for the case of a 
negatwe Jacohhan if by R wo mean ao (positively or negatively) oriented 
region and by 2’ tho orrented region which arises from 7 aa a result of the 
transformation Jor 2f tho otientation 18 revorsed, the effoot of the negative 
sign of the Jacobian 1s cancolled by the above convention, 


Tn the same way, we can now iegard the general transformation 
equation 


Jf ffs vyaedy = f ff, 722 dude 


as valid, whether the Jacobian aot 1s positive everywhere or * 
, 


negative everywhere in the region R, 14 bemg assumed that tho 
integrals ale talon as intoprals over oriented regions and that 
in tho mapping the oricnted rogion R becomes tho onented region 
R’ Thus only by introducing orientation and the sign prencyple 
do we arrwe at transformation foimule for double untegrals which 
are valid unthout exception. 

The orientation of a region can also be dofined geometrically 
without reference to tho boundary m the fellowmg way. We 
first consider any point of tho region whatever, and to this pomt 
assign a& sonse of rotation, which we can represent og as the 
sense of desorrplion of a small citcle with this point as centre. 
We now say that the region 2 18 o1entod if such a senso of rotation 
is assigned to every pomt of & and if on continuous passage 
from ono pomt to another the sonse of rotation 18 preserved. 

By means of (lis romark we can now assign an orientation to 
a surface lying in eyz-space On the surface we can first assign 
a sonse of rotation 10 a pomt by surrounding it by a small ourvo 
lying on the suiface and assigning a definite songe of description 
to this curve If wo now movo the point continuously over the 
surfaco to any othor posttion and along with the point move the 
oriented curve with its orientation, wo assign a sense of rotation 
to every point of tho surface mn this way (oxcoptional casos will 


* Tho formula doos not hold, howovor, if the Jacobian changes sign in the 


pic this onso the assumption that the mapping is one to one cannot be 
satisfio 
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be discussed later) We call the surface wrth this sense of rotation 
an orented surface (fig 8) 

We can get a better grasp of this otientation of a surface m 
space as follows A portion of a surface m space will have two 
different sides, which we can best distingwsh as the positive sido 
and the nogative side (Which of the two sides we call positive 
and which negative 1s of no mtrinsic importance ) For example, 
ai the positive side of the wy-plane we can take the side ind1- 
cated by the positive z-axis We now mark the positive side of 
a surface S by constructing at each pomt of the surfaco a 
vector pointing out into space on the positive side; eg, the 
normal to the surface, 1f a umque normal exists at the pomt. If 
we thmk of ourselves as standing on the surface with our heads 
on the positive side, we say that the surface 1s positively oriented 


Fig 8—-Orientation of a curved surface 


yf the orventation of the surface and the lne from feet to head to- 
gether form a reght-handed sciew (cf Chap I, p 2), or, in other 
words, if the surface together with its orientation can bo con- 
tinuously deformed in such a way that 1t becomes the positively 
oriented zy-plans and at the same time the direction of the positive 
normal becomes the direction of the positive z-axis Otherwise, 
we say that the surface 1s negatively oriented We thus see that 
there is a natural way of determming the sign of the orienta- 
tion of a surface, provided that the two sides of the surface are 
given signs to begin with Any difficulty which the begmner may 
find m these matters hes simply m the fact that hore we are 
discussing not proofs but definitrons, which are justified solely 
by their convenience in simplifymg subsequent discussion 

We must not omit to mention that curved surfaces exist to 
which 2o orientation can possibly be assigned, since on them 
it is not possible to distinguish two scparate sides Tho simplest 
surface of this type was discovered by Mobius and 18 called the 
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Mobius band, it 1s shown im fig 9 We can casily make such a 
surface from a long strip of papa. by fastenmg the ends of tho 
strip together afte: rotating ono end through an angle of 180° 
from its original position ‘The Mobis band has the property 


Fig 9--The Mobius band 


that if we stat from a definite pomt, say on the contro lino of 
the band, and move along tho centro Ime, after a complete circuit 
we come back 10 tho samo pomt, but on the opposite sice of the 
surface * If during this motion we cary with us a small oriented 
curve, without altermg its o1ientation, we shall find that wo 
return to the starting-pomt with tho orientation reversed. We 
see that with auch a suilaco we can pass from one side to the 
other without crossing the boundary, and honce that 16 is 
impossible to assign to the surface an ouentation in the sense 
descubed above Such non-onentable swfaces are defimtely 
excluded from the subsequent discussion 


* Wo can obtain a parametric representation for the Mobius band as follows 
Consider fiat the circle @ = 2cosu, y= Qeinw At the point of tho oirale 
corresponding to tho valuo w of tho parametor we construst the unit vector 7, 
which staits from the point of the circle, ley in the samo plano aa the z axis 
and tho 1adiug to the pomt, and makes tho angle 4u with the posilivo z axis 
At tha same point we also consti uct the vootor —7 Thus wo have a lino segmont 
composed of the two vectors, with longth 2 and its mid-point on tho circle, Ag 
u goes from 0 to 2x this line aegmont tiavela with uw, turning through ar angle 
a, 80 that finally 7 comes to the original position of ~y It is therofora olcar 
that tho line segment desoribos a Mébius band = J’o. onch value of w tho point 
on the lino at the distance v fiom the circumference In tho dircotion of 7 (whore 
-1svstl)) has the co oidinates 


w= 2 cosd + vain G08 U, 
y= 2ainu + vain 5 aint, 


7 
2 = v O08 5’ 


OSusQmn 
~lsv<l 


These equations thorofore reprosont the Mébius band parameotrioally. 


where 
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We can also express the oriontation of a surface by thinkmng 
of the surface as represented patametrically by two parametors 
wand» Then a definite region F of the w-plane will be mapped 
on tho suface S, If in the region R we choose any orontation, 
the mapping transfers this orontation to the surface S, thus 
define an orientation of the swface 

Just as we can assign an orientation to a region mm the plane 
or to o, surface, we can also assign an otientation to a three- 
dimensional region For this pupose the followmg convention 
ig advantageous We consider a region of space & bounded by 

a closed surface S We iako the 
side of tho surface towards the 
umtervor of the region as the positive 
side If we give the surface an 
onentation which with the direction 
from negative to positive across the 
surface determines a mght-handed 
screw, we say that the region of 
space R ws positwely onented (cl. 
fig 10), uf, on the other hand, we 
give tho surface an orentation 
which with the negative to positive 
Fig, 10 —Positively oriented sphere Girection determmes a left-handed 
sorew, we say that the region is 
negatively oriented. For example, the cubs 0S 2 <1, 
0S¥ 1, 05251 18 positively oriented if we give its base 
in the wy-plane a positive orientation 

Hor regions mm space, just as for regions m the plane, it 1s 
convenient to assign a positive or a negative sign to the volume 
according as the region 1s positively or negatively oriented 
(of. p. 376), We shall again agree that an mtegral taken over 


an oriented region has its sign changed uf the orientation of the 
region 18 reversed, 


{lff@ Y, %) dady da = —fff te Y, 2) dady dz 


The same argument as we have already developed for two 
dimensions shows again that the transformation formula 


[ff fem adadyde=f ff fle 9, 2 ie Y*) dudvdw 


u, v, W) 
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only acquires full valhdity when these conventions are adopted, 
Ow, Y, 2) ig 
Olu, v, Ww) 
negative everywhere m the region Tor, as we explamed for two 
dimensions in Chap III (p 151), a mappmg of 2 on RF’ with a 
negative Jacobian reverses tho orientation 


since 16 now continues to hold when the Jacobian 


2 Definition of the Integral over a Surface m Space. 


Having made theso piclimmary remarks, we can now givo a 
general definition of the concopt of surface integral. Wo consider 
a region of eyz-space mm which tho three continuous functions 
a(w, y, 2), d(x, y, z), c(a, y, 2) aro defined as components of a 
vector field A = A(x, y, 2), Wo first consider a surface S which 
has a one-to-one projection on a closed region R of the #y-plane 
and is defined by an equation z= 2(a, y), wo assume that this 
surface 1s given an o1entation which 1s transforred by projection 
on the vy-plano to the region 22, We uso the letter 2’ to donote 
the unit vector in that direction noimal to the surface S which 
m conjunction with the oriontation of the surface forms a rght- 
handed screw We now divide the surface S into » portions * 
S,, Sy... ,8, with areas AS,, AS,,..., AS,. The projections 
of these portions on the ay-plane form a number of sub-regions 
R, of the region &, with areas AR,, AR, ..., AR,, and theso 
regions cover tho region & exactly once. We take tho areas 
AS, as positive, and accordingly have to assign a positive or 
negative sign to the area AR, according ag tho projection gives 
& positive or a nogative orientation to tho corresponding rogions 
& or R, im tho wy-plane The micas AS,, AS, ..., AS, and 
AR,, AR, ..., AR, are connected by an equation of the form 


AR, = 4,AS,, 


where g, denotes a quantity which tonds to the cosine of the 
angle ya, y, 2) betwoon tho positive normal direction 7’ and tho 
positive z-axis as the diamotor of the portion S, approaches 
zero Now lot (#,, y,, z,) be a point in the v-th sub-region of the 
surface; io. 2, 2(2,, y,) Thon rf tho greatosl dhamotor of tho 
portions §, (and with 14 tho diameters of tho sub-regions 2,) 
tends to zero, the sum 


* Tn tlus connoxion see Chap, LV, scotion 6 (p 269). 
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Solty ys. %)AR, = Lela, ys, %)9,A8, 
peo peal 


tends to a quantity which we denote by tho symbol 
f [ole y, aadedy 
8 


or 
f i, E(w, y, 2) cosy dS 


Wo call this expression the surface integral taken over the oriented 
surface S This limit does actually exist, smco we may regard 
the mtegral as an ordinary integral over the two-dimensional 
oriented region &, namely as the integral 


f [edudy, 
R 


where tho mtegrand is tho function o{a, y, 2(a, y)}. 

For the generalization to which we now proceed and for 
applications 16 18 essential that im this mtegration the region /t 
should be regaided as orvented 

If the surface S also has a one-to-one projection on the 
yz-plane or the xe-plane, that 1s, 1f 16 can be represented by a 
single-valued function «= a(y, 2) or y = y(z, x), we can in the 
same way define the integrals 


i i a(x, y, z)dy de = i rl afaly,2),y,2} dy dz = Hf alz, y, z) cosadS 
a Rv a 


and 
f i b(a, y, 2)dzda == f i bfae, y(z, a), 2\deda = if i b(2, y,2) cos BAS, 


where R’ and R” are the onented projections of the onented 
surface S on the corresponding co-ordinate planes and a and B 
are the angles between the positive normal to the surface and the 
positive &- or y-axis respectively 

Adding these expressions, we obtain the general definition of 
the surface integral talzen over the surface 8, 


[ [foto. 9, adyde + b(e, y, 2)dede + ole, y, 2)dedy} 
a i | {a(x, y, 2) cosa + b(a, y, 2) cos B + ofa, y, z) cosy }dS 
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If by 0/0n’ we denote differentiation m the direction of the 
unit vector 2’ in the positive normal direction,* wo can also write 


COS 0, = a cos 8B = ay cos es 
an” ~~ On” ee On” 


and consequently we can oxpress the surface integral in the form 


{flex orb ten fa 08 


If a, b, © are the components of a vector A, tho quantity 
m brackets undor the integral sign is the component of the 
vector A in the direction of the positive normal to the surface, 
which we can also write in the form Av’ or A,, 

Ineidentally, if wo thinlx of the surface as given parametrically 
by the equations w= au, v), y= y(u, v), z= 2(u, v), whore tho 
oriented surface S corresponds 10 tho oriented region B in tho 

wv-plane, wo can wute the surface miegral in the form 


Oly; 2) O(%, @) O(a, § Da 
ala, Y, 2 b(x, y, 2 z dude 
J fate 9,2) se 4-Day 2) ES + of, y, 2) 

and thus once again express it as an ordinary mtegral, namely, 
as a double integral over B 

Tt 1s now casy to get md of tho special assumptions about tho 
position of the surfaco S relative to the co-ordmate planes. We 
assume that the oriented suface S can be divided by a finite 
numbor of smooth arcs of curves into a finite number of por- 
tions 8, S,,...an such a way that each portion satisfcs the 
assumptions mado above ‘Tho oxcoplional case m which a 
portion of the surface S or the whole surface S is normal 10 
a co-ordmate plano, so that its projection on that plano 1s only 
a curve instoad of a two-dimensional region, can bo doalt with 
by disregarding this projection m the formation of the integral, 
since a double mtegral vanishes when tho region of integration 
shrinks down 10 a curve Wo can now form tho surface integral 
for each of the portions § according to the above dofinition, and 
we can define the integral over the oriented surface S as the sum 
of the integrals thus defined, 

Tf, for example, the amfaco 5 18 a closed surface, a sphore, 
say, we rocognize that the projections of the various portions S, 


* The lottor 2 is used hero for the postive normal borausa 1 haa beon used 
for the outward drawn normal in two dimonaona 
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ie partly above one another and have opposite orientations. Tf 
the parametric representation # = w(u, v), y= y(u, v), a= 2(u, 0) 
gives a one-to-one mapping of a bounded surface S on an o11ented 
region B of the w-plane, the parametric expression grven above 
for the surface integral 1s always valid, 1f we make use of this 
parametric expression mn defining tho surface mtegral, there 1s 
no need to subdivide the surface S 


3 Physical Interpretation of Surface Integrals. 


Lhe concept of surface mtegral can also be interpreted intuitively in 
terms of the steady flow of an incompressible fluid (this time in tinco 
dimensions), whose density wo take as umty Let the veotor A ba the 
velosity vector of this flow, then at each point of a surface § tho produat 
An’ gives the component of the velocity of flow m the dirootion of the 
positive normal to the surface, the expression 


AM'LE, = AS, {A(X y, Yyy Zp) OO Gy “+ B(@y» Yy %) COBB, ++ C(%,, Yr» 2,) 008, } 


is therefore approximately equal to the amount of fluid which flows in 
unit time across the element of surface S from tho negative side of tho 
surface to the postive side (this quantity may of couso bo negativo) 
The surface mtegral 


| f lady da + bdade 4- edady} = f i A, as 


therefore repicsents the total amount of fluid flowing across the surface § 
from the negative side to the positive in unit timo Wo notico hore that 
an important part 1s played in the mathematical deaoplion of the motion 
of fluid by the distimotion between the positive and negative mdoa of a 
surface, 16 by the mtraduction of ortontation 

Tn other physical apphoations the vecto: A denotes tho force, duo Lo a 
field, acting at a pont (a, y, 2) Tho ducotion of the veotor 4 thon givos tho 
chreation of tha lines of force and its absolute valuo givos tho magnitude 
of the force, In this mterpretation the integral 


f [toduae + bdzedw -- edaudy} 
8 


is called the total flux of force across the surface fiom the nogative aide 
to the positive, 


5 Gavuss’s Tauorpm AnD Gruenn’s Trmormm iv Spaor 


1 Gauss’s Theorem and its Physical Interpretation. 

By means of the concept of a surface mtogral we can oxtend 
Gauss’s theorem, which we proved in section 2 (p. 360) for twe 
dimensions, to three dimensions The ossontial point in the 
statement of Gauss’s theorem in two dimensions is that an integral 
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taken over a plane region 1s reduced 10 a line integral taken round 
the boundary of the region We now consider a closed three- 
dimensional region £ in ayé-space and assume—as always—~that 
its boundary surface S can be divided into a fimte number of 
portions with continuously turning tangent planes In addition, 
we assume to bogm with that cach line parallel to a co-ordinate 
axis wluch has mternal pomts in common with R cuts the 
boundary of 2 in oxattly two points; this last assumption will 
bo removed lator 

Let the thiec functions a{a, y, 2), O(a, y, 2), e(a, y, 2), togothor 
with their first partial derivatives, bo contmuous m the region 2 
and on its boundary; we tale thom to be tho components of a 
vector field A = A(x, y, 2) We now consicdor the mtegral 


f i j 8 dav dy de 


taken ovor the 1.ogi0n 2 We suppose that the region 1s pro- 
jected on the zy-plano, wo thus obtain a 1egion Bin that plano. 
Tf we orect the normal to tho ay-plane ab a pot (@, y) of B and 
if we donote the z-co-o1dmaics of its point of entrance and pomt 
of oxit by z= 29(x, y), 2 = 2,(w, y) respechively, wo can transform 
the volume mtogial over 2 by means of the formula, 


[ff fendyde= f | dudy f "fae 


Since f= 0c/02, tho mtegiation with rospect to 2 can bo carried 
out, giving 


ay 
Ls 


ae 
se da == ols, Y, %) —~ ofa, Y, %) = 0 — 09, 
Xo 
so that 


[f[se de dy dz =f [evdedy —f {eodady. 


If wo think of the surface 5 as postlavely oriented with rospoct to 
the region 2, then tho portion of the surfaco S consisting of the 
points of entry 2== 2,(%, y) has a positive orientation whon pro- 
jected on B, whulo the portion z == z,(%, y) consisting of the points 
of oxit has a negative orientation, Ionco tho last two integrals 
combine 40 form one integral 


—f foe, y, 2) dady 


(8012) 1d 
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taken over the whole sufaco S Wo thus obtam the formula 
de(x, ¥, 2) ot 
[f[ PS cedyde = —f fo, y, 2) dedy 


This formula obviously remains vahd if S contams cylinduecal 
portions perpendicular to the wy-plano; for these contribute 
nothing to the surface integral, as the regions obtamed by pro- 
jectmg them orthogonally on to the vy-plane merely consist of 
curved lines 

If we obtain the corresponding formule for the components 
a and 6 and add the three formule, we obtain tho general formula 


fff" hy Ys 2 ) 4 Ae " 2) < Gott th 8 we andy ae 


i u i {a(a, y, z)dydz + ie y, 2) dadu -+- (a, ¥, 2) dedy}, 
g 


which 1s known as Gauss’s theorem. Usmg the notation of p 382, 
wo can also write this im the form 


[f [Get by+o)dudyda=— f [(acosa-+b cos B+ ecosy)dS 


Iiere the surface is to be positively omented with respect to Zt, 
a, 8, y are accordingly the angles which the nward-drawn normal 
n' rnankes with the positive co-ordinate axes, 

This formula can easily be extended to more general regions 
Wo have only to require that the region 2 1s capablo of beng 
subdivided by a finite number of portions of surfaces with con- 
tmuously turning tangent planes into sub-rogions 2,, cach of 
which has the properties assumed above, in particular, 18 such 
that every line, parallel to an ams, having pomts in common with 
the interior of #, onts the boundary of #, m only two points, 
Gauss’s theorem holds for each region R,. On adding, we obtaim 
on the left a trple integral over the whole rogion 2, on tho 
nght, some of the surface integrals combine to form the smiface 
integral over S, while the others (namely, those taken over tho 
surfaces by which FR 1s subdivided) cancel ono another, as we 
have already seen in the case of the plano (pp 348, 362). Finally, 
wo remark that, as befois (p 362), 16 18 sufficiont to require that 
the boundary of R consists of o fimte number of portions of 
surfaces, cach of which has a unique projection on all threo 
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co-ordinate planes, except that cylmdzical portions whose pro 
Jections are curves alc again permissible 


As a speeiml case of Gauss’s theorem we obtain tho formula for the 
volume of a region R bounded by an ontented closed surface If, for example, 
wo put a= 0, b = 0, ¢ = 2, wo mmmediately obtam tho oxpiession 


V =f f fevayee = — { [2drudy 
R 8 
for the volume 


Tp the same way, wo also obtain the expressions 


V ss —f[ [rade — f [ydeae 
y 8 


As in the caso of the corresponding formula in tho plane, 1 
1s usual to express Gauss’s theorem in another form In the 


firat place, if @, b,¢ ao the components of a vector ficld A, 
we can write the oxpiession 


Oa ab 3 da 


for the volume * 


in the abbroviated form miroducod in Chap. IT, section 7 (p. 91), 
Oa , Ob . do 
Be aa a ae 


In the second place, the discussion on p. 383 cnables us to express 
tho surface mtogral as the integral of bho normal component A, 
of the vector A in the duection of the mward-drawn normal 7’, 
Thus we obtain tho vector form of Gauss’s theorem, 


[f rw Adndyde= — ff An'dS = —f [Ap d8, 


* Tt 1s noloworthy that oyolical interchango of a, y, 2 in these exprossiona 
brings about no chanyo of sign, whereas in the caso of the conesponding formula 
for tho aron of a two dimonsional region the formula 


Ax frdyu—fydr 
1¢ id 


shows that interchanging v and y causes a change of sign in tho integral oxpres« 
sion ‘T'hisis duo to the fact that in two dimensions an jutorohango of the positive 
x direction with tho positive ¥ direction reverses tho sonse of rotation of tha 
plano, whilo m throo dimensiona a oyclical interchange of the pasilive co. 
ordinate directions, that is, 1oplacomoent of « by y, of y by z, and of ¢ by 2, 
does not chango a right handod syatom of axoa into a loft handed syatom, 
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In Gauss’s theorem for space, as m tho case of the plane, it 19 
convenient to miroduca the outward-drawn normal mstead of 
the positive normal 7’ We denote this normal unit vector by 
#2, 80 that 


and on introduemg # mstead of ’ m our formule we have to 
make corresponding changes of sign, We can now oxpiess Gauss’s 
theorem m the followmg form 


; ‘i i div.A dadydz = a i A,dS = f i Anis, 


or, 1f we denote the cosines of the angles which the outward- 


drawn noimal ~ makes with the positive co-ordinate axes by 
Ou Oy 02 


On’ On’ On 
Lf fits b+ egdsdyde = f (a2? + 0% + 0%)as 


Ag m the cage of the plane, we here obtam an mtmtive interpretation 
of Gauss’s theorem by taking the vector 4 ag tho velocity field of a steady 
flow of an mcompressible fluid of unt density, The total mass of fluid 
which m unit fame flows across a small surface AS from the mtorior of P 
to the exterior 1s given approwmately by the expession A, AS, whore 
A,, 1s the component of the velocity veotor 4 in the ducction of tho 
outward normal # at 2 point of the swfaco elemont, Accordingly, the 
total amount of fluid which flows acioss a aurfaco S from the inside to 


the outside in um time 1s given by the intogial i f A,,@8 taken over tho 
8 


surface In this interpretation, therefore, the right-hand sido of Gauss's 
theorem representa the total amount of fluid leaving the rogion # in unit 
tame This amount of fluid 1s transformed into the mtoegzal of tho diver- 
gence throughout the mtenor of the region 2 From this wo obtam tho 
mtuitave interpretation of the expression div.A, Since wo havo taken 
the flow as mcompiessible and steady, that 1s, mdopendent of tho timo, 
the total amount of fluid flowing outwards must be continuously aupplied; 
that 13, in the interior of the region there must bo sources producing 4 
(positive or negative) quantity of fluid ‘Tho surface intogral on the right 
represents the total flow out of the region R, if wo divide by the volume 
of the region, we obtam the average flow out of R If wo think of tho 
region J? as shrmlang to o pomt, so that its diamotor tends to zoro, 
other words, uf we carry out a space differontiation of the integral 


f i f div A dudydz, we obtain the source-intensity at the pomt under con- 
sideration, On the other hand, this space differentiation gives the integiand 


, We can write 


4 
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dhv 4 at that pomt, and we thus seo that the divergence of the vector A ts 
the source-wntensily of the steady ncompressible flow represented by A 

Particular interest attaches to cados of flow which are source free, so 
that flud 1s neithor created nor anmhilated at any pomt of tho 1eg10n 
A flow of this typo 18 charactomzed by the fact that the equation 


da , 0b , & 
™ fet ay Oe 


1s aatisficd everywhere, It then follows that for every closed surface 8 the 
tniegrat over 8 of the normal component f f A, dS has the value revo, We con- 
8 


sider two surfaces 8, and 8, both 
bounded by the same oriented 
curve O in spaco, which together 
eneloso a simply connected rogion 
of space 2, and wo apply Gausa’s 
theo.om to the region #, Tor tho 
positive normal direction on the 
surface §,, however, we shall take 
the normal pointing towards tho 
enside of Uhe region J? (aa in fig 11) 
instead of that towards the outade, 
80 that tho sense of deseription of 
0 in conyunotion with tho positive Fig ou 

normal for oithor surfaco forms a 

right-handed scrow. In Gauss’s theorem, then, wo must ingort different 
signs for tho surfaces 9, and S,, Wo thus obtain 


f if re diy Adudydz = { [A,aS — f A, dS. 
R A ay 


Sinoo, by hypothosis, tho left hand sido 18 zc1o, we hava 


f f A, 8 = [ { A,ds 
Ay Bs 


In words if a flow is souco fico, the same amount of fluid flows in untt 
timo aorogs any two surfaces with tho same boundary curve This amount 
of fluid, therefore, no longor depends on the choice of the aurface § with 
tho closed boundary curve 0, It can thorofore only depend on tho choice 
of @, and the problem arises how the amount of fluid oan be expressed 
in terms of the curve 0, Thia question is answered in tho next seption 
(p 886) by means of Stokos’s theorem, 


2. Greon’s Theorem. 


Just as in the caso of two indopondent variables (p. 366), 
Gauss’s theorem leads to some important consequences, which 
are known as Greon’s theorem. 
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We arrive at these formule by applying Gauss’s theo.em (in 
veetor form) to a vector field .A winch 1s given m the apocial form 
A= uprady 


and therefore has the compononts 2,, Uv, uv, Thon m & wo 
have 


divA = a > (uo) Te = (1 )+ +5 (ur,), 
anc on the boundary 
A, = oo, 
on 


Then if we uso the familiar symbol 
AV = Voq yy + Vee 


Gauss’s theorem mmediately gives us Green’s theorem’ 


if f [ (UgVy + Uy + U,v,) dady dz 
=f f [udvdedyde+ ff 2° as. 


Ifwe apply tho same argumont to the vector field A =v gradu, 
wo obtain the formula 


i f i) (UagVy + Uy + Ugv,) dady dz 


=—f J fodudedyde + f [oS as, 


If we subtract this last formula from the first one, we obtain tho 
second form of Green’s theorem, 


Jf f [(uso— wba deuay aa f f (u5 ~ 034) as, 


3 Application of Gauss’s Theorem and Green’s Theorem in Space. 
1 Transformation of Au to Polar Co ordinates 


If in tho second form of Green's theorem wo substitute tho spooial 
funotion v= 1, we obtain 


[f foudedyde= ff" as 
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Just a3 in the plano, wo can uso this foimula to transform Aw to polar 
co ordinates (7, », 0) by choosing for the region # a cell of the pola 
co ordinate net in apace botweon the co oidmato surfaces + and r+ h, 
pando + 4,0 and0-} 2 Wo obtain 


I { rs 7 ( Uds ) a } 

et 0) ++ —(—£ ee . 
7 one (77u,. 81nQ) + ie aint + 50 (tg ain 0) 

The caloulations, which are analogous to those for the plano case (of 

p 369), are left to the reader 


2 Space Forces and Surface Forces 


The forces acting m a contmuum may bo regarded either as Bpace 
forces or a8 surfaco forces Tho connexion between these two points of 
view 18 piven by Gauss’s theorem 

Wo content ousolves by considering « special case, namely, tho force 
in a flwd of constant density, say p= 1, nm which theta is a pressure 
ow, y, 2) which m genoial depends on the pomeé (x, y, 2) ‘ms means that 
on every auiface clement through the pomt (%, 4, 2) the fluid exerts a force 
which 18 perpendicular to tho surface cloment and has the surface density 
ple, y, 2) If wo consider a 1r¢epion # bounded by tho amface 8 and lying m 
tho fluid, the volume 2 will bo subjcot to a force whose total v-component 
is given by the surface integial 


x=— f fo" as, 


whore 04/0 18 the oogino of the anglo betweon the a-axis and the outward 
drawn normal to the saufavo In tho samo way, tho y- and 2 components 
of tho total force are givon by 


ay 
Y = —f [2 9, % 


Oz 
a=—f {ps ds. 


Gauss’ theorem now gives 


X= —f f fradedyas 
Y = ~ Lf [ovtedyae 
Z ex ~ ff frededyas 


re— ff fardpdvdyac ‘ 


for F, the total force excited on 2 


and we thus obtnin 
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We can oxpress this result as follows The forcos m fluid due to 
plesstne p(x, y, 2) may on the one hand bo rogaided as surface forces 
(pressures) which act with donsity pia, y, 2) perpendicular to cach suriace 
element through the pot (a, y, 2), and on the other hand as volume 


fo100a, that 1s, ag forcos which aot on every element of volume with volume 
density —grad gy 


EXAMPLE 
1* Let the equations 


%,= (Dy Ps Ps) (¢ = 1, 2, 3) 


define an arbitrary “ orthogonal” ¢o ordmate system py, Pa Pa that is, 
if we put ay, = Cay thon the equations 
Py 


yy Gay + Ca Gne + AygA2, = 0 
O41 yy + yg @qq + M4343 = O 
Goi Ggy + Gag 2gq + Gag Gag = 0 
are to hold, 
{a) Prove that 


ala, oy ty) Cer 
ee SES 6, €n€ 
8M, Por Pa) Vv lc 


Cy = Ogg be Og aye 


where 


(b) Prove that 


(0) aed AU== tye, + Yayo, + Yee, w terms of Ps Pas Par using 
auss’s theorem 


(2) Jexpress Az in the focal co ordinates ¢,, ta, ty defined in Idx, 6, p 168. 


6. Stoxus’s Turormm iN Spacn 
1 Statement and Proof of the Theorem. 


In this section we shall give a discussion of Stokes’s theorem 
for any curved surface We have already (p 365) met with 
Stoles’s theorem in two dimensions, 

Let CO be a closed sectionally smooth oriented curve in space, 
and let S be a surface, bounded by C, whose positive normal 18 
contintious or seotionally continuous and m conjunction with the 
sense of description of the boundary curve forms a nght-handed 
screw Iturther, let & be a vector field defined m a neighbour- 
hood of S, with components $(z, y, 2), #(x, y, 2), x(@, Y, 2)» 


Vv} STOKES’S TITEOREM IN SPACE 393 


Stokes’s theorem then states that 


f f(culB),a8 = [ B,ds, 


where the are s of the curve C increases 1n the direction in which 
C 1s described, and B, 18 the tangential component of B along 
Written m full, Stokes’s formula 1s 


ay o) (*8 = st) (° _ ) 
iG: pee Nee ae) Nae ay doy 
= [ (pao + pdy + xd2), 


This transforms a surface integral taken over the oriented 
surface S mto a lino integral taken round the correspondingly 
oriented boundary of the surface 

The truth of Stokes’s theorem can immediately be made 
plausible by tho followmg tiam of thought. ‘The theorem has 
already been proved for a plane surface (p 365), Then if Sis a 
polyhedral surface composed of plane polygonal surfaces, so that 
the boundary curve 0 1s a polygon, we can apply Stokes’s theorem 
to each of the plane portions and add the corresponding formule 
In this process the line mtegrals along all the mterior edges of the 
polyhedra cancel, and we at once obtain Stokes’s theorem for 
the polyhedral surface Jn orde1 10 obtain tho general statement 
of Stokes’s theorem wo have only to perform a passago to the 
hmuit, leading from polyhedia to arbitrary surfaces S and to 
arbitiny sectionally smooth boundary curves O 

The rigorous performance of this passage to the limtt, how- 
ever, would be troublesome, having made theso heuriatio re- 
marks, therefore, we shall carry out the proof by means of a simple 
calculation 

If for brevity we put 


A = oul B, 
the components of A are given by 
_ Ox oy ay _ Oy Op 
a(@, y, 2) = dy By b(a, y, 2) ae Ben’ o(w, ¥, %) = Le By 


and (of, p 93) 


div.A = div oml B = 0, 
(012) na” 
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We take the oriented surface S bounded by tho ouonted 
curve C and consider the problem of changing the mtogral 


if f A,d8 = f [ (adydz +- bdzda 4+- cdady) 


taken over S into an expression depending only on the boundary 
curve @ To do tbis, we imagine the surface represonicd in the 
asual way by two parameters wu, v, so that the surface corre- 
sponds to a closed region D in the uv-planc. By the gonoral 
tule, the transformation of the surfaco mtogral to tho 1egion D 
gives the expression 


[ [{adyd + bdede + cdedy} 

8 

=f (2) (22) + (24%) (ete_Beer) 
dS dp dy dz] \Oudv dudv dz Ox/ \Oudv dudv 


+ (2) (2) aa, 
de = Oy/ \Oudvn Ou dv 
We can transform the expression on the mght by collecting the 
terms involving ¢, those m ¥, and those im y for tho torms 
wvolving ¢, for example, we obtam 
_ op (Ox dy dy i) __ od (% dz dz =) 


dy \oudv dudv/ dz \dudv dado 


ff to this we add the expression 


_ ag Ce Qe Oe a 


de \Ou dv Ou dv 


which 1g identically ze1.0, the terms myolymg ¢ in tho integrand 
are 
oo Nie et goat to oe) — 22 (28 4 Ob Od Oz 
Ov \0n Ou dy du Oz Ou é 
06 Ox Op Oa 


Ou \dn dv Oy dv ' Bz dv 


Nee ee. emer 


du dv du du 
In the same way we obtam the two other terms 
Os Oy — dab By via Ov dz Oy dz 


—— ~. = 


du Ov Ov Du Ou dv dv du 
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in the mmtegrand The double mtegral 1s tho.efore split up mto 
the sum of tho integials of tho thice expressions 


O(d, x) Aly, y) Ay, 2) 


Oe, 4 Au, v)’ Ow, vy’ 


taken over the onented region D, whoso boundary curve K has 
an oriontation co1esponding to that of OC Now by Stokes’s 
theorem for two dimensions (cf p 364) we have 


Of dx Oh Ox r( Ou Ox )- da 
If, du dv dv i) canna = Pos aaa ? 5 My =[% ds ds, 
where the integrals are to be taken with corresponding oricnta- 
tions and the length of onic s on C moreasos in the dircetion in 
which the curve 1s positively desombed Tf we add this formula 


to the two other coresponding ones, we obtain on the loft the 
value of the surface integral “ on the right tho integral 


i; (4 de a us Wy ae 


The expression a ip ov. x however, is just the tangential 


component B, of the vector B in tho direction of the ononted 
boundary curve O, and wo thus obtain Stolos’s theorem 


f [tou ), ds = [Byds, 


or, written out in full, 


ING Sn (Eto (BD 
- ‘p (pda -+- yb dy +- x dz), 


This formula 18 true provided that the vector A -= curl B is con 
tinuous m the region under consideration and that the surface 8 
consists of one or moro portions cach of which can be continuously 
represented as above by paramotria equations @ == xu, 4), 
y= y(u, v), 2== 2(u, v) with continuous first dorvatives. 
Stokes’s theorem gives the answer to tho question raised at 
the end of No 1 of the preceding section (p, 389). We have seon 
that for a vector field whose divergence is idontically zoro the 
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mtegral of the normal component oven a surface hounded by a 
fixed curve C depends on the boundary curve @ only and not on 
the particular nature of the swface Since, as we shall prove 
in section 2 of the Appendix (p 404), every vector fiold A whoso 
divergence 1s identically zero has the form 


A = curl B, 


Stokes’s theorem enables us to express the surface integral m 4 
form which depends only on the boundary. 


2 Interpretation of Stokes’s Theorem 


The physical mterpretation of Stokes’s theorem in threo dimensions 
18 sumilar to that already given (p 371) for Stokes’s theo1em mm tivo dimon 
sions * Once agam we mterpret the vector field B as the voloaity field of 


a steady flow of an mcompresmble fluid, and wo call the mtegral i B,ds 
0 


taken round a closed curve 0 the circulation of the flow along this ourve, 
Stokes's theorem states that the circulation round a ourve 18 equal to the 
surface integral of the component of the curl m the dnestion of the postive 
normal to any surface bounded by the oriented omve, the o1sentation of 
the surface bemg grven by that of the boundary ourvo, Suppose that we 
apply Stokes’s theorem to a portion of a surface § with a continuously 
turning tangent plane If we divide this surface mtegral by the area of the 
portion of surface and then perform a passage to the hmit by letimg the 
portion of surface and 1ts boundary curve shrink to a pomt while remaining 
on the large aurface S, on the left thia process of apace differontiation gives 
us the component of the ourl in the direction of the normal at that pomt 
of the surface to which the boundary ourve @ has shrunk, Wo therefore 
geo that the component of the eurl m the direction of the positive normal 
to the surface 1s to be regarded as the specifies curculation or olroulation- 
denatty of the flow m the surface at the corresponding pomt, where the 
sense of the circulation and the positive normal together form a right- 
handed screw t 

If we interpret the vector 2 as the field of a mechanical ox electrical 
force, the ne mtegral on the mghé hand side of Stokes’s theorem represents 
the work done by the field on a particle subject to the force when 1b 18 
made to desoribs the curve G By Stokes’s theorem the expression for 
this work is transformed into an integral over the surface 8 bounded by 


the curve, the mtegrand bemg the normal component of the ourl of the 
field of foros 


* The student should note that m two dimensions Gauss’s theorem and 
Stokes's theorem differ from one another formally by a sign only, while in 
three dimensions both the intuitive interpretation and the formal nature of the 
two theorems are essentially different 

{ Theso considerations also show that the ourl of a vootor has a meaning 
independent of the co ordinate system and therefore is itaolf a veotor, 
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From Stokes’s theorem we obiam a new proof for the main 
theorom on lne mtegrals in spaco (cf also p 365, footnote) 
The chief question was, what must be tho nature of the vector 
field B if the micgral of the tangential component of tho veotor 
taken round an arbitrary closed curve 1s to vamsh? Stolkes’s 
theorem yields a now poof of tho fact that the vanishing * of 
this line integral 1s ensured if the cml of the vector field vanishes, 
Tho vanishing of the curl 01, as wo shall say, the rotational nature 
of a vector field is theroforc a sufficient condifion—-and, as we 
Imow from section 1 (p 358), also a nocossary ono—that tho 
ime integral of the iangontial component of the vector round 
any closed curve shall vanish In tis case the vector field B 
can itself, as wo know from section 1 {p, 352), be ropresonted as 
tho gradiont of a function f(x, y, 2) 


B= grad f. 
If the vector field B 1s not only motational but alao source-free, 
that 18, uf 11s divergence vanishes, thon the function jf satisfies 


the equation 
div grad f= 0, 


nn 4 Mag 


Fase y® A23 


or, 10 full, 


For tho scalar quantity f, wluch as beforo wo call the potential of 
the vector 2, wo havo Laplace’s oquataon 


Af= 0, 
which we havo alicady met with (p, 93). 


7%, Tim Connexion BETwreEen DUTERENYIAVION AND 
INTEGRATION TOR SEVERAL VARIABLIA 


It is usclul to reconsider, from a single point of viow, the facts 
developed in this chapter, 

Tn the caso of ono independent vauiable wo regard the rooi- 
procal iolation botween differentiation and integration as the 


* [Ioro, of somao, we assume that o surface of tho typo dosorlbed above and 
bounded by thia curve oxists, Since this may lend to diMeultioa or compli 
oations—for oxamplo in the caso of ourvos with multiple pointe—the proof of 
the theorem givon in acotion 1 (p. 862) is proforable 
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fundamental theorem of the differential and integral calculus 
(Vol I, Chap II, p 117) For one mdependent variable this 
fundamental theorem is as follows :f f() 18 a continuous funclion 


in the closed region aS aw Sb and of F(a) 18 @ primitive of f(z), 
thon 


[f@)de= FQ) — Fe) 


conversely, for every function (x) with a continuous dortvative 
we can construct the correspondmg function f(a) = F(a) in 
the above formula In the present connexion the essential 
point is the first part of the fundamental theorem, that 1s, the 
transformation of an integral over 4 one-dimensional region nto 
the expression F(b)— F(a) depending only on the boundary 
points, which form, as we may say, a region of zero dimensions. 
In other words, 1f the integrand 18 given as tho derivative of a 
function #(«), the one-dimensional integral can be transformed 
hy means of the function F(x) nto an expression depending on 
the boundary only, 

The various mtegral theorems for regions m several dimen- 
sions now give us somothng analogous to the fundamental 
theorem for one independent vanable The pomt in question 18 
always that of transforming on mtegral over a certain region lying 
im the region of the mdependent variables, no matte: whether 
this region of integration 1s a curve, a surface, or a portion of 
space, into an expression that depends only on the boundary of 
the region, or example, Gauss’s theorem in two dimensions 18 


ff e+ by) dody = f (ady — ba), 


This states that 1f the integrand of an mtogral f{ af I(x, y)dady 
& 
over a closed region £ is represented in the form 


F(@, Y) = Ge(@, ¥) + Oa, 4}, 


then the double mtegral over the two-dimensional region can be 
transformed mto an expression dependmg only on the ono- 
dimensional boundary, namely, into a line mtegral round the 
boundary curve Thus Gauss’s theorem reduces the number of 
dimensions of the region of mtegration by 1 Instead of the 
boundary expression #'(b) — F(a) considered above, we have a 
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Ime intogral round the boundary of the plane region Here, of 
course, we cannot speak of a pumuitive function # The single 
primitive function 1s here mn a sense represented by the vector 
field with components a(z, y) and b(#, y) On the other hand, 
the application of Gauss’s theorem does require that the mtegrand 
of the double intogral shall be expressed by means of the dif- 
ferentiation process, m fact, as the sum of a derivative with 
respect to # and a derivative with respect to y. The requnoment 
that the integrand f shall be capable of bemg expressed in this 
way still allows a gieat deal of ficedom in the choice of tho 
primitive vector field (a, b), whereas for ordinary mtegrands the 
primitive function F(z) 18 wuquely determined oxcept for an 
arbitrary additive constant * 

For the caso n= 2, besides Gauss’s theorem and Stokes’s 
theorem, which aro essontially oquivalent to one another, there 
18 yot another gonoralization of the fundamental theorem, namely 
the mam theorem on line mtegrals (p 352) Within the two- 
dimensional 1¢gi0n we have a closed one-dimensional bounded 
manifold, that 14, a portion of cave with two end-points, and 
tho problem 1s that of tho reduction of this line imtegral to an 
oxpression depending only on the boundary, Tho maim theorem 
on line integrals in section 1 (p, 352) states that this reduction 
is possible if, and only wf, the integrand can be represented by 
means of a pumitive function U(a, y) m tho form 


é grad U, 


where #18 tho tangential unit vector and the integration is with 
respect to the length of arc s Tho value of tho integral js thon 
given by the equation 


(& 1} 
f, é gad U ds = U(E, m) —~ UE 0) 
81 "to. 


which obviously corresponds to tho stato of affairs for n= 1. 


* Tor a given intogrand f(z, y) thete aro many ways of finding a pnir of 
functions a(a, 4) and he v) which satisfy tho nbove equation, For example, 
we can take b(2, y} aa identically zoro, or as equal to an arbitrary function, and 
then detormino tho cotesponding function a(x, y) in accordance with the 
equation a, = f — by, choosing for a(x, 4) any indofinite intogral of the function 
f(x, y) — bola, y) with reapoot to aw, y acting ag parameter, Iivery other yeotor 
field which arises by tho addition of an arlnlvary divorgence froo fleld to the 
veotor flold found as abovo is likewise o primitive voolo: fold, 
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The transformation of the line integral 
[lado + bdy) 
eG 


into a boundary expression can therefore be carried out if, and 
only 1f, the vector .4 with the components a, 5 can be represented 
as the gradient of a potential By comparmg this with the 
ordinary fundamental theorem, we see that mstead of oxpressing 
the mtegrand as the derrvative we here express tho integrand by 
means of a gradient and that the part played by the primttivo 
function is taken by the potential of this gradient An essential 
difterence still remains between this case and the preceding one, 
however, since it is by no means true that the mtegrand of 
every line mtegral can be expressed as a giadiont im this 
way; on the contrary, this depends on the condition of mtegra- 
bility a, = 6, 

When there are three independent vamables the conditions 
are very similar By Gauss’s theorem a triple integral over a 
bounded. closed threo-cimensional region 1s transformed imto an 
integral over the closed boundary, which 18 a closed unbounded * 
two-dimensional region enclosed in three-dimensional spaco Tho 
transformation 18 related to the expression of the mtegrand of 
the triple integral as the divergence of a vector field (a, b, c), and 
to a certain extent this vector field again plays the part of the 
prumitive function + 

With regard to line mtegrals, the case of throe independent 
variablos is exactly like that of two sndependent variables and 
requires no further discussion 

In the case of three mdependent variables, the surface in- 
tegral over a two dimensional region, that is, a surface bounded 
by & space-curve, occupies a position between tho line integral 
and the triple mtegral Here the condition for the transformation 
of an integral taken over such a surface into an expression in- 
volving the boundary only is given by Stokes’s theorem in section 
6 (p 393} The process of differentiation by means of which 
the integrand is constructed m Stokes’s theorem amounts to 
the construction of the curl of a vector field, which hero takes 
the place of the primitive fonction Here again the situation 


* That is, one having no boundary curve 


{ Just as in the case of two independent: variables, there ara many difforont 
ways of constructing a primitive vector field corresponding to a given integrand, 
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resembles that m the case of the line mtegral In order that the 
integrand of a surlace integral 


f [adyde -+ bdeda + edvdy) 


may be expressible as the normal component of a curl the con. 
dition @q + b, -+ ¢, = 0 must necessarily bo fulfilled Thus the 
transformation of the surface mtepial into a line mtegral 18 
not always possible, We may remark that the necessary condition 
stated above 1s in fact a sufficient condition also * 

Tho situation is similar if thore are moro than three inde- 
pendent variables; we need not, howover, discuss dus here. 


TEXAMPLES 


1, Evaluate the surfaco intogral 
f fF 2 ag 


taken over tho half of the ollipsord ~ ~% aes y te ~, = 1 for which 2 fs posi 
tive, where 


: =< adel te Fa v4. a 
I, m, » boing the direction cosines of tho outward drawn normal. 


2. Kvaluate the surface integral 


f fuas 


taken over the sphere of radws umty with contre at the origin, where 
ET = aye 4- ayy? + agzt - 8aya4y? -- Sagy%e? + Bagvte4, 


8* Prove Ganss’s theorem in » dimensions, That 3s, lob B be o region 
in » dimonsional 2+. . #,-spaco and lot ils boundary S bo given. by an 
equation 

A(tyy oo oy Hy) = 0 


such that GS 0in B Let tho functions a,(a,,. .,%,), whoro d= Lees, ty 
bo continuously diflerontiablo in B. Thon 


Jon fC ane 
= foe f(a Bt + an Bt) as, 


* Tor tho proo. of thia see sootion 2 of the Appondix, p. 404. 
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ay 
whore 9 1s the element of surface defined m Chap IV, p 301, and iy" ‘ 


are the derivatives of the co ordinates with icspect to the outiard 
normal, that 18, 


Appendix to Chapter V 


1. Remarks on Gauss’s Turornem ann Sroxns’s TrmoremM 


In Chapter V we proved Gauss’s thenrem and Stokes’s theorem 
by starting with multiple mtegrals and transformmg them by 
simple integrations mto boundary integrals We can, however, 
arrive at the formal expressions of these theorems in the reverso 
way The corresponding transformations, which in themselves aro 
instructive, will be briefly discussed here 

For example, in order to obtain Stokes’s theorem in the plane 
we consider two fixed pomts P and @ in the plano, jomed by a 


a 


Lo 


Fig 1a 


curve C This curve C, whose pomts are represented by means 
of a parameter ¢, 18 supposed to be deformed in such a way that 
during the deformation from 1ts initial position to 16s final posrtion 
it sweeps out the region R simply We make this idea analyti- 
cally precise in the following way let the curve C, which depends 
on the parameter a, be given by the parametric equations 


e=at,a),y=y(t,a), Stsh, 


where (fo, a), y(ég, #) and a(t, a), y(t, a) are the co-ordinates of 
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the two fixed points P and Q, which aro independent of a. We 
suppose that when «a describes an interval ag S @ SS a, the curve 
describes a closed region Jt, We assume that the functions 2(é, «), 
y(t, «) have continuous derivatives with respect to ¢ and a and 
also continuous mixed second derivatives 


One = BB Oy <= 7 
dadt ==" ade P 


and, moreover, that overywhero in the region 22 except at the 


pomts P and Q the Jacobian a a is different from zero, say 
positive Then tho region &, except for the points P and Q, 18 
mapped in & one-to-ono way on the rectangle ag Sa S a, and 
ty StSt, of the at-plane 

We assume that in tho closed region 2 we are given the two 
functions a(z, y) and b(#, y) with contmuous pai tial dortvatives, 
and we consider tho line mtegial 


I(a) = f (alo, y)de+ U(o, say) =| ex “+ by,)dt, 


taken along tho cuve C, corresponding to the parametor 4, 
Our object 18 to investigate how this mtegral Z(a) deponds on 
the variable a For this puipose we form the derivative 


ty 
“el =| [(@a%, i LyYu)Xe “+ (b.%, 2 bytfa)Ys “+ Akar a5 by. ,\dt 
fy 


according to tho rules for diflorentiating an integral with respect 
to a paramotor, On integialion by parts wo obtain 


ty ‘4 
i] (aaq4-1- bY.1) dt = [am 2 by Js = (4,0,-+ bia) dt 
be r" 
ty 
se — f [tate ayy)tat (bate Dapp yal 
fo 
the Jast formula 18 obtamed if wo notice thal the hypotheses 


assure that #, and y, vanish at =f, and é== 4%. It followa 
that 


ee =| “Tay yt — Yip) Oa @aYe— BY) |e, 
da ty 
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that 12, a ans 7m =["e- p,) Oe y) i 
96, a) 


If we integrate tlis last equation with respect to a betweon the 
limits ay and a,, we obtain 


f i 
I{a,) )— Had = ff (ar 0 ‘are dtda; 
or, 1f we introduce the mdependent Eris a, y on the right 
instead of ¢, a, 


I(ay) — Ha) = f [Oe a,)dody. 


On the left-hand side, however, we have simply the lme integral 
(ada -+ bdy) taken round the boundary curve 0,,— C,, of tho 
region 2, and thus, subject to the assumptions made, we have 
obtamed Stokes’s theorem for the plane. 

The reader may be left to deduce Stokes’s theorem m thice 
dimensions by the same method Gauss’s theorem m three 
dimensions may hikewise be obtained by starting from a surface 
integral over a bounded surface and deforming this surface in 
such a way that 1t desoribes a region 2 of space. 

It should, however, be pointed out that this way of doducing 
the integral theorems does not give exactly the same results as 
the proofs developed previously. In order to attain tho samo 
generality we must, o g., show for Stokes’s theorem in two dimon- 
sions that every region # of the type considercd m § 2 (p, 362) m 
the plane can be covered by a family of curves 0 with the 
required properties of continuity and differentiabilty, Such a 
proof is possible, but 16 13 so complicated that the previous 
method of proving Stokes’s theorem remains preferable 


2, REPRESENTATION OF A SouRcE-FREB Vrctor Irmip as A Cur 


In view of the remarks at the end of Chap V, section 6, No, 1 
(p. 396), we shall investigate whether every sourco-free vector 
field, that 18, every vector field A for which the expression div.A 
vanishes everywhere mm a closed region R of xyz-space, can bo 
represented by means of a second vector B according to the 


formula A=culB 
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We shall show that this 1s actually the caso If aa, y, 2), 
b(w, y, 2), e(, ¥, 2) mio the components of the vector A, the 
problem 1s to find a vector 2 with components u{a, y, 2), o(@, Y, 2), 
w(x, y, 2) such that tho thice equations 


b= U,— Wy 
C= Uy — Uy 


are satisfied in R For the sake of smplicity wo assume that 
the region & in which tho vector A is dofined and satiafics tho 
condition @,-}- by-+ ¢,== 0 18 a parallelepiped. We can thon 
dotormme the vector B in many ways, eg. in such a way that 
its thid component w(2, y, z) vanishes cverywhore. If we make 
this assumption, wo obtain the equations 


om ~—Us 
b== Uy 
C = Vy — Uys 


The first equation is satisfied 2f we put 
vex —f av, y, Qal, 


whore @ and y act as parameters during tho integration, and 2, 
and subssquently 7 aro tho z- and y-co-ordinates respectively of 
an arbitrary fixed point of 2 ‘To satisfy the second equation 
wo put 


u=f ba, y, Cal + alm, y), 
whore a(#, y) 18 a function of # and y as yet undotormined, 


In viriue of the assumption a, -|- b,= —e, we can now satisfy 
the third cqualion also We first arnvo at the equation 


O= Vy by = —f | a (, Ys f) ++ by (a, Y; atzA cin ay(e, y)s 
and thus fiom a, -|- 0, == —e, wo obtain the further relation 
o(@,Y, 2) = f 0, (ay, $) dE — ay(@, y) = O(@, Y, 2) — ofa, Y, 2) — ay(2, ¥/), 


which we now use to dotermine tho function a(w, ¥), putting 
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bys —¢(x, Y; Zo); 
¥ 
a=—} o(v, 7, 2,)dn. 
i (%, 1, %q) dy 
The vector & defined by the functions 


¢ y 
u =f i, Y; f) ae — fe Ys %) dy, 


Q om — f ala, y, o) dl, 
w=: 0 


is & solution of our problem. Wo at onco arrive at the most 
general solution by writing down the three functions 


ee ees 
On 
r= e+ 
dy 
Waw+ 
04 


where D(z, y, 2) is an arbitiary twice-continuously differentiable 
function ‘Jfor we see at once that the vector. B’ = B-+ grad® 
with components (U, V, W) satisfies our condition Conversoly, 
if B’ 1s any vector which satisfies the condition curl B’ = A, wo 
must have curl(.8’— #)==0 Thus the vector B’ — Bis mo- 
tational, and by Chap V, section 1 (p 352) can bo representod 


as the giadiont of a function D(a, y, 2), so that our statement 1s 
proved. 
EXAMPLES 


1, Let f(a, y) be a continuous function with continuous first and 
second dorivatives Prove that if 


Suatyy Fi Sexy? 0 
the transformation 


w= fy (ty) v= fy (ey), WH mat wfy(m y) + yfy (a Y) 
has a unique inverse, which 1s of the form 


w= g{u, 2), y= g(t, 0%), z= —w-+ ug,(u, v) + vg,(u% 2) 
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2 Roprosent tho gravilatimal veetor field 


vy a 


cere ” ST mee » Bene = 
Vi + yf + 288 d af/{a? | y? | oA)! Viet | yt gaye 


ng & orl 


Mrsor nnanrous Tivampnes 


1, Let g, a, and & bo continnonsly dillerontiablo finetions of a puis 
moter ¢, for OStS5 2x, with a(2r)- a(O), WB) UO), G{2r) ql) | Pare 
(x a rational integoi), and lob vy y be constunty  interpretinygs the equa 
tions 

B= 2coyp—ysng | a, g- tung | yeowp | b 


aga the paramotio equations (with parameter 2) of u closed plane vurve 1 
prove that 


af (Edq— qd&) rs Alot} 4] tu} Cy 1D, 
whore 


Az} i do, Hi ie wos | bning)de, 
wa — “ +; 7 
0 i (—asing |- beosp)dp, J t J (ead hide) 


2*, Let a ugid plano P desmibe a closed motion wil weipeab te a 
fixed plano IT with which it comerdes very pom AC of 7) will deverihe 
a closed ourve of LT hounding wn aren of alyolaaoe value SCL). Deaata hy 
arr (nv ational mtoger) tho toll rotulion of 2 with weapeab to Prove 
tho following results 

(o) Ifm + 0, thero 1s in Pav point 0 wneh thet for any other poial al 
of P wo have 


SUM) wn OAM" SQ); 


(6) If w= 0, thon tavo casos muy miso (,) thoro team 2? an ordetead 
Imo A such that for overy point AL of 2 


SUM) AULAD, 


whore d(AZ) 1g the distance of AL fom A and Aga a conalant ponltive frutor; 
or else (f_) SCA) has tho sumo valus for all the yeauls AQ of Che plana 2% 
(Stomer’s thoorom.) 


3%, A rigid tino soymont AB descuiles in aw Jone TL one elowest srosot fears 
of a connesting rod 2 dosibes a closed counter closkw ino oleaular motlan 
with centre 0, whale A doyeubes a (closed) ceauilmenr motion ono Je 
passing through @ Apply tho resulls of the PLOvVIA oxample to le 
tormme tho aoa of tho closed ourvo an 1D dowerthed by w poml AL whieh 
ia rigidly connected to the line sosnmonk Ad 
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4 Tho end pots 4 and B of a mgid Lino sogment AB desciibo one 
full turn on a closed convex curve l' A pomt If on AB, whoro AAT = a, 
MB = 6, desoribos ag a result of this motion a closed curve I’, Provo 
that the area between the curves I' and I” 1s equal to rab. (ILolditoh’s 
theorem ) 


5* Prove that if we apply to cach clement ds of a twisted, olosod, and 
rigid curve I’ a force of magnitude ds/p in tho ducotion of the pinoaipal 
normal veotor {(p 86), the ourve I’ remams in eqmlbrium, 1/p 1s the our- 
vature of I’ at ds and 1s supposed to be finite and continuous at overy 
pomt of I’. (By the prmoiples of the statics of a 11gid body we have to prove 


that 
[ta=o, [a= 0, 
re rp 


where # denotes the unit principal normal vector of I at ds, and 2 18 the 
position vector of ds ) 


G6, Prove that a closed rigid surface & remains in equilbrium under a 
uniform inward pressure on all its surface elements (If by 7’ we denote 
the inward drawn unit vector normal to the surface element da and by x 
the position vector of do, the statement becomes equivalent 10 the veotor 


7*, A mid body of volume V bounded by the surface & 18 completoly 
immersed in a fluid of specific gravity unity Prove that tho statioal 
effect of the fluid pressure on the body 1s the samo as that of o single 
force fof magmtude V, vertically upwards, applied ot the centroid O of 
the volume V 


8*. Let p denote the distance from the centre of the ellipsoid & 
at/aa -- y*/b* -}- z*{o4 = l 


to the tangent plene at the pomt P(x, y, z), and dS the clement of 
area at this point Prove the relations 


wf f pas = snate, yf f ; aS = eX (8 + ota + ab), 


® An ordmary plane angle 1s measured by the length of the aro which 
its sides intercept on a unit circle with centre at the vertex This idea oan 
be extended to a sold angle bounded by a comoal surface with vertex A 
a8 follows, The magnitude of the sohd angle us by definition equal to the 
area which 1f mteroepts on a unit sphere with contre 4 Thus the moasuro 
of the sohd angle of the domain x 20, y¥ 20, 220 18 41/8 = 1/2 
Now let I’ be a closed ourve, X a surface bounded by I, and A 
@ fixed pomt outside both and % An clement of area d3 at a point 
M of & defines an elementary cone with its vertex at A, and the solid 
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anglo of this cone 1s readily found by an clomontary aigument to be 


0038 og, 
es 


where r= AM and 618 the anglo botweon tho veotor JA and the normal 
to Hat Jf This olomontary solid angle 18 positive or nogativo according 
as Ois acute or obtuse Inte prot tho surface integial 


om /[-3 


geometrically as a solid anglo and show that 
anf feo (a— r)dydz -- (b— y)dade -+ (6 — aldedy 
a= aE y+ (= 22” 
whore (a, b, c) and (#, y, z) aro the Cartosian oo ordimatea of A and Al 
reapsotively 


10, Provo, first directly and thon by interpretation of tho integral as 


a sohid angle, that 
dady 
oz Qt. 
a [wae (a ++ y" -|- (aa 4. yt 1) 


11*, Provo that tho solid angle which the wholo surface of tho hyper- 
boloid of one shoet 
at/ah -- y2/b8 — gt/o4 =a 1 


subtends at ita contro (0, 0, 0) is 
b? cua? p -|- a? ain® ep 
8¢ eek OE MedniceyeeL ered 
ib ye “+ b%% cos? p -+{- bic? con® -- a208 aint - 
12, Show that the valuo of the integial 


Os rue (a — &)dydz -+- (b — y)dedz -+ (0 — 2)dedy 
[a = ate (b= YP + (0 — 2] 


is mndepondent of tho choice of tho amface Z, provided its boundary 
I’ is kept fixed By intogiating over the outside of tho surface, 
prove from Uns result that if 21a a closed surface, thon 1) «= 4i or 0, 
according as A(a, b, 0) ia within the volume bounded by & or outside this 
volume. 

13*, Let tho amfaco & be bounded by the closed curve T and consider 
the Intogral 


Q(a, 6,0) = f f emeltase st Cie andste tom sey, 
(72 ex (a= 8 of ( —~ y)" + (0— 2)", 
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as a function of ¢, d,¢ Prove that the components of the gradient of © 
can be expressed as line integrals as follows 


8Q =f (2~— c}dy —(y— b)dz  0Q_ pf (v— jdt — (4— 0) dae 
ea rr wr 


vad : ab y 98 
82. rly — b)de — (x — ajdy 
8c Yr 73 ; 


(These formule, wlich have an important interprolation in cleotro- 
magnetism, can be expressed. by the followmg veotor equation 


[x . dx] 
dQ=— jf ———= 
Bra é [ap ’ 


where + 18 the veotor with components (a — a), (y — b), (2 —- 6).) 
14*. Vorfy that the expression 


m day de + 2? — yt — Udy 
(24 + y? — 1)? + 4y? 


14 the total differential of the angle which the sogment —1 Sv 1,4 = 0, 
subtends at the point (%, y) Using this fact, prove the following result 
by a geometrical argument 

Lot I be an ortented closed ourve in the zy plane, not passing through 
either of the points (—~1, 0), (1, 0) Let » bo the numbor of tames [' 
crosses the line segment —1 <a <1, y= 0 fiom the uppor half-plane 
y > 0 to the lower half-plane y <0, and » the number of times I' 
crosses this line-sepment from y <0 to y>>0 Then 


au —4ayda -+- (28 — y? — I)dy 
r (ify iP tay 


Thus uf Fw the ourve r= 200820 (0S 6 S$ 2), im polar co ordinates, 
O=0 


16 **, Consider the wt ancle 0 
w= cosp, Y=sng, 2=0 (0S oS 2x) 


in the xy plane Denote by Q the solid angle which the ciroular dise 
a + y? 1, 2= 0, subtends at the pomt P = (a, y, z). Now let P do 

scribe an orented closed curve [ which does not meet the oirclo CO. Lot 
be the number of times I‘ crosses tho cuoular diso 2? +- y<il, z= 0, 
from the upper half space z > 0 to the lower half space z <0, and n 
the number of times I’ crosses this diso flomz<0toz>0 If P starts 
from a point Py on T with Q== Qo, then P, desermbing T (whilo Q vaaies 
continuously with P), will return to Py with & value Q= Oy. Provo by 
& geometrical argument that 


= 2n(p — 2), 


Q,—- Qy= [ao = 4n(p — 2), 
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Using tho vector equation found above, 
PPrar 

grad Q == ~f | PP’ | 


(example 13), prove that 
w—%e de di 


1 
Jf aE yy dy dy |= 
or rz de da 


zi — 
f a (a? —+4)(dy dz’— de dy’) + (y’—y)(dadv'—dvde') + (2 —2) (dedy’—~dy de’) 
ar [(e’ a8 (y’ Pe (2’ 2) 
= 4n(p — 2), 


(This 1epeated line integral, which 1s dus to Gauss, gives the numbor of 
times I‘ is wound aiound O. It should be remarked that ita vanishing is 


r 


Lig 13 


nesessary if tho two ourves I and 0 (thought of as bomg two strings} aro 
to ho sepauable, but not suflleiont, as 18 shown by tho oxamplo in fig. 18, 


where p=” = 1, yot [ and 0 oannot be sopaated.) 


CHAPTER VI 
Differential Equations 


We have already discussed special cases of diflorential equa 
tions m Vol I, Chap XI. We cannot attempt to develop the 
general theory im detail withm the scope of this book, In this 
chapter, however, starting with further examples from mochanios, 
wo shall give at least a sketch of the main principles of the subject 


1, Tan Dirrerenria, Equations or tum Morton or A 
Particle iy Tourer Dimensions 


1 The Equations of Motion. 


In Vol I, Chap V, sections 4, 5 (p, 292), and Chap XI (p 502), 
we have already discussed the motion of a partiolo; we made 
the assumption, however, that this motion takes place along a 
pre-assigned fixed ourve. We now drop this restriction and consider 
& mass m which we suppose concentrated at a point with co- 
ordinates (2, y, 2). The position vector from the ongin to the 
particle has components x, y, 2 and we donote 1t by «. A motion 
of the particle will then be represented mathematically uf we can 
find an expression for 2, y, 2 or # as a function of the time ¢ 
Tf, as before, we denote differentiation with respect to the time 
t by a dot, then the vector « with components (2, y, 4) and 
absolute value v = 4/(x* + y? +- 2*) represents the velocity and 
the vector + with the components @, ¥, 2 represents the accelera- 
tion. of the particle 

We shall not deal with the foundations of mechanics, but 
take the following defimtions and facts as our starting-point: 
we call the product of the acceleration vector + and m the force 
vector 7; and accordingly write 

mic =f 
412 
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The components of this force vecto2, or, a8 we briofly say, of tho 
force, will be denoted by 


mu= X, 
my = Y, 
ma= ZL 


These threo oquations are known as Newton’s fundamenial equa- 
trons of mechamcs. Tom our preimmary point of view they 
represent nothing but a pure definition of the word force It 
turns out, however, that m many cases this foreo veelor can 
be determmed without reference to the particular motion to 
be studied, a force field in space bemg previously known from 
physical assumptions. We can then rogmd the fundamental 
equations fiom quite a diflorent point of view. They then 1epresont 
conditions which must bo satisfied by the acceloralion in every 
particular motion if this motion takes place under the influence of 
the given field of forco 

Ono example of such a field of force is the field of gravity. If wo take 
gravity ag acting m the direotion of tho negative z-axis, we know tho com- 
ponents of tho foros to bogin with, Thoy aro 

A=, Yx=0, Z= —my, 
or, in veotor notation, 
f= —mg gradz, 


where g is the constant accoloration duo to giavily {of Vol I, Chap. V, 
geotion 4, p 204) 

Another oxample 18 given by tho flold of fo.co produced by a mass 
concentrated at the origin of the co ordmate systom and atblraoting accord. 
ing to Newton's Jaw. If r= V (a9 -- 4-24) = | w | is tho thatance of 
the particlo (v, y, z) with mass 7 from tho ougin, thon in this caso tho fleld 
of foice 18 given by the oxpresgion 


1 
f= pny grad 
(of. p, 91), and Newton's fundamontal cquationa are 
% == wy grad 
or, in components, 
Am py 
Pe 
x uy Y 
y= wy Oy 
2 
FY ey 3 
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Tn general, if f 1s a given field of force, wilh componenta 
X(a, y, 2), ¥(x, y, 2), Z(e, y, 2) which aro functions of position, 
the equations of motion 


mx == f 
or 

ma = X, 

my = ¥, 

mz = Z 


form a system of three differential equations for the threo unknown 
functions a{?), y(), 2(é) Tho fundamental problem of the me- 
chanics of 2 particle 1s that of the determination of the actual 
path of the particle from the differential equations, when at tho 
beginning of the motion, say at the time ¢= 0, tho position of 
the particle (that is, the co-ordmates a) == 2(0), yo == 40), 
% = 2(0)) and the matial velocity (thats, the quantities 2 == x(0), 
Yo == Y(O}, Z) == 4(0)) are given Tho problem of finding three 
functions which satisfy these mitial conditions and also satisfy 
the three differential equations for all valucs of ¢ 18 known as tho 
problem of the solutzen ox ontegratron * of the system of differential 
equations 


2 The Prmeiple of the Conservation of Energy. 


Before wo consider the mtegiation of this system of dif- 
ferential equations im special cases, we shall stato a number of 
general facts following from the equations of motion The concept 
of the work done on the particle by the field of force duumg tho 
motion was mentioned earlier (Chap V, section 1, p 350); we 
Imow that this work 13 given by tho lne mtegral 


f fdt = i (Xde + Ydy + Zdz) 


taken along the path desembed by the particle, 
If the field of force can be represented as the gradiont of a 


potential, say 
S= grad®, 


the work done during the motion 1s independent of the path 


* This word is used because the solution of such differontial oquations may 
to a certain oxtent be regardeu as 4 generalization of the process of ordinary 
integration 
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and deponds only on the mutial and final points of the path (cf. 
Chap V, section 1, p 350) A ficld of fo1ce which can be repre- 
sonted as the gradiont of » potontial 1s called, followmg Helmholtz, 
a conservatee * field of force. In such ao field of force the equations 
of motion may be written in the vector form 


mo =z —prad U, 


where instead of the potential , which, 11 may be pomted out, 
18 incompletely deteammed in that 1 contams an arbitrary 
additive constant, wo introduce the potential energy U = —O, 
Tn terms of the components tho last equation becomes 


ma =: —U,,, 
my == —U,, 
me = —U,. 


Although in general we cannot mtegrate this system of equations, 
wo can deduco another equation from it in which the second 
derivatives do not occur and only tho fixst derivatives of the 
functions x(é), y(), 2() appear If wo use the vector notation, 
the argumont may be carned out as follows. In the equation 
mo == —grad U, wo form the scalar product of both sides and x. 
Tho left-hand side then becomes the deuvative of tho expression 
4m" == Zanv® with respect 10 t, the right-hand pide 1s the deri- 
vative of the function —U with respeot to ¢ (cf. p 71), and by 
mtegration we therefore obtain. 


gine? == -—-U -} 9, 
where o is a constant, thal 3s, a quantity mdependent of the 
time? If wo wish to avoid using vector analysis, then wo may 
arrive at the same result by multiplyimg tho threo equations of 


motion by «, #, % respoctively and adding; on the [oll-hand side 
we thon have the donvative of the quantily 


Jona bgt 2) 
with respect to é Tho equation 


dn(a? +--+ #4) ++ Us 


* * Consorvative ” in virtue of tho theorem of tho conservation of onergy 
whioh we shall shoitly deduce 
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thus found 1s the mathematical exprossion of the theorem of the 
conservation of eneigy. We call the expression 


TP == drn(s? -- y*® 4- 24) == Env" 


the kinetic energy (or energy of motion) of the moving particle, 
and the quantity U the potential energy (or energy of position) 
of the particle Without going nto the physical explanation of 
these concepts, we may mention that our equation has the 
following meaning 

In the case of motion wm a@ conservatee field of force the total 
encigy, that 1s, the sum of the potential energy and the kinetic 
energy, remains constant 

The way m which this theorem can be used in the actual 
solution of the equations of motion will be shown in the examples 
m the next section. 


3, Hquilibrium. Stability. 


The equations of motion, m conjunction with the assumption 
that f== —grad JU, 1. that the field of force 1s conservative, now 
enable us to discuss the pioblom of equmlbrrum. We say that 
the particle is m equibbrrum under the mfluence of the field of 
force if 1j remains af rest. In order that this may be the case 
ita velocity and its acceleration must both be zero throughout the 
interval of time under consideration. The equations of motion 
therefore give the equations 

grad U = 0 
or 
U,=0, Uy=0, U,=0 


as the necessary conditions for equilibrium 

These same equations determine the points at which the poten- 
tial energy U has a stationary value. It is particularly mterestmg 
to find that @ point at which the potential energy U has a proper 
minunum ws @ point of stable equlbrrum By stability of equil- 
brium we mean that if we slightly disturb the state of equlbrum 
the whole resulting motion will differ only shghtly from tho state 
of rest * More precisely, let R and p be any positive numbers 

* An example is given by a particle which rests under the influence of giavity 
ab the lowest point of a sphorical bowl which 1s concave upwards, On the 
other hand, a particle resting at the ughest point of a spherical bowl which is 


concave downwards 1s in “ unstable” equilibrium, the slightest disturbance 
results in a large chango of position 
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Corresponding to # and p we can find two positive numbers « 
and 5 so small that 1f the particlo 1s moved a distance not more 
than ¢ from the postition of equilibrium and started off with a 
velocity not groator than 6, then in the whole subsequent course 
of the motion the pomt never reaches a distance greater than R 
from the pomt of equilibrum and never has a velocity greater 
than p. 

It is a remarkable fact that we can prove this statement about 
stability without micgrating the equations of motion In the 
proof we need only use the assumption that at the position of 
equlbrium in quostion the potential energy U has a proper 
minimum. Tor simplicity wo assume that the position of equ- 
hbuum, the pomt whero U has a mmimum, 1s the origm; 1f not, 
wo can make this point the omgin by translation of axes. By 
definition the potential onergy U involves an arbitrary additive 
constant; for the function U and the function (U -++ const ) give 
the same fiold of forco, the constant disappoarmg im the process 
of differentiation Thus without loss of goneality we may take 
tho value of tho mmumum U(0, 0, 0) as zero 

About the omgm we describe a sphere S, with radius 7, re- 
callmg tho assumption that U is a minimum, we choose r << R 
so small that overywhere in the interior and on the surface 
of tlis sphere, except at the ongin, the moquahty U > 0 1s 
satisfied, The least value of U on the surfaco of the sphere we 
call a, by hypothesis, a is positive [it 18 therofore certain that 
the particle can nover reach the surface of the sphere S, as long 
as its potontial onorgy vemais loss than a, Since J 1s continuous, 
wo can find an «, doponding on a, so small that in the sphere 
S, with radius ¢ about the orgm tho value of U is at most 3a. 
Tf wo start the particle from a pont of S,, and give it an initial 
velooity % so small that for the imbial kinotic enorgy we have 


Ty = 4m < 40 
(in other words, if || <4/(a/m)), then by the law of the 
conservation of energy we always have 
LU = Ty 4- Uy <a, 
Since 7' is always cqual to or groator than zoro, we shall always 


have J loss than a, and thorofore the particle can nover reach a 


distance greater than 7 fom the origin. Smeo U remains groater 
(w 912) 15 
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than or equal to zero, 7’ remains less than a throughout the whole 
motion, and for the velocity we always have v<4/(2a/m). In 
virtue of the contmuity of U, a tends to zoro with r. We can 
therefore choose 7 so small that 4/(2a/m) < p (that 1s, a < 3pm), 
so that the velocity 1s always less than p. Thus if the pomt 
starts mside S, with velocity v, and xf | v| <+/(a/m), 1b 
always remains within the sphere S, of radius r< 2 and always 
has a velocity less than p 


9 Examples on tHe Mronantos or A PARTIOLD 


1 Path of a Falling Body. 


As o, firat example we shall consider the motion of a particle under the 
influence of gravity, taken as acting parallel to the negative z-axis, Newton's 
equations of motion take the form 


mi=0, mj=0, mim — mg, 
that 1s, 

dix ay dz 

— 0 — =U —=-—9%, 

rT ay ne rn 


From these equations by integration we find first the corresponding com- 
ponents of the velocity, and then the co ordinates of the particle itaolf, 
We at once obtam 


dz dy dz 
“uM ‘7 bi i gt + Oy, 


where @, 5, 6, are constants; a second integration gives the equations 


w= dy aa, 
1 yr byt + by, 
z == — gl! + Ot -+ oy, 


where ds, b,, ¢, also represent constants ‘The meaning of the six constants 
of integration 1s found from the imitaial conditions Without reatioting the 
generality of the mechanical problem, we can choose the co-ordinates in 
such a way that at the time? = 0 the particle 1s at the omgin Accordingly, 
if we put ¢= 0 and at the same time # = y == z= 0 1n the last equations, 
we ab once obtain a, = b,= 6,== 0, Moreover, we can assume without 
loss of generality that the initial velocity lies in the az plane, so that the 
component b, of the imtial velomty has the value zero, With these assump 
tions the equation y(t) = 0 will hold for all values of ¢ The trajectory 
(that 18, the path of the particle) therefore lies in a fixed plane, namely, 
the wz plane, If we eliminate the time / from the remaining equations 


w= at, z= —hgl+ ct, 
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we obtain the equation of the trajectory m the form 


spi G a % 
% = ~— Ke 
2a," sj ay 
This curve 18 a» parabola, with ita axis parallel to the z axis and 1ta vertex 
upwards The co ordinatesof the vertex, which correspond to the maximum 
of the function z, ara found by equating the derivative of the nght-hand 
side of our equation to zero, for the oo ordinates (%, #} of the vertex we 
thus obtain the valuss 
ac 
o= i“ ? 
Q 70,7 Oy yey 0,3 
25 gh wm g 


SS 


The timo 7' at which the lighcst pomt of the path 1s reached 18 determined 
by the cquation 


ee ee 
a Ff 
After twice this time, that is, t= 2c,/g, the mass has roached the point 


with co ordinates # == 2a,¢,/7 and z= 0, and thus hes on the honzontal 
line y= 2= 0 through the mitial pomt. 


2, Small Oscillations about a Position of Equilibrium, 


In section 1, No 3 (p 416) we considered the question of the 
atability of equilibrium, The motion of a particle about a position 
of stable equilibrivum, corresponding to a mmimum of the potential 
energy, can be approximated to in a simple way. For the sake 
of brovity wo rosirict ourselves to & motion in the wy-plane and 
assume that there 1s no force acting m tho direction of the 
z-axis. We imagino the potential onergy in the naghbourhood 
of the origin (which we take at tho mmmum) oxpanded by 
Taylor’s theorem in the form 


U = Ug put gy ++ 5(aa* -- Qbay + cy) +... 


Hore p, q and a, 6, 6 denote the values of the derivatives 
Ua, U, and Uy, ay, Oyy respectively at the origin In virtue 
of the assumption U,= 0, and since U,(0, 0)= 0, U,(0, 0) = 0, 
the constant torm and the linear terms in this expansion dis- 
appear We now assume that, corresponding to the fact that 
the ongin is & minum, the quadratic terms 


Q(w, y) = glaw* +- 2bay + cy") 
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form a positively cofinite quadratic form (p. 205), and that in a 
sufficiently small neighbourhood of the position of equilibrium the 
potential energy U can be replaced with sufficient accuracy by 


this quadratic form @. With these assumptions the equations 
of motion take the form 


mac = —prad 
or 

me == —ae — by, 

my =: —ba — cy 


These can easily be mtegrated completely if wo first rotate the 
- and y-axes through a swtably chosen angle For if we consider 
the positively defimte form az” + 2bay + cy = 29, we Inow 
from elementary analytical geometry that by rotatmg the axes 


through a swtably chosen anglo ¢, that is, by making the sub 
stitution 


w= €cosd — nang, 
y= Esing + 7 cos, 


this expression can be transformed mto an expression of the form 
ag ? “+ Br? = 20), 


where £ and 4 are the new rectangular co-ordinates and a and fp 
are positive numbors * In these new co-ordmates the equations 
of motion mx = ~—grad@ transform into 


mé = —a€, 
nn == — Bn, 


where &, » are the new components of the position vector x. 
As in Vol. J, Chap V, section 4 (pp 296-7), both these equations 
can be mtegrated completely. Wo obtain 


g= Ay sing/ (¢— 0) 
mm 

no A, sing) E (t — ©), 
™m 


where ¢,, 0, 44, 4, are constants of integration which enable ua 


* Tor the equation @ =: 1 representa an ellipse, and by suitable choice of ¢ 
the term in ay can be removed, 
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to make tho motion satisfy any arbitranly assigned initial con 
ditions 

The form of the solution shows that the motion about a 
position of stable equilibrium results from the superposition of 
simple harmome oscillations m the two “ prmeipal directions ”, 
tho &-direction and tho y-direction, tho frequencies of these 
oscillations bomg given by «/(a/m) and 4/(B/m) A general dis- 
cussion of these oscillations, which we shall not carry out here, 
shows that tho resultant motion may take a great vanety of 
forms 


Figa t-4 -——Oscillation dingrama 


‘To give na fow oxamples of those compound oscillations we first consider 
tho motion Lopresonted by tho equations 


& = sin(? 4- 0), 
1 = Bin (t — 0). 


By oliminating tho timo ¢ wo obtain tho oquation 
(E -{- n)* sinto -- (G —- 1)" coste = 4 ain*s cos*o, 


which ropresonts an ollipso ‘Tho two components of the oscillation have the 
same frequonoy 1 and tho same amplitude 1, but a difference of phase 20 
If thia difforonce of phage snocossively takes all values botweon 0 and 7/4, 
the corresponding cllipao passes from the degonerate straight hne case 
B— nx O to tho oholo &%-- 4% e 1, and the oscillation passes from the 
go callod Hncar oscillation to tho cironlar (of. figs. 1-3) 
If a8 a socond oxamplo wo conalder the motion 1epresented by the 

oquations 

F om sing, 

4 = Bin 2(t — 0}, 


whoro the froquonoloa aro no longor oqual, wo obtain oscillation ciagrama 
which aro dooidedly moro complicated, In fgs 4, 5, and 6 these figures 
aro givon for tho phaso difforonces o == 0, 0 == 7/8, and o = 7/4 respectively 
In the flrat two oases tho partiole moves continuously on a closed curve, 
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but in the hut cane [t swings Gavkwarde and forwanl onan are eb the 
pariboln yee QE! 1, Che eurves ybtained by tho auperpadtion of 


Uh, » y 


Tigs a Clacilarfon diaytanse 


different altiple harmonia oscillations in directa ab right angler to one 
tnothor are glven the genoral namo of Zavsayoua figures, 


3, Planotary Motlon, 


In the oxamplos digouasudl above tho differential equations 
of the motion can ummoedimtely (or after a simple tranafornition) 
bo wrilton m auoh n way that each of tho co ordimten occura 
m ono thflorential equation only and can be determined by 
dloriontary integration. Wo eliall now consider the moat im- 
portant cass of a mohion in whiek the equations of matin are 
no longer sopmablo m this ample way, so thi thoir integeatiod 
involves a somawhat nore difioult calculation, ‘The provlena 
in quoation 18 the deduction of Kepler's laws of planetary motu 
from Newton's lew of altrachon, Wo auppoas that at the organ 
of tho so ordimate syatem thor 18 a body of nines pp (og the sun) 
whose gravitational field of foreo por unt) mass ia given by the 
voator 


J ye grad : 


What ia the motion of a particle (a planot) undor the influences 
of this flold of foreo? Tho equations of motion aro 


© 
Wr YE og? 
jae, 


BW cat vom yyy, ic 
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In order to integrate them wo first state the theorem of con- 
servation of energy for the motion mm the form 


yn( + P+ ot) — TE = 9, 


where O 18 constant throughout the motion and is determined 
by the mitial conditions 

Irom the equations of motion wo can now deduce other 
equations in which only the components of the velocity, not the 
acceleration, arc present If we multiply the first equation of 
motion by y, the second by w, and subtract, we obtain 


dy — vy = 0, or & (oy — yo) = 0, 


whonce by mtegration we have 
LY — yb = oO, 
Similarly, from the romaining equations of motion we obtain * 


Y2— 2} = Og, 


These equations enable us to simplify our problem vory 
considerably in a way which is highly plausible from the intuitive 
point of view. Without loss of gonorality we can choose the 
co-ordinate systom in such a way that at tho beginning of the 
motion, that is, at ¢= 0, the particle lies im the wy-planc and 
its velocity veotor at that time also lies in that plane, Then 


* Wo oan also arrive at thoso throo oquationa ualng yeotor notation, if wo 
form the yeotor product of both aldes of tho equation of motion and the position 
vootor # Sinco the force veotor is in the same direotion as the position yootor, 
wo obtain vero on the right, while tho oxprossion [¥vX] on the left is the 
dorlvative of tho veotor [a2] with roapoot to the time. It therefore follows 
that this veotor [av] = ¢ has a valuo which ja constant in time; this is 
exactly what is stated by tho co ordinate Sanations above, 

As wo geo, this equation doos nol dopoend on our spoolal problom, but holds 
in fice for every motion in which the force has tho samo direction ag tho 
position vaotor, 

The veotor [#27] is called tho moment of veloniy and the veotor m[xat] 
the moment of momentum of the motion, From tho goometrloal moaning of the 
vootor product wo onally obtain tho following intuitive intorpretation of the 
relation “ given (of the subsoquont discussions in the toxt) If wo projoot 
tho moving parliclo on to tho co ordinate planos and in each oo ordinate plane 
consider the aroa which tho radius veotor from the origin to the point of pro 
ushere — over in timo ¢, this aren is proportional to the timo (theorem 
of areas), 
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2(0) = 0, and 2(0)= 0; and by substituting those values in the 
above equation and remembermg that the right-hand sides are 
constants, we obtam 

ty — Yo = o = h, 

y2 — zy = 0, 

we ~~ 0% == 0 


From these equations we conclude m the first place that the whole 
motion fakes place mm the plane z= 0 Since we naturally exclude 
the possibility of a collision between the sun and planet, we may 
assume that tho three co-ordinates (w, y, z) do not vanish sumul 
taneously, so that at the time ¢= 0 at which 2(0) == 0 we have, 
say, 2(0}=- 0 Now from the last of the three equations above It 


follows that 
dt \a a? 


Therefore z= aa, where a is a constant If we put t= 0 here, 
then from the equations 2(0) = 0 and 2(0) 4=0 1t follows that 
a== 0, so that 219 always zero, 

We may therefore base our problem of integration on the two 
differential equations 


ymn(at + yt) — TER = 0, 


Ly —~ yoo h, 


We next use the equations «= cos?, y= rsmé@ to transform 
the rectangular co-ordmates («, y) into the polar co-ordinates 
(r, 8), which aze now to be determined as functions of & Simeo 


ge -- y" — 72 ++ 7764, 
and 
wy — yo a= 1°08, 
we havo the two differential equations 
gin(e? + 9808) — HEN = 0, 
90 = h 


for the polar co-ordinates r, 8 The first of these equations is the 
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theo1om of tho conservation of onorgy, while the sccond expresses 
Keoplox’s law of areas In fact (cf Vol I, Chap V, section 2, 


pp 278, 275) the expression 47°0 is the deivative with respect 
to the tame of the area swept out in timo ¢ by tho radius vector 
fiom the origm to the particle This is found to be constant, 
or, as Kopler expressed it, the radeus vector describes equal areas 
in equal tames 

If tho “soa constant” A 1s zoro, 0 must vanish, that is, ? 
must romain constant, so that the motion must take place on a 
siraght line through the ogm. Wo exclude this special case 
and expressly assume that 2 += 0 

In odor to find the geometrical form of tho orbit, we give 
up thinking of the motion as a function of the time * and consider 
tho anglo 0 as a function of 7, or 7 a8 a function of 8, and from 
our iwo equations we calculate tho derivative dr/dé os a function 
of *, 

If wo substitute the value @= h/r* fiom the area equation 
m tho energy cquation and recall tho equation 

da dd’ 

we at once obtain tho drflorential oquation of the orbit in the 


form 
‘ i sige +i} - _ vem og 
dd y" t 


ra Ge i yah _ 2) 
me! Ber PP 


'To simplify the lator oaloulations we make tho substitution 
I 


Pom wm 


u 


or 


€ The course of tha motion as a fumotion of tho thma oan bo determined 
aubacquontly by moana of tho equation 


f “Adm Me, 
% 


in which we suppose that is known ase funollon of 0 (of. p, 428), 
(u1) 15% 
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and introduce the following abbreviations: 


ey is 

p BP 
2 
trp 
my 


The above differential equation then becomes 


(i) = 5 (#5) 
do); p p}’ 


and this can be mtegrated ummediately, We have 


du 
ean = a/(e#/p* — (u — 1/p)*) 


’ 1 J 
or uf for the moment we introduce u— — = v as a new variable, 
P 


dv 
= | Tapa 
Yor the integral (by Vol I, Chap IV, section 2, p. 213) we obtain 
the value are an-2, and we thus obtain the equation of the 


orbit m the form 


The angle §, can be chosen arbitrarily, smce 1t 18 mmmatorial from 
which fixed le the angle @ 1s measured. If we take 4) = 7/2, 
thats, if we let v= 0 correspond to the value @ = 7/2, we finally 
obtain the equation of the orbit in the form 


a 
" 1— ecosf 


We shall assume that the student already knows from analytical 
geometry that ths is the equation m polar co-ordinates of ao 
conic having one foous at the ongin 

Our result therefore gives Kepler’s law: the planets move in 
conis unth the sun at one focus 
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It 18 interesting to relate the constants of wntegration 

2 2 

pe tn 4 20H 

ye my pe 
to the initial motion The quantity » 1s known as the semi-latus 
1ectum or paametor of the conic, in the case of the ellipse and 
the hyperbola it is connected with the sem-axes a and 6 by the 
simplo relation 
be 


—— 
t 


The square of the cccontricity, «*, determines the character of the 
conic; it 18 an ollxpse, a parabola, or a hyperbola, according as 
e418 loss than, equal to, or greater than 1. 

Trom the relation 


wo sco at once that the three different possibilities can also be 
stated m terms of the energy constant C; the orbit 1s an ellipse, 
a parabola, or a hyperbola, according as Q is less than, equal to, 
or gieator than 2020. 


If wo suppose that the particle is brought at time ¢=0 to the 
pomt %, in the field of force and 1s there atarted off with an mitial velocity 
%, then the relation 


O = 4m? — a 


gives tho surprising fact that the character of the orbit—ellipse, parabola, 
or hyporbola~doos not depond on the direotion of the mitial velocity at 
all, but only on its absolute value tv, 


Keplor’s third Jaw is a simple consequence of the other two. 
It statos that tm ellipho orbits the square of the period bears a 
constant ralto to the cube of the major semi-amis, the ratio depending 
on the field of force only and not on the particular planet 

If we denote the poriod by F and tho major semi-axis by a, 


wo should then have 
Ta 
== const., 


whoro the constant on tho right is independent of the particular 
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problom and doponds only on the mygutude of the attracting 
mas anid on the puaviliationmel eenatiat y 


To provo this wo use the theorem of aus in tho intugratod 
foun 


fra Met 
cy 


which defines the motion ast fanetion of the time Th we tihe 
the intanal over Ute mberval fiom Qo te da, wo abla on thie 
left hand ado twice tho aren of the oxutal elhpse, Cet aa, by 
provious xenulta, Bab, while on tho right hand ante the time 
difluronce é— fp must be replaced by the periad 7, Phorafore 


Qrab AT or de® AML 
Wo alrouly know that 4334 connected with tho elomonta a amd b 
of tho orlit by the rolation M/ye op Oa Th we raplace AP an 
4 
tho abovo equations by : yjt, 1b follows ab ovo Gab 


TA Ag’ 
a! yh 


whioh oxaolly oxprosios Koplor's Uhird In, 


EXAMPLES 


1, Prove that as ¢-» 0 tho valnolty 4/4" of 6 planot tenda to 0 Ef {te 
orbit daa parabola and toa postive limit 1b ta a diypertada, 


2*, A planet ja moving on an ellipse, and oy 4 w(t) denolet the angle 
PUP, whore Pin the position of the plrict at tho time f, 2’, tee position 
nt the moe ft when tt is nearest to the min S, aud Af the contre of Cie ellipas, 
Provo that wo and ¢ aro connected by Koplor'n equation 


A(t fen ablw~ eslne). 


3. Prove that a body attracled towards a contra O by # foree of mag: 
nitude mr moves on an ollipas with aentre O, 


4. Vrove bhab the orbit of a body repolled by a forea of magnitude 
f(r), whore f ia a given function, from o oontte O le given fn polar wo 
ordinates (r, 0) by 


r ar 

€) wens teed er oT aA ER ok aloe ye PFI ‘ 
YM 2 fr 

Sah 1! | 2 tier 3) 
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5. Prove that the equation of tho orbit of a body repelled with a 


ih 
foice 5 fiom a centre O 18 


2c 
om cos(x0 + ¢) for wh 


= | ew 
i 


in cosh (x0 4-¢) for > A 


%=4/(|1— a) and ¢ 1a 2 constant of integration. 


8. Purrumr Exame es of DirperentiaL Eeuarions 


Before discussing the foundations of the theory of differential 
equations, which we shall do in the noxt section, we shall here 
consider somo further examples of probloms volving differential 
equations, also arising in part from mochanics, 


1, The General Linear Differential Equation of the First Order. 


In Vol I, Chap III, section 7 (pp. 178, 182) we have already 
integrated the equation y’ +- ay-+ b= 0 complotoly in the case 
where @ and b are constanis. We can, however, also completely 
integrate tlis “ lmear differential oquetion of the fist order ” * 


y' ++ ay + b= 0 


for the unknown function y(z) in the gonoral caso whore a and b 
are any continuous functions of w Tho solution is obtamed by 
means of tho exponential function and ordinary integration 
(which, however, cannot in general be performed in terms of 
elementary functions) 

We fist suppose that b= 0, Then the differential oquation 
can bo put in the form 


provided that y=: 0 rom this it follows that 
log| y| = — { a(z)de, 


* The word “ linoar? oxprossea tho fact that the unknown funotion and 
its dorivativos no only lincarly mvolvod in tho difforontial equation A differon- 
tial equation fa anid to bo “ of the fiteb order * whon it contaims first derivatives 
only and no highor de:vatives. 
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and finally, if for bravaty wo denote any nulafinids mteyeral of the 
fanelion a(x) by A(x), 

yo ree, 
where ea an arbitrary constant of integration — ‘Phia formula 
gives a solution even when e 0, namely y 10, 


Ff now O(a) is nob aqual Lo vera, we attempt to find a aglutien 
of tho form 


y+ ure AQ 
whore (a) ust be anitably dete mined 
Binco A’(a) es ala), 


yf (ale FO) om eiradeje 409, 
and for the unknown funetion u(z) wo therefore have tne dif 
forontial oquation 
ullaje Banh, 
from whieh it follows that 
Ua) * 1 f hfoe)a4) Ly, 
‘Lhe exproasion 
gy a2) cart mnngy ACH) i} b{c)a"™ dy, 

whioro 


A(z) » i ala) de 


Vhorofore gives a solution of the difforantial aquation, ‘Chia solution 
is formod from known funotions by moans of tho exponential 
funotion and of ordinary procosses of intugration only. Biace tho 
function u(x) involves on arbitrary additive constant, wo eeu tliat 
tho oxprogsion 


(a) 2 of Aa vo f b(w)e™) dar), 


whore 
A(x) - { a(2) ds, 


gives o solution which still contains an arbitrary conatant of 
Intogration o, This solution roally contains only one arbitrary 
constant, although A(w) aleo involves an additive constant. For 
if wo roplacs A(z) by A(x) -}- 0, the solution becomes one of 
similar typo obtained from tho original solution by replasing o 
by ca", 

* This dovico fa known aa “ variation of the paramoter " (avo alao pr 444), 
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For example, in the case of the differential equation 


y’ -+- ay + a= 0 
we have 


A(z) = fmdu = fet f eMb(a)dre = fae da = ev", 
and henes the solution 
y = e X12 (9 ee ev'/2) = cen /2 — iL 


as we may vorify by differentiation. 


2. Separation of the Variables. 


The idea which underlies the above solution 1s that of 
separation of the variables. If a differential equation 1s of the 
form 

a(z) 
yim — 
/ Bly) 
where a depends on # only and f on y only, it may also be 
expressed symbolically by 
adi Bdy= 0 
or 
ade == —f dy, 


in which the variables « and y are separated, Introducing the 
two indefinite integrals 


A= fads, B= — [pdy, 


which aro obtained by ordinary quadratures, we at once obtam 


d 
ass — | — 0, 
a4 B)==a-+ py 


that is, 
A — B = 0; 


where o is an arbitrary constant of tegration, This equation 
may now be imagined as solved for y, and the required solution 
is thus obtained by quadrature, 

Another example in which the same idea is applied 1s the 
so-called homogeneous differential equation 


rit) 
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If wo take z= y/x, so that y/=«'-+-2, the differential 
equation becomes 


wz' + 2= f(z), 
gt we J = . 


& 


or 


an equation for z in which y does not appear explicitly, Hence 
dz dee ee 
fytgr[E remot valet 


whore o is an arbitrary constant of tegration, Using this equa- 
tion to express z a8 a function of #, we obtain thorequred solution, 


Examples.—From 4’ = Y we ot once have 
x 


dy _ de 
y 
the solution of which 18 
v 
log Nae 
Again, the equation 
4" = y 
x 
gives 
fa _ = log *=* = e+ log | #|5 
hence 
g 
YT 
where & is a constant 
TEXAMPLES 


1, Integrate the following equations by separation of the variables, 
(a) (1+ y)edu -+ (1-+ a*)dy = 0. 
(6) ye da — (1 + e)dy = 0, 
%, Solve the following homogeneous equations: 
(a) ydx-+ az — y)dy = 0. 
(b) ayda +- (x* + y*)dy = 0 
(0) xt — y8 + 2ayy’ = 0 
(2) (e+ y)dut (y— 2)dy = 0, 
- (e) (a? + ayy! = 2 V (28 ~ 9) + ay + y*, 
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3 Show that a differential equation of the form 


aw +- by +6 ) 
= om Se LS. o ba 
y o(“ -|- by -/- oy (a, ys constan ) 


can bo reduced to a homogencous cquation as followa. If ab, — ab + 0, 
we take a new unknown function and a new independent variable 


ya at-bby-+o, Faye by + G4 
If ab, — a,b = 0, wo nced only chango the unknown funotion by putting 
y= a + by 


to reduce the equation to a new equation im which the vanables are sepa 
rated. 


4, Apply the method of the previous ¢xample to 


(@) (20+ dy + 8)y’ = Qy + a+ 1 
(b) (8y — Ta +p B)y! = 8y —~ Te -- 7 


8. Integrate the following lear differential equations of the first order: 
(a) y+ yoosas=cosasne  (b) y’— 4 x= ea - 1)", 
(ce) ala — Wy’ + (L— Qzjy-ats 0. (d) y’— “y= wu. 
(e) (1 +f a8)y’ + ay = 


6. Integiato the equation 


I 
ie ae 


_i 
1+ a% 


8, Determination of the Solution by Boundary Values. The 
Loaded Cable and the Loaded Beam, 


In the problems of mechanics and tho other examples pre- 
viously discussed, we selected fiom the wholo family of functions 
satistying the differential equation a particular ono by moans of 
so-called initial conditions, that is, we chose tho constants of 
integration mm such a way that the solution and in certain cases 
also its derivatives up to the (n— 1)-th order assume pre- 
assigned values at a dofimte pomt In many applications wo 
are concerned neither with finding the genoral solution nor with 
solving definite initial-value probloms, but instead with solving 
a so-called boundary-value problem. In a boundary-valuc problom 
we ate required to find a solution which must satisfy pre-assigned 
conditions at several points and which must be considered in the 
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intervals between those pomts. Hore wo shall discuss a few 


typical examples without gomg into the general theory of such 
boundary-value problems, 


Ha, 1l.—The Differential Bquation of a Loaded Cable, 


In a vertical ay plane—in which the ¥ axis 1s vertical—we suppose 
that a cable whose (constant) horizontal component of tension 1s S is 
stretched from the origin to the poms 
“=a, y= b (of. fig 7) The cable 
is acted on by a load whose density por 
unit length of horzontal projection 
ig givon by a sectionally continuous 
function p(v) Then the sag y(x) of 
the cable, that 1s, the y-co ordinate, 
is given by the differential equation 


y"(a) = g(x), where g(t) = & 


Fig. 7 Loaded cable The shape of tho cable will then be 


given by that solution 4(z) of the 
differential equation which satiafies the conditions 4(0) = 0, y(a) = b 


The solution of this boundary value problem can be written down at once, 
since the goneral solution of the homogeneous equation y” = 0 1s the 
linear funotion ¢y + ¢,%, and the solution of the non-homogeneous equation 
which, with its first derivative, vanishes at the origin 18 given by the 


i 
integral f ala — €)d& (see below, pp 441-8) In the general solution 
0 


ule) = oy +o + f “a E)(a — &) ae 


the condition 4(0) = 0 at once gives 6g = 0, and then the condition y(a) = b 
grves the equation 


b= 0,0 + is (a — Bde 


for the determination of ¢ 

In practice, besides this very simple form of boundary value problem 
& more compheated case occurs, in which the cable 1s subject not only to 
the continuously distributed load but also to concentrated loads, that 18, 
loads which are concentrated at a definite point of the cable, say at the point 
%= 9, Such concentrated loads wo shall consider as ideal limiting cases 
arising aa ¢ > 0 from a loading p(«) which acts only in the terval w, — ¢ 
to w + ¢ and for which 


Mabe 
pola) das = P, 


Yama 


that 1s, the total loading remains constant during the passage to the limit 
e -> 0; the number P 1s then called the concentrated load acting at the 
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points, By mtegrating both sides of the differential equation y” = p(a2)/8 
over the terval from #— ¢ to w-++ ¢ befora making the passage to tho 
limit ¢ -> 0, we see that tho equation ‘(xq -+ ©) — y"(%y — e) = P/S holds, 
If we now perform the passage to the lmmt « - 0, we obtain the result 
that a concontrated load P acting at the point a corresponds to a jump 
of the derivative y’(v) by an amount P/S at the pomt zy 

The followmg example suffices to show how the occurrence of a con- 
eontrated load modifies the boundary value problem. We aupposo that 
the cable 1s stretched betweon the pomts 2 = 0, y= 0 and a= 1, y= 1 
and that the only load is a soncontiated lord of magnitude P acting 
at the mid pomt a= 4. According to the abovo discussion, this physioal 
problem corresponds to the following mathematical problem we have to 
find a continuous function y(x) which satisfies tho difforontinl equation 
y” = 0 overywhoio in tho interval 0 Sw S 1, except at the pomt x, = 4, 
which takes the values (0) = 0, y(1) == 1 on the boundary, and whose 
detivative has a jump of the amount P/S at the pomt aw. In order to 
find this solution, we express 16 in the following way 


y(a) == ar-+-b for OSe sh 


y(t) = o(l—a)-+d for 48281 


The condition 4(0) = 0, y(1) = 1 gives b= 0,d = 1. From tho condition 
that both parts of the function shall give tho samo value at the point 
w= 4 we find that 

4a == $41, 


Finally, the requirement that the dorivative y’ shall incroase by tho amount 
P/S on passing the pomt 4 gives tho condition 


and 


—O— Geo 
Wo thorofore have the constants 
P P 
a=l— oo b= Q, om — 1 Fa d= I, 
and our solution is thus determined, Moraovor, it 13 casy to show that 
no othor solution with the same properties oxiats 


Ba, 2—-Phe Loaded Beam.* 


The situation in the case of loaded bearns 1s very similar (of, fig. 8). 
Let us suppose that in its position of rest the boam ooinaides with tho 
# axis between the absoisse «= 0 andw= a, Thon it is found that the 
Bag y(2) due to a force acting vortioally in tho y direotion ia given by tho 
hnear differential equation of the fourth order 


yf = 9(%), 


*For tho theory of loadod beams ef. og, Morley, SAcory of Structures 
(Longmans, Greon & Co,, 1927) 
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whore the nght hand side (x) 18 p(x)/ZT, p(r) beng tho density of loading, 
# the modulus of elasticity of tho matoual of the beam (2 1s tho stress 


Fig 8 —Loaded beam 


divided by the elongation), and I the momont of snortia of the orogs seation 
of the beam about a homzontel line through tho centre of mass of the 
cross section 

Zhe genoral solution of this differential equation oan at once be ox- 
pressed (p 446) mn the form 


x a. FY 
yx) = Oy “+ 4% +- oyn -+ 25 +f o(&) Oe at, 


Whore 04, C4, 02, Cy ard arbitrary constants of integration Tho real problom, 
however, 18 not that of finding this goneral solution, but that of finding 
a partioula: golutzon, 2e of determing tho constanta of integiation in 
Auch a way that corfam dofimte boundary conditions aro satisficd. If 
6g. the beam 1s clamped at the onda, tho boundary conditions 


W0)= 0, ya)=0, y'(0)=90, y'(a)== 0 


hold It thon follows at once that ¢) = c, = 0, and tho constants ¢, and ¢, 
are to be determined from the equations 


a ww £8 
enh + og + [9(6) SAP a = 0, 
a a, 2 \B 
2ozte -|- Soya -+- i; (8) es dé = 0, 


With beams the ocourrence of concentrated loads 18 again of particular 
interest, As before, we shall think of the concentrated load acting at the 
point @ == 2%) ag arising from a loadmg p(x), distributed continuously over 


¥o be 
the mtorval a — ¢, to ay + e, for which pltdé = P; we again let ¢ 
Nom-@ 
approach zero and at the same time let p(x) increase in such a way that 
the value of P remams constant durmg the passage to the limit « + 0. 
P 1s then the value of the concentrated load at a= a Just as in the 
example above, we mtegrate both sides of the differential equation over 
the interval from #—e to #-+ « and then porform the passage to tho 
limit e-»+ 0, It 1s found that the third dorivative of the solution y(a) 
must have a jump at the pomt «= 2, this jump amountang to 


Pita ti} P 
Yay + 0}— y (% — 0) = 5, 


Here (2, -+ 0} means the hunt of y(«, + 4) as hk tends to zero through 
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positive values, (a) — 0) boing the corresponding lumi from the left. 
Thua the follovmg mathematical problem arses we attempt to find 
a aolution of g* == 0 which, together with ita first and second derivatives, 
is continuous, for which y(0) = y(1) = y'(0) = y’(1) = 0, and whose third 
derivative has a jump of the amount P/H/ at the point # = wp) and else 
whore 18 continuous 
If the beam 1 fixed at a point % = a, (of fig. 9), 10, uf ab this point the 


Fig 9 —Sng of beam supported in the middle 


sag has the fixed pro assigned valuo y = 0, wo can think of the fixation 
as being effcoted by moans of a concentrated load acting at that poimt 
By tho mechanioal principle that action ia equal to reaction the value of 
this concentrated load will bo equal to the force which the fixed beam 
oxerts on its support Tho magnitude P of this force is then given at once 
by the formula 

P we Hy! "(tg + 0) — 9'"(atg — 0)}, 


whero (a) satisfies the differential equation yf =: P/RI overywhero in the 
interval 0 S a & 1 except at the pomt « = w, and an addition alao satisfies 
the conditions 4(0) = y(1) = (0) = y/(1} = 0, y(ao} = 0, and y, y’, and 
y” aro also continuous a6 2 = a. 

In ordor to ilustiato theso ideas we consider a beam extending from 
tho pomt 2 = 0 to the point w= 1, clamped at its ond-pomts «= 0 and 
woz 1, oarrymg a uniform load of donsity p(z) == 1, and supported at tho 
point x == 4 (of fig 9} For tho sako of simphoity wo assume that LZ = 1, 
80 that the beam satlisfios the differential equation 


af? = 1 


everywhore, oxcopt at tho point a == 4, 

As the formula shows, tho genoial aolution of tho differential equation 
is a polynomial of tho fourth dogroo in a, tho coeflloiont of a bemg 1/41, 
Tho solution will bo oxprossod by a polynomial of this type m each of 
the two half-Intervals, For tho fivat half interval wo write the polynomial 
in tho form 


Y = By -- bya -- bya? 4- bya +- , af, 
in the second half interval, in tho form 
Y= Opt oY — 1) bot UF + ogo UP Ze 1) 
Since the beam is clamped at the ends # = 0 and # = 1, ib follows that 
gO) = y(L) = (0) = 9'(1) = 0, 
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whence we obtain 6, == 6, = ¢) = ¢,= 0 In addition, y(a), /(r), 9/(a) 
must be continuous at the point a= 4; thats, tho values of (3), y’(Z), 
y(4) calculated from the two polynomials must be the samo, and the 
value of (4) must be zero This gives 


l 1 i ee | 
goat abet a= 7% 


a 
ae” ale 

3 1. : 3 _i 
batt a by wrk ie’ 
2by + 3b, = Beg — Beg 


From this we obtain the following valuos for by, bs, C2; Ogt 


1 
by == 65 = ~-3 b, = —fy = 


96 24° 


and the foros which must act on the beam at the pont a = 4 in order that 
no sag may ocour at that point 1s given by 


mf ie i = _1)\_ +})=-} 
¥"G+0)—9"(G—0) = (1-5) - (rg) = 3 


4 LiyeaR DirrerentiaL Equations 


lL, Principle of Superposition General Solutions. 


Many of the examples previously discussed belong to tho 
general class of linear differential equations A difforontial 
equation mm the unknown function u(x) 16 said to be lmoar of the 
n-th order if 1t has the form 


ala) - ayu™— D(a) +. + ayu(a) = (2), 


Where a, @, G3, ... , G, are given functions of the independont 
variable a, a8 18 also the nght-hand aide d(x). The oxprossion on 
the left-hand side we shall denote by the abbroviation Lz] 
(" lmear differential expression of the n-th order”). 

Tf d(x) 18 1dentically zero in the interval undor consideration, 
we say that the equation is homogeneous, othorwise, wo say that 
1t 18 non-homogeneous, We see at once (as in the special case of 
the linear differential equation of the second order with constant 
coefficients, discussed in Vol, I, p, 510) that the followmg principle 
of superposition holds: if 1%, u, are any two solutions of tho 
homogeneous equation, every lmear combination of thom, 


t= C) + Oya, Where the cooflicients o,, 0, are constants, 
18 also a solution 
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Tf we know a single solution (x) of tho non-homogencous 
equation L[u] = (x), wo can obtam other such solutions by 
adding to »(«) any solution of the homogoneous equation, Con- 
versely, any two solutions of the non-homogeneous equation 
differ only by a solution of the homogeneous equation. 

For 2 = 2 and constant cocficionts a,, 4, we proved in Vol, I, 
Chap XI(p 608) that every solution of the homogencous equation 
can he expressed m terms of two suitably chosen solutions 1, wt, 
in the form et + ¢y%,, An analogous theorem holds fo. any 
homogeneous diffcrential oquation with arbitrary continuous 
coeflicients 

To begin with, we explain what we mean by saying that a 
system of functions are hnearly dependent or linearly indepen- 
dent, by means of the followmg definition. » functions ¢,(a), 
do(%),. ., dn(w) are nearly dependent rf n constants ¢,. , , 
exist, which do not all vanish and which satisly tho equation 


011 (2) 4+ Cypha(ar) + os st Onda(e) = 0 


identically, that is, for all values of @ in the mtorval under con- 
sideration Thon if o,+:0, say, $,(%) may bo expressed in 
the form 


Prlae) = dyhy(a) Fo oe A ta-rpn—1(@), 


and ¢, is said to be linearly dependent on tho other funotions. 
Tf no linear relation of the form 


Osby (2) - Onpo(@@) + +.» + Onn () 
exists, the » functions 4,{a) are said to be linearly independent. 


Hx \.—Tho funotions 1, 2 2... , a! aro linoarly mdependont, 
Otherwise, constants Co, +++, C,-1 Would have to oxist such that the 
polynomial 


Cy -[- 0,8 ++ ate ~/- Sons} 


vanishes for all values of # in a cortain interval. This, howover, is um 
possible unless all the coofficionts of the polynomial aro zero, 


Ex, 2,—The functions e% aro linearly independent, provided 
Sg Se < ky, 

Proof,.-We sasumo that this staloment has beon proved truo for 
(n — 1) such oxponontial functions, Then if 


6,69 ® -|- 6%" Se tee of. 6,60" = 0 
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is an identity in x wo chyide by en” and, puttmg a, — a, = b, obtain 


00% $. goed 4 + Oy en~1% -L ocx: O 


If we differentiate this equation with 1espect to a, tho constant o, dis- 
“ppeara and wo have an equation which implies that the (n — 1) funotions 
abst, ebm, ni are linearly dependent, from whioh 1 follows that 
ase, ei, .. , efn-r® arg linearly dopendent, contrary to our original 


assumption Honce there cannot bo a hnoar elation between the f 
original functions either, 


Hz 3~-The funotions sing, Bn2r, sngrz., , sine aro linoarly 
independent m the mterval 0 Sa <x. Wo leave tho reador to prove thia, 


using the fact that i nay ama dat = e eae (Cf. Vol. I, p, 217.) 
—o Tt if m= n, 


Tf we assume that the functions ¢,(z) have continuous 
derivatives up to and moluding the n-th order, we have the 
following theorem, 

The necessary and sufficient condition that the system of fura- 
tons ,(x) shall be linearly dependent is that the equation 


$i(2) ola) vee fy(2) 
W = $1'(@) fy’ (2) soe Pu (%) 
ATX) AM). fO-D@) 
shall be an edentity mx. In addation the n deleemumants formed 
from {x — 1) of the functions must not vansh sumultancously at 
any pomt The function W 1s called the Wronsinan of tho 
system of functions * 
That the condition is necessary follows immediately: if we 
assume that Xe,6,(2) = 0, 


successive differentiation gives the further equations 
Xo.d4 (2) = 0, 


Loup" (x) = 0, 
These, however, form a homogeneous system of m equations, 
which are satisfied by the n coefficients Cj, » 50, hence W, 
the determinant of the system of equations, must vanish, 
That the cond:tion 18 sufficient, that 1s, that if W = 0 the 
functions are lnearly dependent, may be proved in various ways, 


*In this proof aud the followmg one a knowledgo of tho elomonta of the 
theory of determinants 1s assumed 
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One proof 1s as follows. From the vamshmg of W we may deduce 
that the system of equations 


Ory + set Onhy == 0 
hy) eet Ona’ === 0 


0p O-D + iP Onfin 2 =: 0 


possesses a solution ¢, ¢, . , 0, Which is not trivial, where 
o, may still be a function of a. Tlere wo may assume without loss 
of generality that c, == 1 Yurther, we may assume that V, the 
Wronskian of the (n —1) functions 4, fa ..+5 Po-v 18 not 
zero, for wo may suppose that our theorem has already been 
proved for (n~ 1) functions; then V = 0 implies the existence 
of a linear relation botween ¢,, da)... , dy—1, and hence between 
dy $a da» ++ 4m By differontiating * the first equation with 
respect to @ and combining the result with tho sceond, we obtain 


Oy dy “+ Oy'da Fee Oni Pn-4 == 0, 


similarly, by difforontiating the sccond equation and combining 
the result with the third, we obtain 


Ory! tr Oy! pg! ee et Onan Pana’ = 9, 
and so on, up to 
0! p0-® -|- Og! holt-® a re Ong! PO? — 0, 


Since V, the doterminant of these oquations, is assumed not 
to vanish, it follows that 6,', ¢',...; O,-7' ato zero; that is, 
Ch, Cay eves Oyng ALO Constants, FElonce the oquation 


tt 
Loyp,(t) = 0) 


does actually express a linear relation, as was assorted. 
We now stato tho fundamental theorem on linear differential 
equations. 
Every homogeneous lnear differential equation 


Elu] = cig(ee)u(ce) -}- ay(o)u"H(ae) +». Fe @yta(ae) = 0 


* Ib is onay to sce that tho cooffolonts o, aro continuously differentiable 
functions of z, fou, if the dotorminant V is not zero, they oan be expressed 
rationally in torma of iho functions ¢; and thoir dorlvativos, 
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possesses systems of n linearly mdependent solutions uy, Ug, ...) Uy 
By superposing these fundamental solutrons every other soluteon 
u may be expressed * as a linear expression with constant coefficients 
Oyy se oy Sy n 
Uu == 20,t; 

t= 

In particular, a system of fundamental solutions can be 
determmed by the followmg conditions At a prescribed point, 
say w= £, u, 18 to have the value 1 and all the derivatives of 1, 
up to the (n — 1)-th order are to vanish; u,, where +> 1, and all 
the derivatives of u, up to the (n — 1)-th order, except the +-th, 
ate to vanish, while the 2-th derivative 1s to have the valuo 1. 

The existence of a system of fundamental solutions follows 
from the existence theorem proved in the next section (p 4650). 
It fellows from Wronski’s condition, which we have just proved, 
that a linear relation must exist between any further solution 


wand %,..., %,; for from the equations 
nt 
Lawl") == 0 
lm 
wd ' 
Layuir-Y = (4 = iF eaeg n) 
i= 


1+ follows that the Wronskian of the (n-+1) functions 
U, Uy, Uy, « » U, must vanish, so that u, wy, ty, . » Uy ate 
lmearly dependent Gince w,,.. , %, are mdependent, u depends 
linearly on ty, . .) Up 


2 Homogeneous Differential Equations of the Second Order. 
We shall consider differential equations of the second order 
in more deta, as they have very important applications 
Let the differential equation be 
Liu] = au" + bu’ + cu = 0 
If u(x), w(z) are a system of fundamental solutions, 
W = tty’ — ug’ is its Wronskian, and W’ = uytt,"’ — Uptty’”. 
Since 
L[uJ=0 and L[u.] = 0, 
*Two different systems of fundamental solutions 2,, » ter Upsores Op 
oan be transformed into one another by a linear transformation 
bi aie Zonta, 


where the cosfficionta o,¢ are constants and form a matrix whose determinant 
does not vanish 
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it follows that 
u,L[Ug] — UgL[u,] = al’ +- bW = 0, 
Hence by integration 
b 
b+ log | W| = —f de, 
or 
W = ce~ ea 
where cis a constant Tlus formula is used 9 groat deal in the 


more detailed theory of differential equations of the second 
order, 


Another property worth montioning is that a linear homo- 
geneous differential equation of the second order can always be 
transformed into an equation of the first order, known as 
Riccatt’s differential equation Ruccati’s equation is of the form 


vw + v-- qu--r= 0, 

where v is a function of #; or, in a slightly more general form, 
vw + poi + gqu-+- r= 0, 

which 18 obtained from the first form by putting v= 2/p The 


linear equation is transformed into Ricoati’s equation by putting 
ul = uz, 60 that wv! = u'2 -+- uz’ = ust +- uz’, and we have 


az’ + az® -+- bz +o= 0, 


A third remark: if we know one solution o(z) of our linear 
homogencous differential equation of the second order, the prob- 
lem is reduced to that of solving a difforential equation of the 
first ordor, and can be carried out by quadratures In fact, if we 
assume that Z[v] == 0 and put w== 2, whore 2(z) 1s the new 
function which woe are seeking, we obtam the differential equation 


az!» + Qaz'y’ -- bz'y ++ 2L[v] = ave" + (2av' + bv)z’ = 0 
forz, This, however, is a linear homogeneous differential equation 
for the unknown function 2’ = 1; its solution is given on p, 429, 


Irom w wo thon obtain the factor z, and hence the solution w, 
by a further quadrature. 


Axample—Tho linear equation of the second order 


n_oV 464 0 
y ral 
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8 equivalent to Riccats's equation 
2 2 
Pa ee me dy 
where z= y’/y The origmal equation has y = # aa o partioular solution; 
hence at may be reduced to the equation of the first order 
vy = 0, 
where v= y/x, Thabs,v—=av+6 Hence the gonoral intogral of the 
original equation is given by 
y= av® + be 
We would expressly emphasizo that exactly the same method 
can be used to reduce a linear differential equation of the #-th 


order to one of the (n — 1)-th order, when one solution of the 
first equation is known. 


TixaMPirs 


1 Prove that uf a, ..,@, are diffeient numbers and P,(a), «++ 
P,(#) are aibitrary polynomials (not identically zero), then the functions 
Py(a) == Py{xer, . «5 (ev) = P,(a)e%* are linearly mdependont, 

2, Show that the so called Bernoulli’s equation 

yf + ale)y = Bay = (w+ 1) 


reduces to a lmear differential equation for the now unknown funotion 
z= 4y'-", Use this to solve the equations 


(a) xy’ + y= y loge 
6) xy{my'+y)= a 
(ec) (1 — a?jy’ — ay = aay? 
3, Show that Riccati’s differential equation 
y+ Pla)y + Qla)y + R(x) = 0 


oan be transformed mto a linear differential equation if we know a partioular 
integra] y, = y,(¢), (Introduce the new unknown function v= 1/(y — #1). 
‘Use this to solve the equation 


y! — ay + ot —1= 0 
which possesses the particular mtegral y, = a 
4, Find the integrals which are common to the two differential equations 
Q@) Y= ytoo— at 0) yf yy + Oot at a, 
5* Integrate the differential equation 
y’ = yt + Qa — oA 
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in terms of definite intograls, using the partioular mtegral found m Ix, 4, 
Draw a rough graph of the mntegral ourves of the equation throughout the 
xy-plane 
G* Let 44) Yer Ys. Y4 be four solutions of Ricoaty’a equation (of. x 3), 
Prove that tho expression 
Y1— Yo . Ya Us 


ti Ys Ua 4 
18 & constant, 


7, Show that 1f two solutions, y,() and y,(x), of Riccati’a equation are 
known, then the genoral solution 18 given by 


y— 9p = oly — gael POr-aadas, 


where 6 13 an arbitrary constant. 
Hence find the general solution of 


1 
Pn yt; == 9? GONe — —_. 
y’ — y tang = y" cose eR 
which has solutions of the form 4 cosa, 
8, Prove that the equations 
(a) (L— ey" + wy’ — y = 0, 
(b)  2x(2a— Ly’? — (dat -+ ly’ -- y(2e 4- 1) = 0 
have ® common solution, find if, and honco imtegrate both equations 
completely. 


3. The Non-homogoneous Differential Equation. Method of 
Variation of Parameters. 


To solve the non-homogoncous differential equation 
Liu] = au” +... - aye (a) 


it is sufficiont, by what wo have said on p. 439, to find a singlo 
solution This may be done as follows, By propor choice of 
tho constants o, Cg... On, Wo first dotermino a solution of 
tho homogeneous equation L{v] = 0 in such a way that the 
equations 


u(é)= 0, w(f)=0, 2.6, aL 0, wD) = 1 


aro satisfied, This solution, which doponds on tho parameter £, 
wo denote by u(z, £), The function u(a, £) 18 a continuous function 
of & for fixed valuos of a, and so aro its first  dorivatives with 
respect to w, As an oxamplo, for the differential equation 
a! + K®y==0 the solution u(a, ¢) has the form sink(a ~ ¢)/h, 
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and this fulfils the conditions stated above We now assert that 
the formula 


o(e) =f p(e)ute, €)ae 


gives a solution of L[u] = which, together with 1ts first » — 1 
derivatives, vanishes at the pomt* = 0 To verfy this state- 
ment we differentiate the function vv) repeatedly with respect 
to w by the rulo for the differentiation of an mtogral with respect 
to a parameter (cf, Chap IV, section 1, p 220), and recall the 
relations 


ula, ©) = 06, u'(a,x)=0, .. , Wa, a2) = 0, ula, a) = 1 
(where og, u'(x, @) == u(x, £)/Ow for & = 2), 
We thus obtain 
v(x) = f(Auln, | +f g(eu'e, Adé=f gue, dae, 
gern YO 0 


va) = pewte, 2) +f Heute, Ode = f Hee" @eyadé, 
tax “0 0 


La , 


vt" D(a) _ h(Ejul- (a, | + f “Al Eu D(a, £)d é 


+ ‘ 


=f Hea %a, dae, 
ota) = HeeMe, I +f wei, eae 


= $2) +f “HE We, £) dé, 


Since Zfu(w, 2)]== 0, this establishes the equation L[v] = A(m) 
and shows that the initial conditions v(0) = 0, v'(0) = 0,.. 
v@—D(0) = 0 aro satisfied, 

The same solution can also be obtained by the following 


* Tho physionl meaning of this process 18 this If ~ ¢ denotes the time and 
u the co ordinate of & point moving on a straight line subject to a force (2), 
the effoat of this force may be thought of as arising from the superposition of 
the small effects of small impulses Tho above solution u(#, ¢) thon corresponda 
to an impulse of amount | at time é, and our solution gives the effect of im- 
pulges of amount 4(¢) during the time between 0 and x We cannot go furthor 
into the details here, 
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apparently different method We seek to find a solution x of the 
non-homogeneous equation in the form of a lmear combmation 


u= 2y,(x)u(a), 


but now we must allow the coeflicients y, to be functions of « 
On these functions we impose the following conditions 


itty tb yaltlg eet nt 0 
yyy! + Ya Ug’ -++- ree Yn Un. = 0 


i a, is I a Oa 


From these it follows that the derivatives of u are given by the 
following formul, 


uo =e Ly ti; 


yt a Ly) 
ah = Ly ue 1) ++ Lye . 


Substituting these expressions in the differential equation and 
remembermg that L[u] = 4, we have 


Ly) = (2), 


For tho coefficients y,/ we obtain a lmear system of equations, 
whose determinant 1s W, the Wronskian of the system of funda- 
montal solutions u,, and therefore does not vanish Thus the 
coefficients y,’ are determined, and hence by quadratures the 
coeflicients y, As the whole argument can be reversed, a solution 
of the equation has actually been found, and in fact all solutions, 
in virtue of the integration constants concealed in the coefficients 
Yt 

We leave it to the reader to show that the two methods are 
really identical, by expressing u(a, ¢), the solution of the homo- 
geneous equation defined above, in the form 


ula, €) = Lal So). 


Tho latter method is known as variation of parameters, 
because here the solution appears as a linear combmation of 
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functions with variable coefficients, whereas in the case of the 
homogeneous equation theso coefficients wero constants. 


Heample —We consider the equation 
‘ 
uh — 9 oF = net, 
% a 


By p. 443, a system of fundamental solutions of the coecaponding 
homogencous equation 


é? 
4g to 0 
" x Bs ra 


1s given by % = a, u, >= 2% THonco if wo sce solutions of the form 

Uae Ye f- Ygr?, 
we havo the conditions 

¥1'% + Yq? = 0, 

Ya + 2y9'0 = we” 
for y, andy, ‘That 1a, 

vil == re, yy! == 6 

Hence the general solution of the origmal non-homngencoua equation is 


w= we -+- 0,0 - 642", 


4, Forced Vibrations, 


As an application we shall give a brief account of a method for 
dealing with forced vibrations, in which tho mght-hand side of 
the differential equation need no longer bo a pouodio function, 
as In the cases considored wn Vol. I, Chap. XI, soction 3 (p. 510), 
but may imatead bo an arbitrary continuous function f(f). Tor 
tho sake of simplicity wo restrict ourselves to tho caso whore 
there is no friction and take m= 1 (or, what amounts to the 
same thmg, divide through by m). We accordingly writo the 
differential equation in the form 


Ht) + 1n(e) = bd), 


where the quantity «* is what wo pioviously called %, and the 
external force is denoted by ¢ instead of f. 
According to p, 446, the function 


Fi) = : i “@(A) sumic(t —~ A) 
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1s a solution of the differential equation # + re = (6), and satis 
fies the initial conditions 


F(0) == 0, #(0)== 0, 


For the genoral solution of the differential equation we thua 
obtain, Just as before, the function 


a(t) == : i} H(A) sinic(t —~ A}dA +- eo, sinict -- 6, Cos Ke, 


where ¢, and ¢, are arbitiary constants of integration 

Tf, in particular, the function on the right-hand sido of the 
differential equation 18 a purcly periodic function of the form 
sinew? or coswé, a simplo calovlation shows that wo again obtam 
the results of Vol, I, Chap XI, section 3. 


Tx aMPLEs 


1*, Prove that the lmoar homogeneous equation 
Ely) = yO) + oyyD pe cert Cais!’ + oy = 0 
with constant ooefficienta ¢ has a syatom of fundamental solutions of the 
form @e7k*, whero the a's are the roots of the polynomial 
F(2) = a -}- ot -|- ast -|- Ons 

2. Integiate tho followmg cquations 

(@) y”’—y=9 (b) oy! — dy” -b By’ — 2y = 0, 

(0) yf — By" + By — y= 0 (a) yf — BY” + 2y =O. 

(2) ay” + ay’ — y= 0 

3 Let 

Gol ty wo ayy) = Pe) 


bo a lear non-homogoneous differential equation of the 2-th oder with 
constant coefficients, and lot P(x) bo a polynomial. Lot a, + 0 and consider 
the formal identuty 


i] 
a +}. },¢ 4- 0,03 angie 
<a ae Bg “byt 4- bf" + 
Prove that 

Y = byP(a) + b,P (a) + O,P( a) + aos 


18 & particular integial of tho differential equation, 
Tf dg = 0, but a, + 0, thon the expansion 


I yes ; ma 
Gyt a Fs  agl® ut sf Ug + Ob - byt Fieve 


(8 912) 16 
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is possible Prove that now 
yb f Pla)de + Uo (2) + UPR) + bP") oa 
ig a parlucular integral of the differential equation 
4, Apply the mothod of Ex 8 to find pat tucular integials of 
(a) y+ y= 3V~ Sry, (8) oy by Ss (Ly 
6, A particular integral of tho equation 
ay kay’ +. «+ a,yO = oe P(e), 


whoto A, ay 4; are real constants and P(r) 19 a polynomial, oan be 
found by mtroducmg a new unknown function z = 2x) given by 


y= ze! ®, 


and applying the method of Ex 3 to the equation im z 
Use this method to find particular mtegrals of 


(a) of! + dy’ + By = Be, (B) oa" — Dy’ + y= act 
@ Integrate the equation 


y” — By’ -+ By = e&(a? — 3) 
completely, 


6. Gentrat Remarks on DirrerentiaL Equations 


Although a complote theory of differential equations would | 


extend far beyond the compass of this book, we shall horo sketeh 
at least the eloments of a genoral method for their treatment 


1 


t 


| 
1, Differential Equations of the First Order aud their Goomotrieal 


Interpretation. 


We begm by considering a differential cquation of the first | 
order, that 1s, an equation in which tho first demvativo of the 
function (x), but no ngher derivative, occurs m addition & # 
and y(%) The general exprossion for a differential equation, 
of this type is 


F(a, y; y’) = 0, 


[ 


where we assume that the function F 16 a continuously differen: *, 


I 


tiable function of 113 threo arguments v, y, y/ Woe now attempt 


to visualize the geometrical meaning of this oquation. In tha 
points of a plane region with rectangular co-ordinates (%, ¥), 
this equation presoribes a condition for tho direction of thd 
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tangent to any curve y(«) which passes through ths poimt and 
satisfies the differential equation We assume that m a certain 
region J? of a plane, say m a rcctangle, the differential equation 
F(a, y, y') = 9 can be solved uniquely for y’, and thus expressed 
in the form 

y =f(%, ys 


where the function f(a, ¥) 18 a contmuously differentiable function 
of gand y. Then to each point (a, ) of # this differential equation 
y = f(a, y) asmgns a “duection of advance” The differential 
equation 18 therefore repiesented geometucally by a field of 
diyectons, and the problem of solving the difterential equation 
geometrically consists in the findmg of those curves which belong 
to this field of dnections, that 18, whose tangents at every pomt 
have tho direction pro-assigned by the equation a’ = f(z, ¥) 

Wo call these cmves the entegral cuves of the defferentral 
equatron, 

Tt 18 now intuulively plausible that through each point (x, y) 
of # there passes just one integral curve of the differential equa- 
tion y/ = f(e, y) These facts aro stated more precisely m the 
following {fundamental oxistenco theorem: 

If un the dafferenteal equation y’ == f(x, y) the funchron f ts con- 
tenuous and has a continuous derwalwe with respect to y in a region 
R, then through each pout (xo, Yo) of R there passes one, and only 
one, untegral curve, that 13, there exists one, and only one, solution 
y(x) of the dafferentral equation for which y(Xo) = Yo. 

Wo shall return 10 tho proof of this theorem 1m sub-section 4 
(p. 459), Tore wo confine ourselves 10 the consideration of some 
examples 


For the difforential oquation 
; e 
i ia tices 
which wo consider in the rogion y < 0, say, the direction of the fiold of 
dnostions 18 roadily soon to be porpendioular to the vector from the origin 
to the point (w, y), From this we infer by goometry that the ciroular arcs 


about the orlgin must bo the integral curves of the differential equation 
This result is very onsily voulfled analytically Tor from the equation of 


these oireles, 
y= Vf (? — 2%), 
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16 follows at once that 


@ 
? = — — 
ye aa ay 
which shows that these circles satisfy the differential equation. 
At each point tho field of duections of the differential cquation 


¥ 
‘— 
y & 


obviously has the direction of the lme jommg that pomt to tho oiigin 
Thus the lines through the o11gin belong to this field of direotaons and aro 
therafore mtegral curves As a matter of fact, we seo at once that tho 
function y= ox satisfies the difforontial cquation* for any atbitiary 
constant 6 

In the same way we oan verify analytically that tho difto: ontial equations 


y! = (y = 0) 
and 


peers | 
yan heme 0) 
are satisfied by the respective famulios of hyporbolas 
y= WAC “+ 23), 
hs 
y a 
where o is the parameter spedifying the particular ourve of the fomily. 


Our fundamental theorem shows m general that differentral 
equations of the first order are satisfied by a one-paramotor 
family of functions, that is, by functions of « which depend not 
only on but also on » parameter o (for example, on o== == y(0)); 
43 we say, the solutions depend on an arbitrary constant of 
integration The ordinary mtegration of a function f(a) is morely 
& special cage of the solution of this differential equation, namely, 
the special case m which f(@, y) does not mvolve y. All the 
directions of the ficld of directions are then determined by the 
@-co-ordinate alone, and we see at once that the integral ourves 
ate obtamed from one another by translation m the direction of 
the y-axis, Analytically this corresponds to the fannhar fact that 
mm indefimte mtegration, that 1, in the solution of the differential 

* At the origin the field of directions 18 no longer uniquely defined; this ia 


conneoted with the fact that an mfinito number of imtegral ourves pags through 
this “mngular pont” of the differential equation P 
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equation y’ = f(z), the function y involves an arbitrary additive 
constant 6 

Tho geometrical interpretation of the differential equation 
now enables us to carly out an appromumate graphical wmntegration, 
that 18, a graphical construction of the integral curves, m much 
the same way as mn the special case of the mdefinite integiation of 


10 lk 


Fig 10 —Directlona of the integral curves on the isoclines in fig 12 
Big 11 Solutions of 9’ = V(x" + yf by the isoctinal method 


a function of # (Vol I, pp. 119~21) Wo have only to think of the 
integral curve as replaced by a polygon m which cach side has 
the direction assigned by the field of directions for 11s uutial point 
(or for any other one of its points}, Such a polygon can be con- 
structed by startimg from an arbitrary point in R. The smaller 
we take the longth of the sides of the polygon, the greater the 
accuracy with which the sides of the polygon will agree with tho 
field of directions of the differential equation, not only at their 
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initial pots but throughout ther whole length. Without going 
inte the proof, we here state the fact that by successively 
dummshing the length of side a polygon constiucted in 
this way may actually be mado to approach closer and closer 
to the mtegral curve through the muriial point for this 
process f(x, y) need not be givon exphertly; 16 need only bo 
given graplucally 

Such a graphical mtegration is froquently carried ows m 
practice by the so-called 2soclnal method The ficld of dunections 
ig represented by jommmg pomts with the same dnection by 
curves (ssoclines), that 1s, by sketchmg the family of curves 
f(z, y)==e= const, To every value o of this constant thero 
then corresponds a definite duection which can, for example, 
be skotched im an auxihary figure An integral curve must thon 
cut every isochne in tho corresponding direction obtained from 
the auxilary figure, and the construction of tho integral curves 
is therefore easily carried out by drawing parallels 


2 a 
Img 11 shows the graphical mtegration * of y/ = viet) Tere 


the rsoclines are half-lnes through the omgm The corresponding direstions 
y’ agree with the correspondimgly-numbered directions m tho auxihary 
fig 10. 


2 The Differential Equation of a Family of Curves. Singular 
Solutions, Orthogonal Trajectories. 


The existence theorem shows that a family of curves corre 
sponds to every differential equation, Tlis suggests the question 
whether this statement is reversible, In other words, does every 
one-parameter family of curves A(z, y, c)== 0 or y= g(@, 6) 
have 4 corresponding differential equation 


F(a, Ys y’) = 0 


which is satisfied by all the curves of the family, and how can we 
find this differential equation? Here the essential point is that o, 
the parameter of the farmly of curves, does not occur im the 
chfferential equation, so that the differential equation 1s m a 
sense 4 representation of the family of curves not involving a 

* This differential equation oan be integrated exphatly by mtroducing 


polar co ordinates, but the result of this exploit mtogration is by no moans 
so clear aud casy to discuss. 
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xx In fact, 1t 1s easy to find such a difterential equation 
jating the equation 


pla, ¥, 0) == 0 
pect to w, we have 


ga dyy’ = 0. 


is not identically zero, and if we cluminate the parameter 
an this oquation and the equation ¢= 0, the result 1s 
od differential equation Tlus clmmation 1s always pos 
a region of the plane in which the equation ¢= 0 can be 
or the parameter ¢ m terms of @ and y. Wo thon have 
subsiitute the expression c= o(x, y) thus found in tho 
ons for 4, and 4, 1n order to obtain a differential equation 
ainily of curves, 


first examplo we conaide. the family of concent circles 
-@= 0, from which, by dtferontiation with respeot to a, wo 
10 difforontial equation 


a+ yy’ = 9, 


nent with p, 461, 
Lor example 18 tho family (~ — o}® +. 4? = 1 of oiroles with umt 
ad centre on tho a axis By differentiation with respeot to @ we 


(@ — 0) -+ yy’ = 0, 
sliminating o wo obtain tho differential oquation 
l—ys yy? or Wl + yg?) = 1 


Family y == (@ — o)* of parabolas touching tho a-nxis likewise leads 
of the oquation y’ = 2(1 — ¢) to the required differontial equation 


a La] dt * 


the last two cxamples we seo that the corresponding 
ntial equations aro satisfied not only by tho curves of 
oily, but in the first case by the lnes ¥y== 1 and y= —1 
1 the second case by the wazs y= 0 also These facts, 
can at once be verified analytically, follow without calen- 
from the geometrical meaning of the differential equation, 
ese lines ato the envelopes of tho corresponding famuly of 
; and smco the envelopes at cach point touch a curvo of 
nily, they must at that point have tho direstion proscribed 
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by the field of directions Therefore every onvelope of a family of 
integral curves must itself satisfy the diferontial oquation. 
Solutions of the differential equation which are found by forming 
the envelope of a one-parameter family of mtegral curves are 
called sungular soluteons,* 

Tf to each pomt P of a region R which 1s sumply covered by 
a one-parameter family of curves D(x, y)= o= const, we 
assign the direction of the tangent of the curve passing through 
P, we obtain a field of directions defined by tho differontial 


equation y! = — ee (seo above) If, on the other hand, to each 


¥ 4 
point P we assign the direction of the normal to the curve passing 
through 1, the resultmg field of directions 1s defined by the 
differential equation 


The solutions of this differential equation are callod the ortho- 
gonal thajectores of the omgmal family of curves P(x, ¥) = 0 
The curves ® =o and thew orthogonal trajectorics intorseot 
everywhere at right angles. Henco xf a family of curves is given 
by the differential equation y’ = f(w,y), we can find the difforontial 
equation of the orthogonal trajectories without integrating the 


* It is remarkable that we oan find singular solutions of a differential equation 
F(x, y, y’) = 0 without integrating the differontial equation, that is, without 
aving the one parameter family of ordinary solutions to atatt from. For wo 
recall that by our fundamental theorem the aolution of the differontial equation 
is wnaguely detormmed in the nexghbourhood of a pomt (vz, y) whon in this 
neighbourhood the differential equation can be written in the form a = fla, 7), 
whore f(x, 7) 18 & continuously ‘differentiable function It follows that at tho 
points through which both a member of the family and also o singulm solution 
pass, such an expression must be impossible In the neighbouihood of this 
point (x, y) the differential equation J'(x, ¥, 4’) cannot have a solution in tho 
above form The theorem on imphoit functions nm Chap IIT, aootion 1 (p 117), 
however, states that such a solution 18 possible if Fy +: 0 at the place in question, 
We thus find that a necessary (but by no means a suflorent) condition for a 
pot of a singular solution 1s that the equation 


5 Elm yy) =0 


18 aatasiied If we eliminate y’ between this equation and the given difforential 
equation, we obtain an equation between x and y which the singular solution 
must aahafy (if 1b exists) The examples above confirm this rule Thus from 
the differential equation y*(1 + y*) = 1 we obtain the equation y%y' = 0 b 
chfferentiating with respect to 4’, From those two relations we have y* = I, 
ory = +1, which are the singular solutions found above, 
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given differential equation, for the equation of the orthogonal 
trajectolies 18 


y = i 
F(a, 9) 


Tn the examples discussed above, from the differential equation satisfied 
by the oucles V (a3 -+ y*) == ¢ we find that the diffeential equation of the 
orthogonal trajyeotories 18 y’ == y/a, Tho orthogonal trajectories are there 
foro straight hnes through the origin (sce p 462) 

Tf » > 0, the family of confoonl parabolas (of Chap, III, p 137) 
y? — 2p(e + p/2) = 0 satisfies tho differential equation 


y= 7 (a + a/(a8 + ¥%)) 


Hence the differential equation of the orthogonal trajectories of this 
family 18 


Pig cho eat seven 4 4 
US (et Jet Ay i ae oe 


The solutions of this differential equation are the parabolas 
y° — pla + p/2) = 0, 


where » < 0, which are parabolas confooal with one another and with the 
ourves of the fist family, 


8. The Integrating Factor, (Euler’s Multiplier.) 
If we write tho differential equation y' == f(x, y) m the form 
dy — f(a, y) du = 0, 


where dw and dy are the differentials of the independent and 
dependent variables respectively (for tho idea of the differential 
see Chap, IT, p 66), and multiply by an arbitrary non-vanishing 
factor b(@, y), wo arrive at an equivalent differential equation of 
the form 

a(x, y) de -- b(m, y)dy = 0. 


The problem of the genoral solution of the differential equation 
consists in finding a function y(x) such that this dilerential equa- 
tion for the differentials dx and dy 1s satisfied identically in 2, 

Th one case such a solution can be givon immediately; namely, 
when the expression ada -+- bdy is the total differential of a 


function F(a, y), that is, if a function F(a, y) exists for which 
(R012) 168 
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a= OF /oeandb== OF /oy The differential equation thon becomes 


af == 0) 
This is solved if we put 
(x, y) = 0, 


Where ¢ 18 an arbitrary constant of integration co, and fom this 
equation wo calculate y as a function of # and of the constant 
of integration ¢ 

According to Chap V (p 354), a necossary and sufficient 
condition that ada-}bdy may be tho total differential of a 
function F 18 that the condition of mtogrability a/Oy = 0b/O2 is 
satisfied If this condition 18 satisfied, tho lino mntogral of the 
expression ade -+- bdy 1s mdependent of the path and for a fixed 
intial point P, represents a function F(a, y) of the ond-pomt 
P with co-ordinates (#, y), and this function J gives us tho 
above solution 

Tn general, the coeffiaents a and b of a diffcrential equation 
ada -+- bdy = 0 do not satisfy the condition of integiability This 


is true eg for the differential equation da -- z dy == 0. We can 


then attempt to multiply the differential equition by a factor 
(2, y) which 1s chosen in such a way that aftor tho multipheation 
the coeffinents do satisfy the condition of integrability, so that 
the differential equation can be solvod by evaluating a imo 
integral along a particular path, that is, by a simple integration. 
Th our example p(x, y) = 2 18 such a factor Tt leads to tho 
differential equation eda -[- ydy = 0, tho left-hand sido of which 
18 the differential of the function g(a? + y®), Thus in agrooment 
with the previous result on p 451 the solutions of the difforential 
equation are the circles 2? ++ 43 = 20 

In general, such a factor Ha, y), which we call an integrating 
factor or multipher of the differential equation, is determined by 
the condttion that 


@ a 
By #2) = (HB) OF atty — Bjty t- (My — Dy) = 0, 


The still unknown integrating factor p(a, y) is therefore itself 
determined by an équation involving derivatives, and in fact 
partial derivatives with respect to x and y Thus the finding of 
an integrating factor 1s not m theory any simpler than the 
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ouginal problem. Nevertheless, m many cases such a factor 18 
easily found by imal and erro, as m the above example The 
integrating factor, however, is chiefly of theoretical mterest, 
and we shall not discuss 1t further here 


4, Theorem of the Existence and Uniqueness of the Solution. 


We now prove the theorem of the existence and uniqueness 
of the solution of the differential equation y’ == f(x, y) which 
wo stated on p. 451 Without loss of gencrahty we can assume 
that for tho solution y(w) mm question we have 4(0) = 0, for other- 
wiso we could miroduce y— yy = 7 and a — a= & as new 
variables and should then obtan a new differential equation, 
dnjdé = f(E + a, 7-+ Yo), of tho samo type, to which we could 
apply our argument, 

{™m the proof we may confine owselves to a sufficiently small 
neighbourhood of the pomt «== 0, If we have proved the exis- 
tonce and wniquenoss of the solution for such an interval about 
the point # = 0, we can then prove the existence and uniqueness 
for a neighbourhood of one of 118 end-pomts, and so on, 

We first convinco ourselves that there cannot be moe than 
one solutaon of the differential equation satisfying tho initial 
conditions, For if there wore two solutions y,(z) and ya(x), for 
tho differonce d(x) = 4, —~ 42 wo should have 


d(x) = f(a, y(2)) — f@, Yo(@)) 


By tho mean value theorem tho nght-hand ade of this equation 
can be put m tho form (¥,—~ y)fi(e, 9) = Ua)fla, 9), where 7 
is a value intermediate betwoon y, and y, In a neighbourhood 
|v| Sa of tho ongm y, and y, aro continuous functions of « 
which vanish at #== 0, Let b be an uppor bound of the absolute 
values of the two functions im this neighbourhood, so that 
|7| Sb whenovor |z| a Moroover, by M we shall mean a 
bound of | f,| in tho sogion |w| Sa, |y| So. Finally, let D 
bo the groatost valuo of | d(w)| mm tho mterval |z| a We 
suppose that tls value 1s assumed ab o= § Then 


| d'(a) | = | de) fy, 9) | S DM, 
and therofore 
D=\ao| =| f-ae)de| | | Ds oDM 
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We can choose @ so small that aM <1, for if |f,(a, y) | 18 
less than Min a region [|a| Sa, | y| Sb, it continues to bo less 
than JZ m every region obtained by reducmga But fal <1, 
from Ds aMD it follows that D=0, That 18° m auch an 
interval | z| <a we have* y,(x) = g(a). 

By a smmilar integral estimate wo arrive at a proof of tho 
existence of the solution We construct tho solution by a method 
which 1s also mportant m applications, m particulai, mm the 
numerical solution of differential equations This 1s the procoss 
of teraton or successive approximation lore we obtain the 
solution as the lmut function of a sequence of approximato 
solutions yo(x), ¥,(%), y(e), .. Asa first approximation (2) 
we take y,(z) = 0, Using the difforential equation, wo take 


ula) =f "tlE, 0)dé 


as the second approximation’ from this we obtain tho noxt 
approximation ¥,(), 


sna) =f F(8, wlé))08, 


and in general the (n -+ 1)-th approximation is obtained from the 
n-th by the equation 


ante) =f FE, vaal@ag 


Tf m an interval | «| S @ theso approximating functions convorgo 
uniformly to a limit function y(x), we can at once porlorm tho 
passage to the limit under the integral sgn, and for tho mut 
function we obtain the equation 


uta) =f FE, w(e)aé, 


from which 1 follows by differentiation that y' = f(w, 4), 80 that 
y 1s actually the required solution 

We carry out the proof of convergence for a sufficiently small 
interval {| <a by means of the following ostimato Wo put 
Yn+1(2) — Yn(z) = daa) and by D, denote the maximum of 
| d,(x) | mn the mterval | «| <a 

* The root idea of this pect 18 the faot that for bounded intogiands inte 


gration gives & quantity which vanishes to ho snme order as tho inlorval of 
Integration, as that interval tends to zero 
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From the equation 
dy (a) = Yuta — Yn = L(G: Yn) ~£@ Yona) 
the mean valuo theorem gives 
di, (2) = dna(2) f,(2 Gn—1(2))s 


whore ¥,-; 18 a value intermediate botween ¥, and #,.1. Lot the 
inequalities | f(x, y)| SM, | f(a, y)| SM, hold im the rect- 
angular region |v| Sa, |y|<6. If wo assumo that for tho 
function y, the relation | y,| 5 holds in the interval | «| S a, 
then by the definition of 7,4, we have 


[FG yeas 


We shall therefore choose tho bound a for ¢ so small that 
aM,<6, Then in the mtorval | «| Sa wo shall certamly have 
| Yors(@) | Sb. Since for yo(a) = 0 it 18 obvious that | yy} < 8, 
in the interval | «| S @ we have | y,(%)| S08 for every n. Hence 
in the equation 


| Yars(@) | = S|o|M, SoM, 


dnl) =f ‘fib Gal)) du) de 


we may estimate the integral on tho nght by using | /,[ <M, 
and for tho maximum Dy, of | dy44(#) | in the intorval | «| S a 
we thus at once obtain 


Dass s aD nt 


We now take a so small that aM < ¢ <1, where 71s a fixed 
propor fraction, say g== 3%, Then Day SqgDy Sq" Dy. 
Let us now consider the series 


doa) + dy() + dal) oe + y(t) Pree s 


The »-th partial sum of this sories is 4/,(@) Tho absolute value 
of tho m-th term is not groater than the number Dyg"-+ when 
|| Sa, Our sores is therefore dommated by a convergent 
geometric sories with constant terms, Hoenco (of, Vol. I, p, 3892) 
16 converges uniformly an the interval | #| S a@ to a limit function 
(a), and thua we seo that an interval | @| S@ oxsts in which 
the differential equation has a unique solution 

All that now .emains to be shown 1s that this solution can 
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be extended step by stop until rt reaches tho boundary of the 
(closed bounded) region R m which wo assumo /(%, y) to bo 
defined The ptoot so far shows that if the solution has beon 
extended to a certam point, it can be contmued onwaid over 
an wnterval ot length a, where a, however, depends on the 
co-ordimates (x, y) of the end-point of the portion alicady con- 
structed It might be magmed that this advance a diminishes 
from step to step so rapidly that the solution cannot be ox- 
tended by mote than a small amount, no matter how many steps 
are made ‘This, as we shall show, 1s not the case 

Suppose that 2?’ is a closed bounded region ontuoly within 
R Then we can find a 6 so small that for every port (%p, %o) 
in R’ the whole square %—-b Se Sat b, y—-b Sy Syyth 
hesin R Ifby M and M, we denote the upper bounds of | f(a, y) | 
and | f(x, y)| m the region R, then we find that m the preceding 
proof all the conditions imposed on @ are cortamly satisiod 1f 
we take a to be, say, the smallest of the numbors 8, 1/2/14, and 
b/M, This no longer depends on (%, Yo), hence at cach stop 
we can advance by an amount @ which 1s a constant Thus we 
can proceed step by step until we reach the boundary of &’. 
Since R’ can be chosen as any closed region 1n R, we seo that tho 
solution can be extended to the boundary of R. 


5 Systems of Differential Equations and Differential Equations 
of Higher Order. 


Many of the above arguments extend to systome of differential 
equations of the first order with as many unknown functaons of 
a as there are equations As an example of sufficient generality 
we shall here consider a system of two differential equations for 
two functions y(z) and ¢(x), 


y =f (2, y, 
a! == g(m, Y, 2). 


We again assume that the functions f and g are continuously 
differentiable This system of differential equations can bo 
interpreted by a field of directions m ayz-space To the point 
{z, y, 2) of space a direction is assigned whose direction cosines 
are in the ratio da:dy de=:1'f g The problom of integrating 
the differential equation again consists, geometrically speaking, 
in finding curves 1n space which belong to this field of directions, 
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As in tho case of a single differential equation, we again have 
the fundamental theoiem that through overy pomt of a region 
4 in which the above functions are continuously differentiable 
thore passes onc, and only one, mtegral cuve of the system of 
differential equations The region R 1s covered by a two-para- 
meter family of curves in space Theso give the solutions of the 
aystom of difterential equations as two functions y(x) and 2(x) 
which both depend on tho independent vamable x and also on 
two atbitrary parametors ¢, and ¢, the constants of integration, 

Systoms of differential equations of the first order are par- 
ticularly impoitant in that equations of higher oider, that 1s, 
differential equations in which deuivatives higher than tho fist 
occur, can always be reduced to such systems 


Tor example, the differential equation of the second order 
yg! == Ia, ys ¥') 


oan bo written as a syatem of two differential equations of the first order 
We have only to take tho first derivative of y with respect to # as a now 
unknown function z and thon write down the system of differential equations 
y! = % 
a! = h(a, 4, 2) 
This ig oxactly equrvalont to tho given difforontlal equation of the second 


orclor, in tho sense that evory solution of tho ono problem 1s at the same 
famo a solution of tho other. 


Tho roador may uso this as a starting-point for tho discussion of the 
lincar differential equation of tho second order, and thus prove the funda 
montal existence Uhoorem for lincar differential oquations 


Here wo cannot enter into further discussion of those questions, 
and for Wlustrations of these general romarks we shall merely 
rofer 10 the differential equations of tho second order which we 
havo dealt with above (of pp 442, 448), 


6, Integration by the Method of Undetermined Coofficients. 


In conclusion, we mention yot another general device which 
can frequontly bo applicd to the mtogration of differential equa- 
tions. This 1s the method of integration by power series, We 
assume that in tho differential equation 


y =f@ 9) 
the function f(@, y) can be expanded os a power series in the 
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vanables ¢ and y and accordingly possesses derivatives of any 
order with respect to w and y, Wo can then attempt to find the 
solutions of the difterential equation m the Jorm of a power sores 


Y= Cb Ott Ot? -F oes 


and to determine the coofficicnts of this power series by means 
of the differentaal equation.* To do this we may e g. proceed by 
forming the differentiated series 


yf = Cy ~+ 200 -f Bege* +. 


replacing y in the power series for f(x, y) by its expression as 
& power solies, and then equating the coefficients of each power 
of @ on the right and on the left (method of undeternuned co- 
officents), Then if o)=5 ¢ 18 given any arbitrary value, we can 
attempt to determine the coofficients 


Cy Op) Og, Ogy vos 
successively 


The following process, however, is often simpler and more 
elegant, We assume that we are seeking to find that solution 
of the differential equation for which (0) = 0, that is, for which 
the integral curve passes through the ougm Then ¢)= o== 0. 
If we recall that by Taylor's theorem the coefficients of tho 
power series are given by the expressions 


pes 
== + yoo), 
G, 9X0) 


we can caloulate them easily In the first place, ¢,= y’(0)=/(0, 0) 
To obtaia the second coefficient c, we differentiate both sides of 
the differential equation with respect to # and obtam 


YO=f, + fy 


Tf we here subsixtute a = 0 and the already known values y(0) == 0 
and 4'(0)==/(0, 0), we obtam the value y(0) = 2¢,, In the same 
way we oan continue the process and determine the other co- 
efficients 65, 0,,. , one after the other. 
Tt can be shown that this process always gives a lin if 
* The first few terms of the series then form a polynomial of 4 hig beerandlis 


to the aolution ‘To a certain extent, therefore, the method 18 the analytical 
counterpart of the approximate graphical integration mentioned on p, 453, 
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the power sorlos for f(x, ¥) converges absolutely m the intenor 
of a oncle about & = 0,y== 0 Woe shall not give the proof here. 


BWVAMries 


1. Vouty that the loft hand sides of the following differential equations 
aro total difforontials, and intogiate the equations 


(a) (82% + Oay*)de + (Ory + 4°) dy = 0, 
gy) huey 4 yde— dy _ 
Vip at gt at yh 
2 Show how to solve the equation Mdz + Ndy = 0, where M and N 
are homogeneous functions of the same degreo, 
8, Tntogiato the equation 
(ay* — 4°) da +- (1 — ay*)dy = 0, 
which haa an. intograting factor dependent of a, 
4, Intograte the oquation 
Dy dae -}- (Buy® ~ Udy = 0, 
and from its gencral mtogral alate an integrating factor. 
6. Let 
f(t, y, 6) == 0 


be a family of plane curves. By olimmating the constant o between thy 
and tho equation 


we gob the difforontial oquation 
Fa, y, ') = 0 
of the family of ourves (of. p. 4551, Now lot 9(p) be » given function of p, 
a curve O antistying tho differential equation 
F(w, ys oly')) = 0 


ia called o trajectory of the family of curves f(w, ¥ 0) = 0, The second 
and third sguations show that 


y’ = oY’) 


is tho rotation botweon the slope Y’ of O at any given point, and the sleps 
if of tho ourve f(a, y, ¢) = 0 passing through this point, The most smpor 
tant onse is o(p) = --L/p, leading to the equation 


ron 3)=8 
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which 1s tho differential equation of the orthogonal ti apectortes of the farnily 
of curves (of p 456) 

Use this mothod to find tho orthogonal trayectoues of tho following 
familica of cuives 


(2) B+ e+e —-l=0 @) yor’ 


(ce) Oe. ea ey (a>b>0, —b'<o< &) 


(@) y= cosa-e (ec) @— eh + yaar 
In each caso draw the graphs of the two orthogonal familics of oni vos 


6 For tho family of Imes y = cv find tho two families of traycototos 
in whioh (a) tho slope of the trajectory is twsco ag argo a3 tho elopo of tho 


lino, (8) the slope of tho irayeotory 1s equal and of opposite sign to tho 
slope of the hne 


7. Difforential equations of the type 
y= apt Up), p=y’ 


were first investigated by Clairant Dafforontinting, wo gob 
let HONE = 0, 
% 


which gives » = ¢ = const, so that 
y= 20+ $(6) 


is did general mtcgral of the differential equation; it reproaonts a foinily 
of straight lines Anothor solution is 


a= — (9), 
which together with 


y= —pb'(p) + Up) 


gives a parametric representation of the so onlled singular integral, Nota 


that the curve givon by the last two equations 1s the envelopo of tho family 
of lines. 


Use this method to find the singular solutiona of the equations 
= op — 2 
(9) y= up — 
(0) y= ap +e 

&, Find the differential equation of tho tangents to the catonary 


a 
y = @ cosh - 
: a 


9, Lagrange investigated the most general differential equation whioh 
is Imear in both # and y, namely, 
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y = 29(p) + WP). 
Differentiating, we got 


p= op) + [a9'(n) + Von 


which 18 equivalent to the linear differential equation 
de op) og VP) 


dp op)—p —ap}—p 

provided »(p}-— p = 0 and p 1s not constant Integrating and using tho 
first equation, we got a palametio reprosentation of the general integral 
From the seoond equation wo seo that the equations o(p)— p = 0, 
p= const. [oad to a cortam number of smgular solutions reprosentmg 
straight hnes, 

The solutions can be mtorpreted goometioally as follows. Consider 
the Clairaut equation 


y= ep + oLo-"p)), 


where 9-1) 18 the inverse funotion of (9), io. p?(@(p)) = @. From this we 
seo that the solutions of the difforentinl equation aro a family of trajeo- 
tories of the family of straight Imes 


y = #0 + d[o~{eo)], 
y= wp(c)-- dc) (6 == const,), 


or 


Thus og, 
we 
y= —- + Hp) 
p 
is the differential equation of the mvolutes (orthogonal trajestorios of the 


tangents) of the ourve which ropresents the smgular integral of tho Clairaut 
equation 


] 
~o+ 4-2) 
y= ap + tb 5 
Use this method to mtograto tho equation 
y= a(p + a) — {p+ a)% 


10, Rixpress, when possible, tho miegrals of the following differential 
equations by clemontary funotions’ 


ay’ = 1 ~— 7! dy a c— ei 
(a) (w es (0) () L— 

a" Faacd 2a y ( . = 1— 
{o) ade og (d) v (tL ry 


In each cage draw o graph of the family of integral curves, and detest the 
singular solutions, if any, from the figures, 
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Il, A differential equation of the form 
fay y= 0 


(note that # does not ocour expliatly) may be reduocd to an equation of 
the first order aa follows Choose y as the mdepondont vaniablo and p = yf 
as the unknown function Then 


y! = 0, y= dp _ ip YY _. p’p, 


and the differential equation becomes f(y, p, pp’) == 0. 

Use this method to solve the following problom 

At a variable pomt © of a plane curve I’ chaw the normal to I’; mark 
on thw normal the pomt N where the normal meots tho # axis and O, the 
centre of curvature of Tat M@ Find the curves such that 


MN MC = const =k 
Discuss the various possible oases for > 0 and & <0, and draw tho 
graphs 
12*, Fund the differential equation of the third order satisfied by all 
oirdles 
x? + 8 +. Qa -+ 2by + 6= 0, 


13, Integrate the homogencous equation 


3 y\t 
(ay _ r) mm (a: — °) (oxo s10 ¥) 


and find the singular solutions 
14*, Solve the differential equation 


1 
ila dal 


with y(0) = 1, y(0)= 0, by meana of a power series. Prove that this 
function 1s identical with the Bessel function J,(z) defined in Ex 4, p 223. 


6. Tun Potentian or Arrraotina CHarars 


Differential equations for functions of a single independent 
variable, such as we have discussed above, are usually called 
ordimary differential equations, to mdicate that they involve 
only the “ordmary” derivatives of functions of one im- 
dependent variable In many branches of analysis and its 
applications, however, an wmportant part 1s played by partial 
differential equations for functions of several variables, that is, 
equations between the variables and the partial derivatives of 
the unknown function, Here we shall touch upon some typical 
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cases of partial diflerential equations, and shall begm by con 
sideng the thoory of attractions 

Wo have already considered tho fields of force produced by 
masses according to Nowton’s law of attraction, and we have 
represented them as the gradient of a potential © (cf, Chap. IV, 


p. 283 e6 seq) In this section we shall study the potential m 
somowhat greater detail.+ 


1. Potentials of Mass Distributions, 


As an extonsion of tho cases considered previously we now 
take » as & postive or negative mass or charge Negative 
masses do not enter into the ordmary Newtonian law of attraction, 
but they do occur m the theory of electricity, where mass 18 re- 
placed by electric charge and we distinguish betweon positive 
and nogative clectiicity, Coulomb’s law of attracting charges 
has the samo form as the law of attraction of mechanical masses 
Tf a charge p@ 18 concontrated at a single pomt of space with 
co-ordmatos (€, 7, £), wo call the expression p/r, where 


pan {9 — E24 (y— 9) -+ @ — OF}, 
the potental | of this mass at the pomt (a, y, 2). By addmg up 
a numbor of such potontials for difiorent “ sources” or “ poles ” 
(2;, a €) wo oblam as before (cf. p 283) the potential of a 
aystom of paiticles 
(D) == > a 
tvs 
The corresponding fiolda of force are given by the expression 
j= ygrad®, whore y ia a constant independent of the masses 
and of thoi pos:tions, 
If tho masses, instead of bemg concentrated at single points or 
* sources’, are distributed with density p(é, 9, ¢) over a definite 


portion FR of &Z-spaco, we have already taken the potential of 
{his mass-distribution to be 


hs =f f fEdédnat. 


* An oxtonsive litoratmo is devoted to this important branch of analysts; 
seo, of , Kollogg'a Foundations of Potential Theory (Springer, Berlin, 1929) 

+ Wo could call this@ potential of the mass Any funotion obtained b adding 
an arbitrary constant to this could equally well be called 4 potential of the mana, 
since if would give the samo fold of force, 
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Tf tho masses are distributed over a surface S with surface- 
density 4, then the surfaco integral 


(u, v) 
ffee2a 


taken over the surface S$ with surface clement do represents the 
potential of this surface, uf the surface is grven parametrically 
(p 159 ef seq) by wu, v as parameters 


For the potential of a mass distributed along a curve we 
likewise obtaim an expression of tho foim 


(s) 
jt 


where ¢ is the length of arc on this curvo, j(s) the linear donsity 
of the mass, and r the distance of the point (a, y, 2) fiom the 
point S of the curve 


For every such potential the surfaces 


® == const 
represent the equipotentral surfaces or level surfaces * 


As an example of the potential of a hme distrybution wo take this 
case: a mass of constant linear donsity 4 18 distributed along the segment 
~} S235 +2 of the zax13 Wo consider a pomt P with co ordinates 
(x, y) m the plane z= 0, if for brovity we introduce p = 4/(«? + y*), 


the distance of the point P from tho ongm, we obtain the potential in the 
form 


+i az 
Oe, y= uf Viet aT 0. 


Here we have added a constant O to the mtegral, which does not affect 
the field of force derrved from the potential The mdefinite mntegral on the 
nght oan be evaluated as in Vol I, p 213, and we obtam 


de z z+ 4/(# + 0%) 


* Curvea which at avery point have the direction of the force yeotor ara 
called ines of force The hnes of force are therefore curves which evorywhere 
intersect the level surfaces at right angles We thus seo that the families of 
lines of force corresponding to potentials generated by a mngle pole or by o 
fimto number of poles run out from those pe as if from a source In tho 


case of a single pole, for example, the lines of force are simply the straght lines 
passing through the pole 
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ao vhat the potential mn tho ey-plane 15 given by 


D(a, y¥) = 2y log vere +. 0, 


To obtain the potential of a lno extending Lo infimty in both direstiona 
we give the value —2p log 2! to the constant * C and thus obtam 


aL af 
D(a, 7) == 2p log tyre — 2p loge, 


Tf we now let tho Jongth 7? morcase without hint, that ia, 1f we lot the 
length of tho line tend to mnfimty, tho oxpiession {J-+- 4/(2 + p%)}/21 tends 
to unity, and for tho muting valuo of D(a, ¥) we obtain the expression 


D(a, y) = —2 logo, 
Woe thus seo that apart fiom the factor —2y, the eapreasion 
log p = log 4/(a* + y*) 
is the potential of a straight line perpendicular to the xy plane over which 


& mass 18 drsteibuted uniformly, 


In addition to the distributions pieviously considered, 
potential theory also deals with so-called double layers, which 
we obtam in tho followmg way, We suppose that at the pomt 
(é, 9, ¢) a charge Mf 1s concentrated and at the point (& -+ A, , 2) 
a charge —/M 1s concentrated, The potential of this par of 
charges 18 givon by 


@ = eee. eee 
V(a— EP + (y — a+ (2 0 
- M 
V(a— E— A+ (y— n+ &— OF 
If we lot A, the distance belween the two poles, tend to zoro 
and at the samo time lot the chargo M imereaso without hmut 


mm such a way that J 18 always equal to —y/h, where p is a 
constant, ® m the hmrt 1ends to the expression 


2G) 
MOEN 
We call this expression the potential of a dypole or doublet with 


* Wo mako this choles in ordor that in the passage to tho linut +> o the 
potential @ shall 1smain finite, 
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its axis in the £-direciion and with “moment” ~ Physically *t 
Lepresents the potential of a pam of equal and opposite charges 
lying very close to one another In the same way we can express 
the potential of a dipole in the form 


al 
av\a J 
where 0/dv denotes differentiation m an arbikary duction », 
that of the axis of the dipole, 
If we imagme dipoles distributed over a surface S with 


moment-density p, and if we assume that at each point the 
axis of the dipole is normal to the surface, we obtam an expression 


of the form 
f fois n D2 (2) da 


where 0/@y denotes diffeientiation m the direction of the positive 
normal to the surface (we can, as before, choose erther direction 
of the normal as positive), 7 18 the distance of the pomt of the 
surface (£, 7, £) from the pomt (2, ¥, 2), and the poimt (f, 7, &) 
ranges over the surface, This potential of a double layer can be 
thought of as arising in the followmg way. On each side of tho 
surface and at a distance hk we construct surfaces, and wo give 
one of these surfaces a surface-density ,./2h, the other a surface- 
density ~p/2k At an external pomt those two layers together 
create @ potential which tends to the expression above as h -> 0 
We shall assume that in all our expressions the pomt (#, y, 2) 
considered 1s at a pomt m space at which no charge 1s present, 
so that the intcgrands and thew derivatzves with respect to 
@, y, 2 are contmuous 


2 The Differantsal Equation of the Potential, 


In virtue of these hypotheses we can obtain a relation which 


all our potential expressions satisfy, namely, the differential 
equation 


Daw + Puy “+ ®,, = 0, 
or in abbreviated form 
A® = 0, 


which 18 known as Laplace’s equation, As we have already 
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(Vol J, p. 470) vorified by simplo calvulation, this equation 
1s satisfied by the expression 1/r Tt therefore holds also for all 
the other expressions formed from it by summation or tegration, 
since we can perform the differentiations with respect to 2, y, 2 
under the integral sign, This differential equation 1 algo satis- 
fied by the potential of a double layer, for m virtue of the re- 
voraibiltty of the order of differentiation * we find that for the 
potential of a single dipole the equation 


0 fl res 
as) = gs? 
holds, 

Laplace’s equation 18 also satisfied by the expression 
log »/(a? +- y*) obtained for the potential of a vertical lime, as 
wo can readily verily (cf also Chap II, p 76)  Smce this no 
longer depends on the variable 2, 1b n fact satisfies the simpler 
Laplace’s equation in two dimensions, 


Dy + Oy, = 0 


The study of these and related partial differential equations forms 
ono of the most important branches of analysis We may, how- 
avor, point out that potential theory 1s not by any means chiefly 
dizeoted to tho search for genoral solutions of the equation AO = 0, 
but rathor to the quostion of tho existence and to the vestigation 
of those solutions which satisfy pre-assigned conditions Thus 
& central problem of the theory 1s the “ boundary-value 
problem ”’, in which we havo to find a solution © of AD = 0 
which together with 1ts derrvatives up to the second order 18 | 
continuous in a region R, and which has pre-esaigned continuous 
values on the boundary of 2 


3, Uniform Double Layers. 


Wo cannot entor hore into a more detailed study of potental 
functions, that is, of functions which satisfy Laplace 8 equation 
Au==0 In this subject Gauss’s theorem and Green’s theorem 


bles (& th t) 
* Tf must be noted that the differontiation 3/4 refers to the varie 
and the expression A to tho variables (w, A 2) Moreover, the eeeicore shee 
sidered aa a function of the six varlables (a, ¥,2, £7, 6) is sue 
two acta of variables, and. theroforo satisfies the differential equation 

AD = Det + Oy + Dee = 0 


with respeot to the variables (é, 7, €) also 


A74 DIFFERENTIAL EQUATIONS [Cuar, 


(Chap V, pp. 388, 390) are among the chief tools employed It 
will be sufficient to show by some examples how such mvesti- 
gations are carried out 

We shall first consider the potential of a double layer with 
constant moment-density » == 1, that is an integral of the form 


v=ffE(*) do 


This mtegral has a simple geomotrical meaming Let us assume 
that each pomt of the surface carrymg tho double layer can 
be seen fiom the pomt P with co-ordinates (x, y, 2), that 1s, 
that 1t can be jomed to this pomt P by a straight lne which 
mects the surface nowhere else ‘The surface 8, together with 
the rays joming its boundary to the pomt P, forms a conical 
region FR of space We now stato that the potential of the uniform 
double layer, except perhaps for sign, rs equal to the sod angle 
which the boundary of the surface S subtends at the pont P By this 
solid angle woe mean the area of that portion of the spherical 
surface of unit radius about the pomt P as centre which 1s cut 
out of the spherical surface by the rays gomg fiom P to the 
boundary of S We give this solid angle the posttive sgn when 
the rays pass thiough tho surface S in the same direction as the 
positive normal y, otherwise we give 1t the negative sign (cf 
Tix, 9, p, 408) 

To prove this we recall that the function w= 1/r, when 
considered not only as a function of (a, y, 2) but also as a function 
of (€, 7, 2), still satisfies the differential equation 


Ath = Upp F Uy Uy = 0 


We fix the pomt P with co-ordmates (#, y, 2), and denote the 
rectangular co-ordinates in the conical region # by (£, 9, ¢), and 
by a small sphere of radius p about the pomt P we cut off the 
vertex from R, the residual region we call R, To the function 
w= 1/r, considered as a function of (£, n, ¢) m the region #,, 
we now apply Green’s theorem (Chap V, p 390) in the form 


a Audtindt = If a do 


where S’ 1s the boundary surface of R, and 0/dn denotes differen- 
tiation m the direction of the outward normal Since Au== 0, 
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the value of tho left-hand sido 1s zero * If we have chosen the 
positive normal direction v on S so as to comade with the outward 
normal %, tho surface mtegral on the nght-hand side consista of 
three parts. (1) the surface mtegral 


{fe G)e=ffe() 


over the surface S, winch is the expression V considered above 
(p 474), (2) an integral ovor the lateral surface formed by the 
hnear rays, (8) an mtegral over o portion I’, of the surface 
of the small sphere of radius p Tho second part 1s ZOro, since 
there the normal direction n 18 perpendicular to the radius, and 
therefore 1s tangential to the sphere r= const or tho mner 
Sphere with radius p the symbol 0/dn is equivalent to —d/dp, 
since the outward duection of the normal pomts in tho direotion 
of diminishing values of r Wo thus obtain the equation 


a ada 
vas ff do, 


where on the right we have to mtegrale over the portion T, 
of the small spherical surfaco which belongs to the boundary of 
Rh, It we now wnto the surface eloment on the sphere with 
radius p in the form do = p*dw, where dw is tho surface element 
on the umt sphere, we at onco obtain 


Va —f {dw 


The integral on the right is to be taken over the portion of the 
spherical surface of unit radius lying in the cone of rays, and 
we see at once that the mght-hand mde hag the geometrical 
meaning stated above; 1 18 the apparent magmitnde, except 
for sign, 1f the normal duection on S 1s chosen. so that xt points 


or 


* From this form of Greon’s theorem it follows in general that the surface 
integral f Ll da taken over closed surface must always vanish when the 


function u satisfies Laplace's equation Av = 0 everywhore in the interior ol 
the surface 
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outwards * from the conical region & Otherwise the positive 
sign 18 to be taken 

Tf the surface S 1s not in the smple position relative to 
P desombed above, but mstead 1s intersected several times by 
some of the rays through P, we have only to divide tho surfaco 
into a number of portions of the simpler kind in order to 
see that the statement still holds good Zhe potential of 
the uneform double layer (of moment 1) on a bounded surface 
as therefore, except perhaps for sign, equal to the “ apparent” 
magmiude which the boundary has when looked at from the pownt 
(x; Y, 2) 

For a closed surface we see by subdividing it nto two bounded 
portions that our expression 1s equal to zero if the pomt P 1s 
outside, and equal to — 4 uf 16 18 maide, 

A sumilar argument shows m the case of two independent 
variables that the mtegral 


fe (logs) ds 
ri] oy 


along the curve O, except possibly for sign, is equal to the angle 
wluch this curve subtends at the point P with the co-ordmates 
(a, y) 

This result, ke the corresponding result m space, can alac 
be explamed geometrically as follows Let the pomt @ with the 
co-ordinates (£, 7) lie on the curve O Then tho dorivativo of 
logr at the pomt @ in the direction of the normal to the cuzve 
18 given by the equation 


a _ 20 _ i 
om (logy) = = (log?) cos(y, t) = ; cos(y, 7), 


where the symbol (», 7) denotes the angle between this normal 
and the direction of the radius vector * On the other hand, 


when written m polar co-ordinates (1, 6) the cloment of aro ds 
of the curve has the form 


ee Le 
cos (y, 7) 


* The negative sign 1s explained by the fact that with this cholce of thy 
normal direction the negative charge lies “‘ next" the pomt P, 
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(af, Vol I, pp 266 and 280), so that tho mntogral is transformed 
as follows" 


[£ (ows) ds— [> cos (y, ) stn fas 


The integral on tho right, howover, 1s the analytical exprossion 
of our statemont, 


4 The Theorem of Mean Value. 


As a second appheation of Green’s transformation we 
prove the followmg theo1em' evory potontial function, that 
is, every function u which in a certain region 2 satisfica 
the differential equation Aw = 0, has the following mean valuo 
property" 

Lhe value of the potential funchon at the centre P of an arbitrary 
sphere of radius rv lying completely in the region R 18 equal to the 
mean value of the function u on the surface 8, of the sphere, that as, 


1 m 
ule, Y, 2) = 7 f f Tia 


where u(x, y, z) is the value at the centre P and fi the value on the 
surface 8. of the sphere of radius r 

To prove this we proceed as follows: let S, bo a concentric 
sphere inside S, with radius 0 <p S17. Amen Aus= 0 evory- 
where in the interior of S,, by the footnote on p. 475 we havo 


[ [Reno 


where 0u/dn is the derivative of 4 m the direction of the outward 
normal to 8, If (€, 9, ) aro current co-ordinates and if with 
the point (cs, ¥, 2) as pole we introduce polar co-ordimates by the 
equations 


E—a= poosdsind, y—~y=paindsind, ¢— z== poosd, 


the above equation becomes 


[pene oes 8, ®) ty ex 0 


Since the surface clement do of the sphere S, is equal to p¥dé, 
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where dé 1s the clement of surface of the sphore S of unit radius 
(cf Chap IV, p 274), we find that if p > 0 


f Ot Fe a 0, 
8 Op 
where the region of tegration no longer depends on p., Con- 


sequently 
[of [iae= 0, 


and on mtorchanging the order of integiation and performing 
the integration with respect to p wo havo 


}. i {u(r, 8, 6) ~— u(0, 0, d)}da = 0. 
Since 41(0, 8, ¢) = u(x, y, 2) 18 independent of @ and 4, 


} fu, 0, d)da = ula, y, 2) f i do= dorula, y, 2). 
As 


J fue 8 #ya= ff utr 8, $d 


where the integral on the mght is to be taken ovor tho surface of 
S,, the mean value property of w is proved. 

In exactly the same way, for functions w of two variables 
which satisfy Laplace’s equation ty -+ Uyy= 0 we have tho 
corresponding mean value property of the cu'cle oxprossed by 
the formula 


21 ula, y) = af u ds, 
Sp 


where % denotes the value of the potential function on a circlo S, 
with radius ? about the pomt (a, y) and ds 1s the element of aro of 
this circle 


6 Boundary-value Problem for the Circle. Poisson’s Integral. 


As an example of a boundary-value problem wo shall now 
discuss Laplace’s equation m two independent variables x, y 
for the case of a circular boundary Withm the circular region 
a? + 9? = B® we mtroduce polar co-ordinates (r, 6) We wish 
to find a function u(w, y) which is continuous within the oncle 
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and on the boundary, possesses contmuous derivatives of the 
first and second order within the rogion, satisfies Laplace’s 
equation Aw== 0, and has prescribed values u(R, 0) = f(6) on 
the boundary, Here wo assume that f(#) 1s a continuous periodic 
function of @ with sectionally contmuous first domvatives 

The solution of this problem, in terms of polar co-ordmates, 
1s given by the so-called Poisson’s integral 


RP fe) 


4m —___. 


an Qa 
20 ! wormtopa" 


To prove this, we begin by constiucting as many solutions 
of Laplace’s equations as we please m the followmg way We 
transform Laplace’s equation to polar co-ordinates, obtamng 


1] 1 
Au = _ (Tur), Tr 7 Ugg = 0, 


and scek to find solutions which can be expressed in the form 
us f(r )b(0), that is, as a product of a function of ¢ and a func 
tion of @ If we subststute this expression for wm Laplace’s 
equation, the equation becomes 


Yi (*$'(")- = "(0) 


—) 


(0) ip(0) 


As the left-hand side does not involve 6 and the right-hand side 
does not mvolve 7, the two sides must each be mdependent of 
both varinblos, that 18, must be equal to the same constant &, 
Tror (0) we accordingly have the diflerential equation if” +-hab = 0 

Since the function v and hence also (4) must be periodic with 
period 27, 1b follows that the constant 4 18 equal to n#, where n 
is an integer. fence 


(0) = a coand + b sinnd, 


where a and 6 are arbitrary constants. 
The differential equation for ¢£(r), 


rpi'(r) + 2p'(r) — #b(r) = 9, 


is a linear differential cquation and, as we can mmediately verily, 
the functions 7 and r-™ are mdependent solutions Since the 
second solution becomes infinite ot the ongin, while « 18 to be 
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continuous there, we are left with the first solution ¢ = 7, and 
the solutions of Laplaco’s equation are 


a cosnd +- b sinné), 


We now use the fact that by lnear combination of such 
solutions according to the prmeiple of superposition (of, section 4, 
p. 488) we can obtain other solutions 


$a) + Lr™(a, cognd ++ b,, sinn8} 


Even an infinite sees of thus form will be a solution, provided 
that the seres converges uniformly and can be difforentiated 
term by term twice in the interior of the circle. 


If we now imagine the presombed boundary function /(2) 
expanded in a Fourer series 


S(O) = ha, +2 (tn cosnd + b,, inn), 


this series, regarded ag a sorics in 9, certamly converges absolutely 
and uniformly (cf, Vol I, Chap. IX, p. 451) Hence the series 


u(r, 0) == 4a, + = mo (4, cosn@ + b, sin n8) 


a forteort converges unrformly and absolutely in the mterior of 
the circle This series, however, can be diflerentiated term by 
term, provided + < R, because the resulting series again converge 
uniformly (cf the account of power series m Vol, I, Chap. VI, 
p 399) ‘This function is accordingly a potential function, it has 
the prescribed value on the boundary, and henoe 18 a solution of 
our boundary-value problem. 

We can reduce this solution to the mtegral form given above 
by introducmg the integrals for the Fourier coefficients, 


| Qar 1 Qa ; 
Oy = = I fla) cosnada, by =~ i, f(a) sinnada, 


Since the convergence is uniform, we can interchange integration 
and summation, and obtam 


u(t, 8) = : f “Heh +3 7 cosn(o— a) da, 
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Poxson’s intogral formula 1s thorefore proved, provided that 
we Gan establish the relation 
se 1 Re - 7 
BT OM = 8 Rh cose FO 
But this can he proved by the method used m Vol I, Chap. IX, 
p. 486; we leave the proof to the reader, 


EXAMPLES 


1 By applymg myorsion to Possson’s formula, find a potential function 
ufx, ) which is bounded in tho region outside tho umt circle and assumes 
oe values f(@) on 166 boundary (the ao culled outer boundary-value prob 

em), 


2*, Tind (a) the eqmpotential surfaces and (6) the iimes of foros for the 
potential of the segmont a= y= 0,-iSeS --1, of constant hnear den- 
Bity | 


B* Provo that if tho valued of a harmonto u(@, y, 2) and of ibs normal 
derivative 4y/0n axe grven on # closed surface 8, then the value of # at any 
interior pomt 1s given by the expicssion 


a! Q ou um) 
ula, y, 2) at f aa dag da, 


whore 18 the distance fiom the point (2, y, 2) to the vauehle pomt of 
iitegration (Apply Groen’s thoorem to tho funotiona # and 1 fr) 


4, Bourrurer Exametzs or Partin DirrerentiaL Fiquations 


We shall now briefly discuss a few partial differential equa- 
tions which are of frequent occurrence, 


1. The Wave Equation in One Dimension, 


The phenomena of wave propagation, og of light or sound, 
are governed by tho so-called wave equation. We begin by con- 
sidermg the simple idealized caso of a so-called “ one-dimensional 
wave”, Such a wave depends on some property u, for example, 
the pressure, the change of position of a particle, or the intensity 
of an electro field, and u depends not only on the co-ordinate 
of position a (we take the direction of propagation as the x-axis) 
but also on tho time ¢ 

The function u(@, t) thon satisfies a partial differential equation 
of the form 

Gon = wz Uns 
Cx 912) 17 
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where a is © constant dependmg on the physical natwe of the 
medium We oan express solutions of this equation in the form 


u = f(x — at), 


where f(£) 1s an atbitrary function of £, about which we 
assume only that 1t has contmuous derivatives of tho first and 
second oider If we put = %— at, we see at once that our 
differential equation is actually satasfied, for 


Uw = f(E), Uy = OF) 


Tn the same way, using another arbitrary function g(€), we 
obtain a solution of the form 


u = g(x + at) 


Both these solutions represent wave motions which are 
propagated with the velocity @ along the a-axis, the first 
represents a wave iravellmg m the positive #-duection, the 
second a wave travellng im the negative direction For 
let u have the value u(x, ¢) at any pomt a, at time ¢, then u 
has the same value at time ¢ at the pomt #= a, -+- a(t — 4). 
Tor then #— at=2,— at, so that f(a — at) = f(a, — ah), 
In the same way, we can seo that the function g(x + at) repre- 
sents a, wave travelling in the negative -direction with velocity a. 

We shall now solve the following mtial-value problem for 
this wave equation From all possible solutions of the differential 
equation we wish to select those for which the inital state (at 
t= 0) is given by two presoribed functions u(w, 0) = d(v) and 
u,(a, 0) = ¥(e) ‘To solve this problem, we have merely to writa 


u= fle — at) + glv-+ at) 
and determme the functions f and g from the two equations 
p(x) = f'(e) + 9(@) 
= a) = — f"(a) + 9a). 


The second equation gives 


o-+ = [Wr)dr= — fle) + glo) 
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Where ¢ 18 an arbitrary constant of integration. From this we 
readily obtam the required solution im the form 
ie fa wet at 
ule, t) = Pe + at) + p(w — al) a 1 if th(-r) der 
2 mat 


—— 


20 


The reader should prove for himself, by introducing now 
variables == %— at, n= @-+ at msatead of w and #, that no 
solutions of tho differential equation exist other than those given 


2. The Wave Equation in Three-dimensional Space. 
Tn the wave equation for space of three dimensions the func- 
tion wu depends on four independent variables, namely, the three 


space co-ordinates w, y, 2 and the timo ¢, Tho wave equation is 
then 


1 
Une Uyy Uys = ae thats 
or, more briofly, 


] 
Au = a Ungs 


Here agam we can easily find solutions which represent the 
propagation of a plane wavo in tho physical senso, 
In fact, any function f(Z), provided we assume that 1b is twice 
continuously difforentiable, gives us a solution of the differential 
equation, 1f we make £ a lincar oxpression of the form 


G== aw -+ By + yx cb at, 
whose coefficients satisfy the relation 
ab BB yhes 1, 
Vor since 
Au == (a8 + B® + *) fe) = f''(é) 
and 


Uy = af''(E); 


we see that ux f(ae+ By + yz -- ad) is really o solution of the 
equation 


1 
Au = e Utt 


If ¢ is the distance of tho point (w, y, 2) from the plane 
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aw + By + yz= 0, we know by analytical geometry (of, Chap. I, 
p 9) that 

q= aw-+ By -- ye 
Hence, in the first place, we sce from the expression 

u= f(g + at) 

thet at all pomts of a plane at a distance g trom the plane 
aa -+- By +- yz= 0 and parallel to 16 the property which 1s being 
propagated (represented by %) has tho samo value at a given 
moment The property is propagated m space in such a way 
that planes parallel to az -+- By -+ ye= 0 are always surfaces 
on which the property is constant, the velocity of propagation 
is 4 mm the direction perpendicular to the planes 

In theoretical physics a propagated phenomenon of this kind 
18 referred to as a plane wave, 

A case of particular importance is that m which the property 
varies periodically with the time If the frequenoy of the vibra- 
tion is w, a phenomenon of this Ind may be represented by 

us efor Aytya)gtnt 


where *, as usual, denotes the reciprocal of the wave-length: 


poi? 


A 4 

In the oase of the wave equation with four independent 
variables we can find other solutions, which represent a spherical 
wave spreading out from a given pomt, say the origm A spherical 
wave 18 defined by the statement that the property is the same 
at a given mstant at every pomt of a sphere with its centre at 
the ongmn, that 1s, that u has the same valuo at every point of 
the sphere To find solutions which satisfy this condition, we 
transform Aw to polar co-ordmates (r, 6, 4), and then we have 
merely to assume that u depends on ¢ and ¢ only and not on 6 
and ¢. If we accordingly equate the derivatives of u with 
respect to 9 and ¢ to zero (cf p 391), the differential equation 


becomes 
2 1 
Up -b . Uy = aa Me 
or 


(1) pr = 5 (ret) 
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If for the moment we replace ru by w, w 1s & solution of the 
equation 


wp = hw 
ca a2 ty 
which we have already discussed, and hence must be expressible 
in the form 


w= f(r — at) + g(t ++ at), 
Then 
a 


1 {f(r at) + gly + ad} 
The reader should now verify for himself directly that a function 
of this type is actually a solution of the differential equation 


1 
Aus “3 Une 
a 


Physically the funotion w= : f(r — aé) represonts a wave 


which 1s propagated outwards into space from a contre with 
velocity a, 


8 Maxwoll’s Equations m Free Space. 


As a concluding example wo shall discuss the system of oqua- 
tions, known as Maawell’s equations, which fom the foundations 
of electrodynamics. We shall not, however, attempt to approach 
the equations from the physical point of view, but shall meroly 
consider thom as illustrating the various mathematical concepts 
developed above 

The electiomagnetic condition in free space 1s determined by 
two vectors, an electme vector # with compononts #,, By, Ey, 
and a magnetic vector AY with components H,, Hy, H,. These 
veotors satisfy Maxwell’s equations’ 


en ae 
oO Ot 


10 
ourl 7 0, 
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where ¢ is the velocity of light m fieo space Jixpressed in 
terms of the components of the vectors, the equations are: 

of, O8, , 10H, __ 

yo eB oe 

el Peco gl 

a @ ce’ 

OD, Oy aly 

oe dy 6 O , 
and 


—— 4 Soren 


dy O2 6 O , 
OH, Off, 10K, 


OH, Oly 120, _ 


a ae 
> 


‘ o% ¢ a 


For the components as functions of position and time we thus 
have a system of six partial differential equations of the first 
order, that 18, of equations mvolving the first partial derivatives 
of the components with respect to the space co-ordinates and to 
the time, 

We shall now deduce some distinctive consequences of Max: 
well’s equations If we form the “ divergence ” of both equations, 
and remember that div curl.A = 0 and that the order of difleron 
tiation with respect to the time and formation of the divergence 
1s interchangeable, we obtaim 

div & = const, 


div AY = const, 


that is, the two “ divergences ” are mdependent of the tame. 
If we assume that the constants are mrtially zero, then they 
remain zero for all time 


We now consider any closed surface S lyimg in the field and 
take the volume integrals 


ff [av Bar 
See 


and 
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throughout the volume enclosed by it. If we apply Gamnss’s 
theorem (Chap V,p 388) to these integrals, they become integrals 
of the normal components Z,, HZ, over the surface S, That 1, 
the equations 

div £ = 0, 

div A = 0 


f [Bade = 0, 
f [Endo = 0 


In eloctrical theory surface integials 


[Endo or f [Undo 


are called the electric or magnetic flux across the surface S, and 
our result may accordingly be stated as follows: 

Tho electic flux and tho magnetic flux across 2 closed surface, 
subject to the assumptions we have made above, are zero 

Wo obtam a futher deduction fiom Maxwell’s equations 1f 
we consider a portion of surface S bounded by the curve I and 
lying in tho surface 

Tf we denote the components of a vector normal to the sur- 
face A by tho suffix n, it ummediately follows from Maxwell’s 
equations that 


give 


1 of 
(ourl 2), Soe a 
108, 
(curl fT), ax - a 


If we integrate theso equations ovor tho surface with surface 
element dc, wo can transform the loft-hand sides mto hne in- 
tegrals taken round the boundary I’ by Stokes’s theorem (of 
Chap. V, p 395). If wo do this, and carry out the differentiation 
with respect to ¢ outside the mtegral sign, we obtain the equations 


1d 
j Byds = —~ 5 f II,do, 


[U,ds= +: if [Baie 
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where the symbols #, and H, under the integral signs on the left 
are the tangential components of the olectmc and magnetic 
vectors in the duection of moreasmg arc, and the sense of de- 
scription of the curve I‘ m conjunction with the direction of tho 
normal forms a right-handed screw, 

The facts expressed by these equations may be expressed in 
words as follows The hne integial of the electro or the mag- 
netic force round an element of surface 1s proportional to the rate 
of change of the electric or magnetic flux across the clement of 
surface, the constant of proportionaly bemg —1/c or -+-1/e 

Finally, we shall establish the conmesion between Maxwell’s 
equations and the wave equation Wei find, m fact, that each of 


the vectors & and AY, that is, each component of the vectors, 
satisfies the wave equation 


I 
Aus — Ui 
c 


For we can eliminate the vector 27, say, from the two equations, 
by differentiating the second equation with respect to the time 


and substitutmg for ets from the first equation. 
It then follows that 
ecurl curl & + te 0. 
Tf we now use the vector relation * 
curl curl. 4 = —AA + grad div A, 


and remember that 


div # = 0, 
we at once have 
1 ee 
paler oT 


Tn the same way we can show that the vector Af satisfies the 
game equation, 
1 OO 
AA oe 


*Thia veotor relation follows mmmediately from the expressions in terma 
of co-ordinates 
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ExaMrLyea 
1, Inlograte the following poilaal differential equations; 
(2)  tgy = 0, 
(b) theye = 0, 
(0) tay = ae, y) 
2* Solve the equation 
thea “b Bttay fb Otty, = eF+9 
by reducing 1t to ono of the form of x 1(c) 


3. Find the partial differential equation aatiafied by the two parameter 
family of spheres 


xs 1 — (w— a) — (y — BY 


4*, Let u(x, t) denote a solution of the wave equation 
1 
ee gay (a > 0) 


whioh 18 twice continuously differentiable Let o(2} bo a given funotion 
which 1 tavico continuously differentiablo and such that 


(0) = o'(0) = (0) = 0, 


Find tho solution « for « & 0 and ¢ & 0 which is deteummed by the boun 
dary conditions 


u(x, 0) = u,(z, 0) = 0 fora 20, 
u(O, t) = m(t) for? & 0, 
& Bind a solution of tho equation 
thay = Uy 
for whioh 2{a, 0) = u(0, ¥) = 1, m the form of a power series, 
8. (a} Tiind particular solutions of tho equation 
Ung? fe Uyt = IE 
of tho form = f(w) 4- g(y) 
(6) ind partioular solutions of the equation 
thgtt, = 1 
of the forms v= f(w) -+- g(y) and w= f(a) g(y) 
7*, Prove that if 


Zax ula, Y, a, dD) 
(B02) 178 
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is a solution, depending on two parameters a, 6, of the parttal difforential 
equation of the fist order, 


F(a, Yy By Says zy) = 0, 


then the envelope of every ono paramoter family of solutions ohoson 
from z= w(t, y, @, b) 19 agam a solution 


8 Uso this result to obtain other solutions of equation 6(}) by putting 


bez ha mus aa+ “Y + 5 (where % 18 a constant), 


CHAPTER VII 
Calculus of Variations 


1, InrroDuction 


1, Statement of the Problem. 


In the theory of ordmary maxima and mmuma of a difforenti- 
ablofunctionf(%,, — , #,) of  mdependent variables, the necessary 
condition {p 184) for the occurienco of an extreme value in a 
cortam region of tho independent vanables 18 


df=0 or gudf=0 or f,=0 (i=1,...,2) 


These oquations express the stahonary character of tho function 
fat the pomt im question, The question whotho1 these stationary 
points aro actually maximum or minmum pomts can only be 
decided after further investigation In contiast to the equateons 
given above, the corresponding sufficient conditions take the 
form of wmequalires. 

The caloulus of variations 18 likowise concerned with the 
problem of extreme values (stationary values), Here, however, 
wo have to deal with a completely now situation or now the 
functions whach are 10 havo an extieme valuo no longer depend 
on one independent variablo or a fimte number of independent 
variables within a cortain region, but are so-called functions of 
functions, That is, Lo determine them we require a knowledge of 
the behaviour of one ©. moro functions or curves (or surfaces, 
as the case may be), the so-called “ argument functions”. 

Gencral attention was fist drawn to problems of this type 
in 1696 by John Bernoulli’s statoment of the brachistochrone 
problem. 

In o vertical ay-plane a point A(a, Yo) 18 to be joined to o 
point Bia, y,), such that 2, > 2%) ¥, > Yo. by a smooth curve 


y= u(#) im such a way that tho tame takon by a particle shding 
401 
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without friction fiom A to B along the curve under gravily 
(which is taken as acting m tho direction of the postive Y-8X18) 
is as short as possible 

The mathematical expression of the problem 1s based on the 
physical assumption that m such a curve y = $(2) the velocity 
ds/dt (s bemg the length of arc of the curve) 18 proportional to 
4/2g(y ~— yp), the square root of the height of fall. Tho time 
taken m the fall of the particle 1s therefore given by 


_ pnd ds 4, 1 pVAAY ay 
x dsde  —— 4/2g"% ~/(y — Yo) 
(of, Vol I, pp. 299~301) If we drop the unmmportant factor 
4/29 and take y, = 0 (which we can do without loss of generality), 
we have the following problem‘ 


Among all continuously differentiable functions y= ¢(2), 
y = 0, for which J(a%) = 0, (a4) = y,, to find that for which 


the integral 
“4 1 -- ‘2 
Hej=f JGs ) de 


has the least poasible value. 

On p. 605 we shall obtain the result, which was very sut- 
prising to Bernoulh’s contemporaries, that the curve y= d(x) 
must be a cyclo Here we wish to emphasize that Bornoulli’s 
problem and the elementary problems of maxima and mmima 
are absolutely different Tho expredsion Z{¢} depends on the 
whole behaviour of the function ¢, It cannot be determined by 
stating the values of a finite number of independent varimbles, 
that 18, 16 cannot be regarded ag o function in the ordinary senso, 
We indicate its character of “function of a function (7)? by 
means of curly brackets 

The followmg 18 another problem of a similar nature: 

Two pomts A(t, yo) and Bia,, y,), where a > %, Yo > 9, 
y, > 0, are to be jomed by a curve y= u(w) lymg above the 
©-4x18, 1 such a way that the area of the surface of revolution 
formed when the curve 18 rotated about the g-axis 18 as small 
as possible, 

Usmg the expression given on p. 274 for the area of a surface 
of revolution and dropping the unimportant factor 27, we have 
the followmg mathematioal statement of the problem, 
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Among all continuously differentiable functions y= (x) 
for which £(%) = Yo, o(%,) = y,, 6(a) > 0, to find that for which 
the integral 


1}—[yva+ ye y= $e) 


has the least possible value It will be found that the solution 
18 & calenary 

The elementary geometrical problem of finding the shortest 
curve joining two pomts 4 and 2B in the plane belongs in theory 
to the same category Analytically, in fact, the problom is that 
of finding two functions a(¢), y(é) of a paramoter ¢ 1m an interval 
fo StSt, for which the values e(t)) =x, 2) =o, and 
(Eg) == Yo, Y(t) = y aro prescribed, and for which the mtegral 


fs das dy 
2 2 mot me Af oe 
[vers pat (=F s 


has the least possible value. Tho solution is of course o straight 
line 

On the other hand, the corresponding problem of finding the 
geodestos on a gwen surface Gla, y, 2) = 0, that 18, of joming two 
points on the surface with co-ordinates (%); Yo, %) and (ty, Yy» 2%) 
by the shoricst possible tne lying mm the surface, unlike the 
problem of tho shortest distance between two points in a plane, is 
nota trivialone In analytical language this problem is as follows; 

Among all triads of functions a(t), y(t), 2(t) of the parameter ¢ 
which make the equation 


Gm, y, 2) = 0, 


an identity in ¢, and for which a(fp) == a, 4llo) == Yo (ty) == 23 
co(ty) == a, y(t.) = 4, 2() = 2, to find that for which the integral 


['vee+ p+ aya 


has the least possible value. 

Tho swoperimetric problem of finding a closed curve of given 
length onclosmg the largest possible area, already disoussed on 
' p. 214, also belongs 10 the same category. Wo have proved 
above that the solution is a circle,* 


*The proof given thore applied only to sonvox ouves, tho following 
remark, however, enables us to oxtond the result immediately to any ourvet 


494 CALCULUS OF VARIATIONS [CHap 


The general statement of the simplest type of problems of the 
kind dealt with here 1s as follows. 

We are given a function F(x, 4, ¢') of three arguments, whish 
in the region of the arguments considered 18 contimuous and has 
continuous derivatives of the first and sccond orders If im thus 
function F we replace ¢ by a function y = (x) and ¢’ by the 
derivative y’ = ¢'(a), F becomes a function of a, and an ntegial 
of the form 


I{p}= if “Fe, y, y') dee 


becomes a defintte number depending on tho behaviour of tho 
function y= g(x), 16 1t is a “function of tho function f(a)”. 
The fundamental problem of the calculus of variations is now 
as follows 

Among all the functions which are defined and continuous 
and possess continuous first and second derivatives in the interval 
% Sea, and for which the boundary valuos y,= (a9) 
and y, = ¢(%,) are presoribed, to find that for which the integral 
I{¢} has the least possible value (or the greatest possible 
value) 

In discussmg this problem the absolutely essential pomt is 
the nature of the “conditions of admission ” imposed on tho 
functions 4(%) The problem merely requires that when (ax) is 
substituted F shall be a sectionally continuous function of 2, 
and this 1s assured xf the derivative ¢'(a) is sectionally continuous, 
But we have made the conditions of admission more stringent by 
requiring that the first derivatives, and even the second dori- 
vatives, of the functions (x) shall be contmuous The field 
in which the maximum or mmmum 3s to be sought 1s of course 
thereby restricted, Ij will, however, be found that this restriction 
does not, in fact, affect the solution, 16, that the function which 
is most favourable when the wider field 1s available will always 


the perimeter of K 19 less than that of 0 If wo no 
BO that it always retains the same shape, Mat make K oxpand uniforml , 


Presoribed perimeter, K’ will b : 
closing 1a Pe ten gece: Henoa eye of the same perimeter as 0, but on 


outset confine ourselves to ‘convex ourves, 
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be found m the more restricted ficld of functions with con- 
finuous firsé and second derivatives 

Probloms of this typo occur very frequently m geometry and 
physics, Ifero we mention only one oxample. The fundamental 
principle of geometrical optics can be formulated as a vanation 
problem of this type If we consider a ray of ght im the ay-plane 
and assume that the velocity of hght 1s a given function of, y, y’) 
of tho point (#, y) and of the direction y' (y= f(a) bemg tho 
equation of the hght-path and y' = ¢’(z) the corresponding 
derivative), then Fei mat’s ganevple of least tyme 1s as follows" 

Lhe path of a ray of hght between two given pomis A, Bis 
such that the tame taken by the hght in traversing 16 18 less than 
the time which hght would take to traverse any other path from 
A to B, 

In other words, af ¢ 18 the time and s the length of axe of any 
curve y== d(x) joining the pomts A and B, the timo which 
light would take to (averse the portion of curve between A and 
B 18 grven by the integial 


_ fp di ds, — p®a/(L-- y’*) 
1S=l mend ea 


To determine the actual path of the light we accordingly require 
to solve the problem of findmg a funclion y= (a) for which 
this mtegral has tho least possible value 

Wo sco that the optical problem in this form is actually 
equivalent to the general problem stated above if we relate the 


12 
two functions / and » 10 one another by putting F = vit 


In most optical cases the velocity of light v 1s mdependent of 
the direction and 1s merely a function of position, o(2, ¥/), 


2. Neoessary Conditions for Bxtreme Values, 


Our object is to find necossary condrtions that a function 
u== h(a) may give a maximum or minimum, or, to use a general 
term, an oxireme valuo, of the above integral I{¢}. Here wo 
proceed by a method quite analogous to that used m the cle- 
mentary problem of finding the extreme values of a function of 
one or more variables Wo assumo that y= ¢= u(x) 1s the 
solution, Then we have to expross tho fact that (for 4 minimum) 
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I mnat werease when wu is replaced by another admissible function 
¢@ Here, moreover, as we are merely concerned with obtaming 
necessary conditions, we may confine ourselves to the considera- 
tion of functions ¢ which approximate to uw, ie functions for 
which the absolute value of the difference 4 — u remains between 
prescribed bounds 

We thnk of the function u as a member of @ one-parameter 
fammly with parameter ¢, constructed as follows We tale any 
funeion 7{(z) which vanishes on the boundary of the mterval, 
16 for which n(x) = 0, 7(e,) == 0, and which has continuous 
first and second derivatives everywhoro m tho closed mberval, 
We then form the family of functions 


P(e, €) = uz) 4- ey(2). 
The expression ex{(z)== 8w 1s called the vareateon of the function 
wu (Since (2) = 04/8, the symbol § denotes the differential 


obtamed when ¢ is regarded as the independent variable and » 


as a parameter.) Then, if we regard tho function w as well as the 
function 7 a8 fixed, 


I{u + en}== Oe) = f “Ble, w+ en, ul + en’) de 


18 & function of «, and the postulate that u shall givo a minimum 
of I{} mphes that the function above shall possess a mmmmum 
for «= 0, 80 that as necessary conditions we have the equation 
©'(0) == 0 
and further the mequality 
(0) & 0. 


In the same way, 1f we ware seekmg a maximum, woe should 
have the same equation ®’(0) == 0 and the incquality ®”(0) < 0 
as neceasary conditions The condition (0) = 0 must be satss- 
fied for every function 7 which satisfies the above conditions 
but 18 otherwise arbitrary 

Putting aside the question of disermination betwoon maxima 
and minma, we say that if a function w satisfies the equation 
’(0) = 0, for all functions 7, the mtegral I is stationary for 
¢= u, If, as before, we use the symbol 5 to denote differentiation 
with respect to ¢, we may also say that the equation 


82 = e’(0) = 0, 
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when satisfied by a function @ = u and an arbitiary 7, expresses 
the stationary character of J The expression 
J 


'(0) = Famed u-b en, ul + en’) do 

€ So Baas (eel Ly €N, En 

1s called tho variation, or mote accurately tho first vai iation,* 
of the integral Stateonary character of an mtegral and vamsheng 
of the first varvation, therefore, mean exactly the same tong. 

Stataonary character 1s necessa y fo. the occurrence of maxima 
or muuma, but, as m the caso of oudmary maxima or minma, 
1b 1s not a sufficient condition for the occurrence of either of 
these possibilitics Tiere we cannot go into the problem of sufli- 
client conditions in more dotail, and m what follows wo confine 
ourselves to the problem of stationary character, 

Our maim object 18 to transform the condition (0) = 0 for 
the stationary character of the micgial im such a way that it 
becomes a, condition for uw only and no longer containa the arbi- 
trary function y 


EXaMPLES 


1. In connexion with the brachistochrone problem (sco pp 401, 492), 
onloulate tho tamo of fall whon the pomis A and B mo jomod by a 
straight line 

2 Let the velocity of a particlo with polar co ordinates (r, 0, 9) moving 
in throo-dimensional spaco be v= I/f(r) What timo does tho partiole 
take to desonbe the poilion of a curve givon by & pmamoter o (the oo 
ordinates of a pomt on tho ourve being 2{¢), 0(6), p(o)) botweon the poinis 
A and 3B? 


2, Euner’s Dirrerentran Equation io rim Sumpiusr Casu 


1. Deduction of Euler’s Differential Hquation. 


The fundamental crrterion of the calculus of variations js as 
follows: 


The necessary and sufficient condition that the mtegrat 
2 
a Mi 
I{$} i. “F(x, $y de 


* Brom this comes the uso of tha term caletius of variations, which fa meant 
to indisato that in this subject we are concorned with the boliaviour of funobions 
of a fumotion when this indopandent funation or “ argument function ” is made 
to vary by altering a parametor «, . 
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shall be statonary when 6 = urs that f= u shall be an admassible 
function satisfyong Euler’s daffer ential equatron * 


d 
Llu] = Fi wee 0, 
or, mn full, 
Pyyte" 1 By! + Pry cies PP, = 0, 


To prove this we note that we can differentiate the expression 
Bo 
O(c) = Hs Fla, u+ en, ul + en')de 
*o 


with respect to « under the mtegral sgn (of Chap IV, § 1, 
p 218), provided that the differentiation gives 118¢ 10 & con~ 
tinuous function, or at least a sectionally continuous function of 
x, under the integral sign, In this case, on publing %-}- en = ¥ 
and differentiating, we obtam unde: the integral sign tho 
expression 7F, + 4’F,,, which, owing to the assumptions maclo 
about f, u, and 7, satisfies the conditions just stated, Ienco 
we immediately obtain 


®'(0) = f “nF, + 1'F,)do=0 (Fla, u, w’)), 


For subsequent purposes (see the next page), we note that in 
the formation of this equation we have used nothmg beyond the 
continuity of the functions « and y and the sectional continuity 
of their first derrvatives In this equation the arbitrary function 
appears under the integral sign mm a twofold form, namoly, as 
yand»’ Wecan, however, immediately get rid of 7’ by integra- 
tion by parts, we have 


[oP d= nF, Sy (Z ry) do=— [* (Z By) 


for by hypothesis (x) and (z,) vanish In this mtegration by 
parts we have to assume that the expression - F,,, can be formed, 
My 


but this assumption certainly holds good, for we began by assum 
ing continuity of the second derivatives. Hence, if we write 


- Lu) =F, — afe 


* Tho terms princepal equation, charactersstio equation are also used. 
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for brevity, we have the equation 
[onthijdn = 0. 
Xo 


Now this equation must be satisfied for every function » which 
sitisiics our conditions but 18 otherwise arbitrary, We thus 
conclude that 
Liu] = 0, 
in vittue of Lhe following 
Lemma I—Ifi a function C(x) which 1s contimuous in the 
interval under considciation satisfies the relation 


i " n(ae)O(ee) dee === 0, 


where (x) is any function such that y(v) = 7(%,) = 0 and 
n'(e) 18 continuous, then C(#)= 0 for every value of # m the 
interval Tho proof of this lomma will be postponed to the next 
sub-section (p 501) 


We could, however, obtain our condition in 9 difforont way,* by 
getting md of the term in 4 12n tho equation 


x 
i ( ql, + “'Fyy)de = 0 
Ho 


by mntogration by pals For if wo write Fy= A, Py= b= B for 
brovity and romembor the boundary condition for y, on mtegrating by 
parts wo obtain 


“4 ty 4 
i ql de = f nB' das: —~{ 1/Bdx 
¥o Ag 


*o 


If we pnt § = 7’, we havo tho condition 


ba) 
C(A — B)du= 0 
¥o 


In this mothod we need not mako any further assumptions about 
the accond deivatives of y and z On tho contrary, 1b 8 sufficient to 
agsumo that @ (or x) and 4 a10 continuous and havo sestionally contanuous 
first deaivatiyes Now our equation must hold, not, 16 18 truo, for any 
arbitrary (seotionally continuous) function ¢, but only for those functions { 
whioh are deryatives of a function a(x) sntisfying our conditions if, 


* Tho firah mothod ia dua to Lagrange, tho second to P Du Bois Reymond. 


J 
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however, U(z) 18 any given seotionally contmuous funotion satisfying tho 
relation 


Ya) de == 0 


*o 


and otherwise arbitrary, we can put 
\ 
2s ¢ t) dls 
Xq 


we have then constructed an admussble 4, for 4’ = € and (ao) = (%) = 0. 
We thus obtain the following result, 
A necessary condition that the integral should be statzonary 18 


m1 
C(A — B)du= Q, 
Xe 
where ¢ 18 an arbitrary sectionally contimuous function meroly satisfying 
the condition 


1 
Cda == 0, 
Xa 
We now require the holp of 
Lemma IL—If a seotonally contmuous funotion S{a) satisfies tho 
condition 


* 
CSda = G, 


¥o 


for all functions €(x) which are aeotionally continuous in tho intorval and 
for which 


1 
Cdw == 0, 
¥o 


then S(a) 18 a constant o, 
This lemma will also be proved in the next sub section (p 601), If 


meanwhile we assume its truth, 1t follows, if we substitute the abovo 
expressions for A and 3, that 


* 
Fda + om Fyn 


®o 


The left. hand side regarded as an indefinite integral may be differentiated 
with respect to # and haa F, as ita derivative, the same is therofore true 


of the right-hand side, Hence the expression Fy for the supposed 


solution % exists, and the equation 
| 


d 
t Fy 7 Fy 


holds.' 


Thus JEuler’s equation still remains the necessary condition for an 
extreme value, or the condition that the integral should be stationary, 
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when the class of admissible functions ¢(2) 18 extended from the outset by 
requiring only sectional contimuuty of tho first demvative of (a) 


Wuler’s cquation 18 an ordinary differential equation of the 
second order Its solutions are called the extremals of tho minmum. 
problem To solve the mmimum problem we have, among all 
the extremals, to find one which satisfies the prescaabed boundary 
conditions If “ Legendro’s condition ” 


P an! ois 0 
1s satisfied for d= u(x), the diflerential cquation can be brought 


ito the “ regular” form w”’ == f(a, uw, uv’), where the 1ght-hand 
side is 9 known expression mvolving 2, u, wu’. 


2. Proofs of the Lemmas, 


Wo have now to prove the two lemmas used above 

To prove Lemma I, wo assume that at somo pout, say w= &, 
C(%) 18 not zero, say posttave §=Then m vutue of the continuty 
of C(z) we oan certamly mark off a sub-interval 


f~asugé+a 


within the complete mtorval in such » way that C(x) remaina 
positive everywhore in the sub-nterval Wo now dofine 9 aa 
given m this sub-ntorval by 


n(e) == (a— E+ ala — E— a)d= {(w — £8 —- aP} 
and elsewhere as zero ‘Tlus function » certamly fulfils all the 
presoribed conditions, »(a%)C(2) is posrtzve inside the sub-intorval, 
and zero outside xt, Tho integial i “nC dx thorofore oanot bo 


AL) 
zoro.* = Smeo this contradicts our hypothesis, C(é) cannot be 
positive, Tor the samo reasons, C(¢) cannot be negative. Ilence 
O({£) must vanish for all values of £ within the interval, as was 
stated in the lemma, 


To prove Lomma II, wo noto that our assumption about U(x) im- 
mediately leads to tho rolations 


[ “leds = 0 ond f “ea){Sle) — o}de = 0, 


* Tho intogral of 1 continuous non nogativo funation ia positive, oxcopt 


whon the integiand vanishes everywhorg; this follows immediately from tho 
definition of mtogral, . 
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where ¢ 1s an arbitrary constant We now choose ¢ in such a way that 
S(z) — c 1s an admissible function {(2), that 1s, wo determme ¢ by the 
equation 


o=f dem f “S(a) — hd = [ “Btayda — ov, — m). 


Substituting this value of ¢1n the above equation and taking § = S(.) — o 
we at once have 


“Ste) — cde = 0. 
M9 


Since by hypothesis the mmtegrand 18 continuous, or at least seolionally 
continuous, 1t follows that 
S(e) — o= 0 


1s an identity in x, as was stated mn the lomma 


8 Solution of Euler’s Differential Equation. Examples, 


To find the solutions u of the mmmum problem we have 
(p 497) to find a particular solution of Buler’s differential equation 
for the interval 4 Sa, which assumes the presersbed 
boundary values y) and y, at the end-points, As the complete 
iitegral of Wulei’s differential equation of the second order 
contains two constants of integration, 1t is genorally possible to 
make these two constants fit the boundary conditions, tho latter 
giving two equations which the constants of integration must 
satisfy 

In general 1t 18 not possible to solve Euler’s differential 
equation expheitly m terms of elementary functions or quadra 
tures In the general case we have to be content to establish 
the fact that the variation problem does reduce to a problem in 
differential equations, On the other hand, in important special 
cases and, in fact, in most of the classical examples, the equation 
can be solved by means of quadratures 

The first case 1s that m which F does not contain the deri- 
vative y' = ¢' exphoitly F = F(¢, x), Here Buler’s difforential 
equation is simply F,(u, «)=0, that 1s, 1b is no longor a 
differential equation at all but forms an imphcit definition of 
the solution y= u(z) Here of course there is no question of 
integration constants or the posmbility of satisfying boundary 
conditions 

The second important special case 1s that in which F does 
not contain the function y = 4() explicitly F = Fy',«) Hora 
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Euler’s differential equation 1s £ (Fy) = 0, which at once gives 


Py = 6, 


whore ¢ 18 an arbitiary constant of integration, We may use 
this equation to express wv’ as a function, f(a, c), of # and o, and 
we then have the equation 


ul = F(, ¢), 


from which by a simple mtogration (quadrature) we obtain 
jon ; ,od : 
umf f(é ode +a 


that 1s, w is expressed as a function of # and ¢, together with an 
additional arbitrary constant of integiation @ In this case, 
therefore, Ruler’s differential equation can be completely solved 
by quadrature 

The third case, which 1s the most mmpo1tant in examples and 
appheations, 1s that, m which J does not contain the mdepondent 
variable # expheitly’ F= Fy, y’) In this case we have the 
following impoitant theorem 

Tf the independent variable x does not ocow' exphetly in the 
vartation problem, then 


E= Fu, w)—wk,(u, vw) =o 


ts an integral of Euler's dafferentral equation ‘That is, of we sub- 
stitute wm this expression a solution u(x) of Luler’s dafferentral 
equation for I', the expression becomes a constant independent of x. 

The truth of this statoment follows at once if wo form the 
derivative dii/de We have 


a 
da = Ayu ~- Paul — iw w Py a we Bi, 


or 
= = wu Tfu] = 0, 
hence for every solution « of Buler’s diflorential equation we havo 


i = ¢, where ¢18 a constant, 
If wo think of w as caloulated from tha equation # = o, 
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say u' =f (wu, ¢), a simple quadrature applied to the equation 


gives 2 = g(t, 0) +- « (whore « is another constant of integration), 
16. a 18 expressed as a function of w, 6, and a, and by solving fort 
we obtain the function u(a, ¢, a). Ionce the general solution 
of Euler’s differential equation, depending on two arbitrary 
constants of integration, 1s obtamed by a quadrature, 


We shall now use these methods to discuss a numbor of 
examples 


1, General Note There 18 @ gonoral claas of examples in which J fs 
of the form F == g(y)V(1-+ y"), where g(y) 18 a function dopending 
expheitly on y only, For the extremals y = « our last rulo ab once gives 


giu) VL + 1/2) — g(au)u/2/ VV (1 + w/t) = 6 


or 
hu) og 
Viifuay ” 


4 = {glu)}* 1, 
) 


de I 
du /igtuyrjet — 1 


and on integrating we have the equation 


du 
En ene 
. Viguy}/a— 1 


where b is another constant of integration. By evaluating the integral on 
the right and imagiming the equation solved for u, we obtam uw as e function 
of # and of the two constants of integration ¢ and 6 


2 The Surface of Revolution of Least Area —In this oase g = y. ‘Tho 
vategral given above becomes 


e—b= Ot separ coe; 
Vuifet — 1 6 


hence the regult 18 


ymeeroumh on” 


That is, the solution of the problem of finding a ourve which on rotation 
gives a surface of revolution with atationary area 18 a calenary 


A neceasary condition for the ocourrence of such 4 stationary curve is 
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that the two givon pomts A and B oan be joined by a catenary for which 
y > 0. Tho question whethe: the catenmy really represents 2 mmmumn 
cannot be discussed here 


3 The Biachstochrone —Another example 18 obtained by taking 
g=1/Vy This is tho problem of the braclistochrone By means of the 
aubstitutions L/o? = 4, w= ke, + = sm?0/2 the mtcgral 


du 
‘ V if(uct) — I 


is immediately transformed into 


oy bf {(-h.)e= ye fa- 0080) dd, 


5 a— b= 41(0 — sm), 
y= u= Zk(1 — coad), 


whenes 


The brachistochrone 1s accordingly (of Vol. 1, p, 261) a commas eycloid 
with 168 cusps on the w axis 


ISxXAMPLES 


Find the extromals for tho followimg mtegranda: 
1 PF=Vygl+y%) UF Vi yi 3, Pag 


4 Tfind the extiomals for tho mtegrand J = a%y’*, and prove that if 
n 2 1 two points lymg on opposite sides of tho y axis cannot be joined by 
an extremal, 

5 Find the extremals for tho integrand yy’, whors » and m are even 
integors, 

6 Wind tho oxtremals for the mtogrand Fs ay’ -- 2byy’ 4- cy’, 
where a, b, o aro givon continuously diflerentiablo funotiona of «, Prove 
that Euler's differontial equation 18 a Hnoar difforontinl equation of the 
second order. Why 19 it that whon 6 ia constant this constant does not 
enter into the differential equation at all? 


7 Show that the extremals for the mlogrand F = or/T y"* are 
given by the equations sin(y — b) = e~@—4) and y= b, whoro a, & aro 
constants, Disouss the form of those curves, and investigate how the 
two points A and B must be situnted if they onn bo joined by an extremal 
aro of the form y = f(«) 

8, Wor tho case where J’ does not contain the derivative y’, deduce 
Huler’s condition F, = 0 by an elementary method, 


%. Find « function giving the absolute minimum of 


I(y) = [ved 
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with the boundary conditions 


(a) (0) = y(1) = 0; 
(6) yO)=0, yl)= 1 


4, Identical Vanishing of Eulor’s Bxpregsion. 


Buler’s differential equation for F(a, y, y’) may degenerate 
into an identity which tells us nothmg, 16 into a relation which 
1s satisfied by every admissible function y= f(#) In other words, 
the corresponding integral may be stationary for any admissible 
function y= (x) If this degenerate case 18 to occur, Buler’s 
expression Fy —~ Foy — Pyyy — Pyyy’ must vanish at evely 
pomt # of the terval, no matter what function y= P{m) 18 
substituted m 1b We can, however, always find a curve for 
which y= ¢, y' = ¢’, and y"” = ¢" have arbitrary prescribed 
values at a defimte pomt Euler’s oxpression must therefore 
vanish for every quartet of numbers 2, y, y’, y’. We conclude that 
the coefficiont of y”, ie Fyy, must vanish identically # must 
therefore be a lmear function of y’, say F = ay’ -+- b, where a and 
bare functions of a and y only If we substitute this in the 
remaining part of the differential equation, 


yyy! + Pay — By = 9, 
1t follows at once that 


: ; 
ayy’ + Gy — ayy’ — by, 
or 


Qy by, 


must vanish identically m «and y In other words, Huler’s ox- 


pression vanishes identically if, and only if, the integral is of the 
form 


I= {{a(2, yyy’ + dla, y)} de = fady + bda, 


where @ and 6 satisfy the condition of mtegrability which we 
have already met with in Chap. V, §1(p 353), that is, whero 
ady + bda is a perfect differential 
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8 QwnERALIZA TIONS 


1, Integrals with More than one Argument Function. 


Tho problem of finding the extreme valucs (sLationary valtes) 
of an integral can bo oxtended 40 the case where this mtogral 
depends not on a single agument function but on a number 
of argument functions 4,(2), dae), .yda(v) ‘The typical problem 
of this type may be formulated as follows: 

Let F(a, dy +) s ba bry + > br’) bo a function of tho 
(2% + 1) argumonts a, $),...+ by’, which is continuous and has 
continuous denvatives up Lo and including tho second orderm this 
interval under consideration If wo replace y,- 4; by o function 
of @ with continuous first and second cotivatives, and ;' by its 
derivative, 7 becomes n function of the smgle vauahle 2%, and the 
integral 


If, ve) du} = F(x, yy toy Pas hy’, eeny th,') de 


over & given mtorval a < oS a, has a definite valuc dotorminod 
by the choice of these functions 

In the comparison we regard all functions ¢,(@) as achmasible 
Which satisly the above continuity conditions and for which the 
boundary values (aq) and ¢,(2,) have preseribed fixed values, 
Tn other words, we consider tho omves y= ,(%) joinmg two 
given pomts A and B in (nm -- 1)-dimengional space in which tho 
co-ordinates are 44, Ys Yn @ Tho variation problem now 
raquires us to find, among all theso systems of functions 
dix), one (y= bw) = u,(@)) for which tho abovo intogral 

$i +++5 Gn} has an extreme value (a maximum or a 
minimum), 

Here again wo cannot discuss the actual nature of the 
extreme value, but shall confine oursolves Lo mquimg for 
whet systems of argumont functions ¢,(e) = u,(w) the integral is 
stationary, 

We define tho concept of stationary value m oxactly the same 
way as we did in§ 1 (p 496) We inoludo tho system of functions 
t(z) in a one-parameter family of functions deponding on the 
parameter ¢, m the following way. Let ,(a), ...) qu(%) be n arbi- 
trarily chogen functions which vanish for w = a and @ = a, are 
continuous in the mterval, and possess continuous fist and 
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second derrvatives there Then we consider the family of funetiona 
Y= $(@) = u{e) -- €n,(2) 

The term n(x) == Su, 18 called the variation of tho function 
, If wo substitute the expressions Lor ¢,1n [{¢y,. ++» Oats Une 
integral is transformed into 


D(e) =| Pla, t+ SN, se Unt EY ns uy’ + en's ‘3 Un + en) das, 


which 18 a function of the parameter «, A necessary condilion 
that there may be an extreme value for ¢;= u, 16. for e=- 4, 
18 


(0) = 0. 


Just asm § 1, p, 496, we say that if the equation @’(0) == 0 
holds, or, as we may also say, if the equation 


5 = «0’(0) = 0 


holds, no matter how the functions 7, are chosen subject 10 the 
conditions stated above, the mtegral J has a stationary valuo for 
d= 4, In other words, stationary character of the integral for 
a fixed system of functions u,(z) and vanishimg of the fist varia- 
tion df mean the same thing 

We have still the problem of settmg up conditions for the 
stationary character of the wtegral which no longer contain the 
arbitrary variations 7, ‘To do tis we do not require any now 
ideas, but proceed as follows If we take, 45, +» Yn 28 iconti- 
cally zero, ie 1f we do not let the functions %, ., U, Vary, 
and thus consider the first function ¢,(x) as alone variablo, tho 


condition ©'(0) = 0, by § 2, p, 498, 18 equivalent to Wuler’s 
differential equation 


a 
Fi — 7 Fay = 0 


As we can pick out any one of the functions u,(a) in the same Wey, 
we Obtain the followmg result 

A necessary and sufficient condition that the integral 
T{uy, Ug, ..., Un} may be stationary is that the n functions u,{x) 
shall satisfy the system of Buler’s equations 


“ 


d | 
Py~ = Fy 0 1,8. 2). 
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This is a system of differential equations of the second order, 
# in number, for the » functions w,(x) All solutions of this 
system of drfeential equations are said 10 bo eatremats of the 
variation problem ‘Thus the problem of finding stationary values 
of the integral reduces to the problem of solving these differential 
equations and adapting the gencral solution 10 the givon boundary 
conditions * 


2 Jxamples, 


The possibility of giving a general solution of the system of 
Euler’s differential equations 1s oven more remote than in the 
ease in §2 It18 only in vory special cases that wo can find all the 
extremals explicitly Wore the followmg theorem, analogous to 
the particular case on p 503, 18 often useful 

If the function F does not contain the independent variable 
x expherly, P= Thy...) bus dry «+ 5 hn’), then the eaqnesston 


# 
? 
E = Puy, ey Uns Uy’ eeny Uy’) fat py ‘ty Lug 
teat 


48 an wntegral of Euler's system of differential equations. That 
18, 1f we consider a system of solutions 2,(2) of Iulor’s systom 
of differential equations, we have for this solution 


i= i — a Py == CONSL, = 6, 


whore, of course, the valuo of this constant depends upon the 
system of solutions which is substituted 

The proof follows the samo lines as m § 2 {p 503); we difleren- 
tiate the left-hand mdo of our expression with respect to x and, 
using Wuler’s differential equations, volfy thet tho result is 
Z0E0 


A terviel oxample is tho problem of finding tho shortest distaneo bolween 


* Using Lemma IT (§ 2, p 600), wo can prove that those diforontial equations 
must hold, undor tho gonoinl assumption that tle admissible funellona neod 
only have asotionally continuous inat derivatives, Tor tho boplnnor who wishos 
to concentrate on tho essontial moohanism of tho aubjeot, hawover, ft 1s mora 
convenient to include continuity of tho sacond derivatives in tho conditlans of 
admissibility of tho functions ¢{w), Wp can thon work aut tho ex) opalona 


¢ Fy, ¢ and write thom in tho moro oxphout foum 


tt n 
, 7] ve ; 
Pa o ry ue b h 2: _ yt te b dy nye 
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two points in thiee dimensional space Hero we have to dotermio tivo 
functions ¥ == y(v), #= 2(x) such that the integral 


[Vor ut + ene 


has the least possible value, the values of y(«) and 2(x) at the end points 
of the interval being prescribed uler’s differential equations g1v0 


a x! 
SSS ee 0, 
(1+ y®@4- 2) du (1+ y® + 2) 


whence 1 follows at once that the derivatives y’(«) and 2’(#) aro constant; 
hence the extremals must be straight lines 


Somewhat less trivial 13 the problem of the brachistochaone vi three 
dumenstons (Gravity is again talen as acting along tho positive ¥ axa } 
Here we have to determme y = y(x), 2 == a2) m such a way that tho 


integral 
: tp rp 
a fl (Ee da ae = f “Py, y's #) de 
x ¥ Xo 


is stationary Tuler’s differential equations give 
a 1 a 
Vivatyra 
eee emcee 
Vy Vil + y? + 2%) 
where a and } are constants By division 16 follows that 2° = a/b = & 


18 hkewise constant ‘The curve for which tho integral 1s stationary must 
therefore lien a plano z= #a-+% From tho further equation 


Be een ane 
Vy V+ B+ y) 


there follows the fact, obvious from § 2 (p, 505), that this curve must again 
be a oycloid 


Fy ly — vB y = 


TEEXAMPLE 


Write down the differential equations for the path of a ray of hght 
im three dimensions in the case where (polar co ordinates 7, 0, p boing 


used) the velocity of hght 1a function of r (of § 1, Ex 2, p 407), Show 
that the rays are plane curves 


3, Hamulton’s Principle. Lagrange’s Equations, 


Euler’s system of differential equations has a vory impor- 
tant bearing on many branches of applied mathematics, especially 
dynamics Yor the motion of a mechanical system consistmeg 
of a finite number of heavy particles can be expressed by the 
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condition that a certam expression, the so-called TIamulton’s 
integral, 18 stationary Jere weshall briefly explain tlis connexion 

A mechanical system has » degrees of freedom if its posrtion 
18 determined by » mdependent co-ordinates g, qa, «+5 Gn 
Tf, for example, the system consisis of a smglo particlo, 2 == 3, 
since for 94, ga, gg Wo can tale the three rectangular co-o1dmates 
or the three polar co-ordinates Again, if the system consists of 
txvo particles which are held at wut distance apart by a mgd 
connexion—assumed 1o have no mass—then »== 5, simec for 
the co-ordinates q,; we can take tho three rectangular co-oidinates 
of one particle and two other co-ordinates detorminmg the 
direction of the line joming the two particles 

A dynamical systom can be descuibed with sufficient generality 
by means of two functions, tho Ainetio energy and the potential 
energy, If we think of the system as moving im any way, the 
co-ordinates q, will be functions g(t) of the timo é, the “ com- 
ponents of velocity” bomg g, == dg,/di Thon associated with 
the dynamical system there is a function which we call the 
lanetic energy and which 1s of tho form 


ti 
(Gy +09 Inv Gy ve In) a x Casts (hin = yy), 


|, dete 


The kinetic energy, therefore, is a homogencous quadiatio ex- 
pression m the components of velocity, the cooflicients a, boing 
takon as known functions, not depending explicitly on the time, 
of the co-ordinates q,,... 5 Yn themselves.” 

Tn addition 10 tho kinetio onergy, the dynamical system 
is supposed to be characterized by another function, tho poton- 
taal onergy U(q,, ..,%n), Which deponds on the co-orclinates of 
position g, only and not on tho velocities or the tamo. | 

Now Tamulton’s punciple 1s as follows. the actual motion of 


* We obtam this oxproasion for tho kmmotle enorgy @ by thinking of tho 
individual rectangular co o1dinatos of tho particles of the systom as oxprossod 
aa functions of tho co ordinates gy +s Gy ‘Chon the rectangular velooity 
components of tho mdividual particles can bo o\preased aa near homogonoous 
functions of tho 4a, and finally tho olemontary oxpiossion for the kinetle 
energy 1s formed, namely, half tho sum of tho produots of Une individual massog 
and the squares of tho coircaponding volocitios 

f As 18 shown in dynamical Loxtbuvka, thia potential oncigy dotorminos thio 
external forces acting on tho systom In bunging tho system fom ono position 
into another mechanical work is done, this is equal to the difforonce bolwaon 
tho corresponding values of U and dors not dopond on the path by which the 
transfoionce flom ono position lo another takea place, 


12 CALCULUS OF VARIATIONS [Crisp 


a dynamical system m the mterval of time 4 Sf Si, from a 


given mutial position to a given final position 18 such that for this 
motion the integral 


ty 
A{qy, « o}=f (2 — U)dt 


18 stationary, if m the comparison we include all continuous 
functions q,(é) which have contmuous derivatives up to and includ- 
ing the second order and which for ¢==¢ and ¢==% have the 
prescribed boundary values. 

This principle of Hamilton’s is a fundamental princrple of 
dynamics The advantago of 16 18 that st forms a brief summary 
of the laws of dynamics When applied to Hamulton’s principle, 
the general theory of this chapter gives Lagrange’s equations, 


na ie LR Fee, Se 


which are the fundamental equations of ngher dynamics 

Here we shall merely make one noteworthy deduction, namely, 
the law of the conservation of energy 

Since the integrand in Hamulton’s integral does not depend 
exphoitly on the independent vanable ¢, the solution ¢,(t) of the 


differential equations of dynamics must be such as to make tho 
expression 


7. U—~3q, Ea) 
E= TU —X4y ad: 
constant Since U does not depend on the g,’s and 2 1s a homo- 
geneous quadratic function in them (of. p 109), 


a(r — U) or 
y ee ee) »Y — oT. 
. Og; as 90% 
Hence 

f -+- U = const ; 


that 1s, during the motion the sum of the kinetic energy and the 
potential energy does not vary with the time 


4 Integrals Involyimg Higher Derivatives. 


Methods analogous to those used m the examples discussed 
previously can be used to attack the problem of the extreme 
values of integrals m which the mtegrand J not only contains 
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the required function y== ¢ and ils derivative ’, but also in- 
volves higher derivatives, e g tho second For oxample, suppose 
wo wish to find the extreme valucs of an integral of the form 


I{$} =f ‘FQ, db, f', P'S da, 


where in the comparison those functions y = 4(+.) are admissible 
which, together with thew first douivetives, have presoubed 
values at the end~pomts of tho interval, and which also have 
continuous derivatives up to and including the fomth order 

To find necessary conditions for an oxtzome valuo we agam 
assume that y= u(x) is the desired funclion Wo thon inelude 
1b in a@ family of functions y = (x) = ua) -- en{(xr), whore ¢ 18 
an arbitaary parametor and 7) an arbituanly-chosen function 
with continuous derivatives up to and includmg tho fourth order, 
which together wrth 118 derivatives vanishes at the end-pomts, 
The integral then takes the form @(e), and the neccasary condition 


b’(0) x= Q) 


must be satisfied for all these functions y(z) Proceeding in a 
way analogous to that m § 2 (p 498), we differentiate under tho 
integral sign and thus obtain tho above condition mm the form 


f (nF y “{- nF wb 2 Ey) de == 0, 


which must be satisfied if is substituted for f(a) Intograting 
once by parts we reduce the to.m in 7’ (2) 10 one my, and mtegrat- 
ing twice by parts we reduce the teu in 7(2) Lo ono in y, talcing 
the boundary conditions into account, wo ously obtain 


Lot P| 
[ (F = f tack Fw) oe == 0. 


Hence the necessary condition for an oxlronio valua, i.c. that the 
integral may be stationary, is Mulor’s diflerontial equation 
@ a 


dg"e t gate -° 


The reader can ver:fy for himaolf that this 1s a differential oqua- 
tion of the fourth order, 
(x12) 18 


Df] = 2, —~ 
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BEXAMCLE 
Consider 


M4 
pen m8 dit, 
I , (@/2 — 2fp) dar 


where f(z) 18 9 givon function Tere Muler’s differential equation is 
ut? — f(z) = 0 


5 Several Independent Variables. 


The general method for findimg necessary conditions for an 
extreme value can equally well be applied when the mtogral 
1s no longer a simple integral but a multiple mtegral Let 
D be @ given region bounded by a sectionally smooth curve I' 
m the wy-plano Let F(a, y, 4, de 6,) be a function which is 
contmuous and twice continuously diflorentisble with respect to 
all five of 1ts arguments Ifm # wo substitute for ¢ a function 
d(z, y), which has continuous derivatives up to and meluding 
the second order in the region D and has prescribed boundary 
values on I’, and xf we replace }, and ¢, by the partial deriva- 
tives of }, # becomes a function of a and y, and the integral 


Lp}= f [Fe a, bs bur $a) dandy 


has a value depending on the choice of 6 Tho problom is that 
of finding a function == u(x, y) for which this value is an 
extreme value, 

To find necessary conditions we agam use the old method. 
We choose a function 4(«, y) which vanishes on the boundary I, 
has contimuous derivatives up to and meluding tho second order, 
and 1s otherwise arbitrary; we assume that u is the required 
function and then substitute 4= u-+ ey m tho mtegral, whore 
eis an arbitrary parameter The integral again bocomes a function 
O(<} and a necessary condition for an extreme value is 


(0) = 0 
As before, this condition takes the form 
f [P+ nePu, + vy) dady = 0 


To get md of the terms in y, and 7, under the integral sign we 
tegard the double integral as a repeated integral, and integrate 
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one term by parts with respect to # and the other with respect 


toy Since 7 vanishes on TP, the boundary values on I fall out 
and we have , 


(7) a) 
[falta ZR, — FB \dody = 0 


Lemma I of § 2 (p 499) can be extended at once to more 
dimensions than ono, and we immediately obtain Luler’s pateal 
differential equation of the second order, 

7 


woe ee fH eH, 
de “Oy 


Py 


EXAMPLES 


1 P= Dye +f. 9,4 If we omit the factor 2, Euler's differential equation 
becomes 


That 14, Leplaco’s equation has been obtamed from a variation problem 


2 Moenunal Surfaces, Plateaus Problem —To find a surface z = f(x, y) 
over tho region D, which passes through a prescribed curve in space whose 
projection 1a D, and whose area 


[ [Vat oat + opidady 


is & minimum 
Hero Eulor's duforential equation 1s 


a ETL. EEN | a u, 
Ba, JL tig Eat) by LE tPF u,?) 
or, in expanded form, 


tag L <b by#) — Alyy thay “F Myy{l + uy") == 0. 


0, 


This ja the colohiated differontial equation of minimal surfaces, which we 
oannol discuss further hero 


6 Problems Involving Subsidiary Conditions. Euler’s Multiplier. 


Tn discussing the theory of ordinary extreme values of func- 
tions of sevoral variables m Chapter ITT, § 6 (p 191) we con- 
aidored the caso where these vawables are subject to certan 
subsidiary conditions In this caso tho method of undeter- 
mined rnultiphers led to a particularly clear expression for the 
conditions that the function may have a stationary value, An 
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analogous method 18 of even greater importance in tho caloulus of 
variations Hore we shall briefly discuss tho smmplest cases only. 

(a) Ordonary Subsichary Conditions —As a typical case we 
consider that of findmg a curve v= a(t), y= y(t), z= 2%) 
(fo S¢St,) m three-dimensional space, expressed mm torms of 
the parameter z, subject to the subsidiary condition that the 
curve shall lie on a given surface G(e, y, 2) = 0 and shall pass 
through two given points A and B on that surface. What wo 
have to do, then, 18 to make an integral of the form 


ty 
f[Founty ad 
ty 


stationary by suitable choice of the functions #(t), y(t), 2(4), 
subject to the subsidiary condition G(a, y, 2) = 0 and the usual 
boundary conditions and continuity conditions, 

This problem can be mediately reduced to the cases dis- 
cussed in sub-section 1 (p 507). We assume that a(t), y(), 2(t) 
are the required functions We assume further that on the 
portion of surface on which the reqmred curve is 10 he z can be 
expressed in the form z= g(x, y). This is cortainly the caso if 
G, differs trom zero on this portion of tho surface. If we assume 
that on the surface in question the thioo equations G, = 9, 
G,== 0, G,= 0 are not simultaneously true and confine ouwr- 
selves to a sufliciently small portion of surface, we can suppose 
without loss of generality that G,=- 0, If wo thon substitute 
= g(t, y) and ¢=9,%-+9,y under the integral sign, the 
problem becomes one m which a(é) and y(t) aro functions mde- 
pendent of one another Thus we can mmmediately apply the 
result of sub-section 1 (p 508) and write down the conditions 


that the mtegral J may be stationary, by applymg the aforesaid 
result to the mtegrand 


Ble, y, Gl, Y)s by Ys 2a + Yu) = L(x, y, 4, Y). 
We then have the two equations 


d ad a 08 
te la FF Fat 5 Psde) — Fede ~ Be = = 0, 


a d d 7) 
qe Ae = oP Fy+ gfe) — Badu — Paz == 0, 
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ae ae a By 
as We sec at once on differentiation Hence we have 


ad L 
§Fe— Fat t0(5 Pe— Fr) =0 


Gs d 
$F Fat on( Gh 2)=0. 


If for brevity we write 


OR oR wee ay ce a 4 UK 


dé 
that is, if we introduce a mullapler A(/), and use the facts that 
Ju = —G,/C',, gy = —G,/@,, we obtam tho two further equations 
f Pa~ Fam My 6 © @© 8 @ (A) 


£ Py DONG cin spog. tec AD 

We thus have the following condition that the integral may 
be stationary 

Tf wo assume that G,, G, G, do not all vanish simultaneously 
on tho surface G = 0, the necessary condition for an extieme 
value is tho existence of a multiplier A(¢) such that the threo 
equations (A) givon above are simultancously satisfied in addition 
to the subsichary condition G(x, y, z)==0. That is, wo havo 
four symmotrical equations determining the funclions «(¢), 4(6), 
a(t) and the multiplior A 

The most important special case of this is the moblem of 
finding tho shortest line jommg two points A and B on a given 
surface @ == 0, on which 16 18 assumed that the gradient gradG 
does not vanish Iero 


Bez 4/(0"-- P+ #), 
and Tulor’s differential equations are 


d a 


Jer Ppray Gm 
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d y ai 
avert pra” 
a z 


Vere ERO 


These equations are variant with reapect to the introduction 
of a new parameter 4. That 1s, as the reader may ensily verify 
for himself, they retain the same form 1f¢ is 1eplaced by any other 
parameter r= 7(t), provided that the transformation 18 one-to- 
one, reversible, and contmuously differentiable, If we take the 
are as the new parameter, in other words, 1f we assume that after 
the troduction of the new parameter 22+ y*-+ @= 1, our 
differential equations take the form 

dx dy 


Tas My Sha 


dz 
AGy, ast = AG, 

The geomctncal meanmg of these differential equations is 
that the osculatmg planes * of the extromals of our problem 
are orthogonal to the surface G=0 We call these curves 
geodesics of the surface The shortest distance between two 


points on a surface, then, 1s necessarily given by an aio of a 
peadesic 


EXAMPLE 
Show that the same geodesics are also obtained aa tho paths of a particle 
which 1s constramed. to movo on the given suiface G@ = 0, aubject tio no 


oxternal forces (In this case the potential onergy U vanishes and the 
reader may apply Hamulton’s primeiple (p 512).) 


(b) Other Types of Subsidiary Conditions —In the problem 
discussed above we were able to eliminate the subsidiary con- 
dition by solvmg the equation determmmg the subsidiary 
condition and thus reducing the problem directly to the type 
discussed previously With other kinds of subsidiary conditions 
which frequently occur, however, rt ia not possible to do thus, 
The most important case of this type 1s the case of “ isoperi- 
metre” subsidiary conditions The followmg 1s a typical 
example 

With the previous boundary conditions and continwty con- 
ditions, the integral 


*T.e the planes containing the yeotors (&, y, 2) and (a, y, z) (of. ix 1, 2, 4, 
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1ig}= "He, 4, ¢')de 


18 to be made stationary, the argument function ¢(x) bemg 
subject to the further subsidiary condition 


ey ; 
HI {p} aa ii ; G(x, ¢, p \du == % given constant ¢. 


A particular case of this (F == ¢, G= 4/{1 -+ ’)) is the classical 
woperimetric problem 

Tius type of problem cannot be attacked by our previous 
method of formmg the “ varied ” function ¢ == u -+- ey by means 
of an arbrizary function 7(%) vamshing on the boundary only 
Tor m general these functions do not satisfy the subsidiary 
condition in a neighbourhood of «== 0, except at «= 0 We can 
atlaim the desired result, however, by a method similar to that 
used m tho onginal problem, by mtioducmg, instead of onc 
function 4 and ono paiameter ¢, two functions 7,(z) and 7,(q), 
which vanish on the boundary, and two parameters ¢, and ¢, 
Assuming that ¢= 4 1s the required function, we then form 
the varied function 
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p= w-- Qn t Ne 


Tf wo mtroduce this function into the two integrals, we obtain 
the followmg as a necessary condition for an extreme value or 
stationary charactor of the integral 


4 
[== f F(a, wt em + ata Wb egy’ + eae’) de = O(a, &), 
Xe 
subjoct 1o the subsidiary condition 
¥4 
Ls i Gla, w-b eynyt eater Ue! + em’ + 279”) da = P(e, €g) = ot 
% 


tho function @(c,, ¢) 18 to be stationary for ¢, = 0, & = 0, where 
&, & satisfy tho subsichary condition 


w( €1) Ep) = ¢, 


A simple discussion, based on the previous results for ordinary 
oxiremo valuos with subsidiary conditions, and in other respects 
following the samo lines as the account given in § 2 (p. 498), 
thon leads to this result: 
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Stationary character of the utegral 1s equwalent to the existence 
of a constant multuplher 0 such that the equation IL = ¢ and Euler's 
differential equation 


ol (By + AG) — (Fy + AG) = 0 


are sairsfied An exception to this can only occur of the function 
u satisfies the equation 


£ ww — G,=0 


The details of the proof may be left to the reader, who may 
consult the literature on this subject * 


EXAMPLES 
1. Use the method of Buler’s multiplier fo prove that the solution 
of the olessical isoperimetrio problem 1s a circle 


2 A thread of uniform density and given length 18 stretohed between 
two pomts A and 2, If gravity acta in the direction of the negative y-ax1a, 
the equilibrium position of the thread 1s that in which the centre of gravity 
has the lowest possible position. It 18 accordingly a question of making 


* 
an integral of the form iN vv (1 -+- y*)de a mimmum, subject to the sub 


aidiary condition that im V(1 + y’*)dw haa e given constant value. Show 
that the thread will hang in & catenary 


MisozttaNnous Examenss VII 


1, Show that the geodesios on a cylinder are helices, 
2 Find Huler’s equations in the following cases: 


(a) F= fs +9") + vote 
0) F=_t ee + yo), 
(0c) Pay — y+ 

(2) F=4/(L + y) 


3 Tf there are two independent variables, find Tuler’s equations in the 
following cases: 


- 


*Bg O Bolza, Lectures on the Calculus o Bhs) (University of Chicago 
Presa, 1904), G A, Blas, The Oaiculus of Variatrone (Opon Court Publishing 
Company, Chicago, 19265), 
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(a) F = agg + boyy + cp? + 9%, 
(b) P= (yy + Py)? = (Ag), 
(c) P= (Ag! + (Qeeyy — Pay) 
4 Vind Huler's equations for the sopeimetiic problem m which 
* 
i (an? -- Abu’ -- cu) da, 
¥q 
is to bo stationary subject to the condition 
v1 
f wde= 1, 
¥ 


5. Lot f(v) bo a given function ‘The integral 
Ko) = f Flarete)dn 
ww to ho mado a maximum subjcot to tho integral condition 
Ho) = [ede Ka 


(whero K is & given constant) 
{a) Wind tho solution u(#) from Enlet’s equation, 


(b) Piove by applying Schwar’s inequality that the solution found 
m (@) givos tho absoluje maximum for J. 


(012) 184 


CHIAPEER VILE 
Tunctions of a Compley Varinhle 


Th Chap. VUE, 8 7 (p 410) of Val Twe toned dd an the theary 
of finetions of a complex viride ined omiw that that Oieary 
throws new Jydhicon dhe atractuinee of funetionn of areal variable, 
Iforo wo shall give a brief but mere ryetentio accu af the 
lomonte of blu the ory, 


1 [saronuerion 


1. Limila and Infinite Sorles with Complex Torna. 


Wo start from the clancitary conceph of a couples nim 
bor ¢ «a | ty (of, Vol [, pu 78) formed from the aiaginary 
unit ¢ aml any twa real mambera sg, yo Wo tperate with tlie 
complex numbara just aa we do with ordinary nivebera, with the 
additional rule Uint o® nay always be repleed by 1. We re 
prodont a, the real park, and y, the iaagginary part of 2, by rect 
angular co ordinates mio an acy plaie or a" voniples 2 plane" 
Tho number ges we ty in culled the complex mumbor cenpeupatet La 
@ Jf wo introduces polur ca ordmates (7, 0) by inienna of the rela 
tions wes roond, y> rnin dg, @ is called the argument (or anph 
tude) of tho complox number and eo ict yp is fede fa] 
its absolute value (or meiludus), 

Wo oan immediately eatabhah the ao called “triangle in- 
equality ” sntiaflod by the complex numbers 6, 8) ntl sy f ayy 


bebe] fat et fel, 
and tho furthor inequality 
lil [et eat uf, 
which follows immediately from Ma Lf wo pub ay es thy Ny, 2g Uy, 
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Tho “ triangle mequality ” may be interpreted geomatrically as follows 
we can ropresent the complex numbors z,, z, by veotors in the 2y-plano 
with components 7, ¥ and a, y, 1espectively ‘Lhe vector which repre 
sents the sum 2, -+ 2, 18 then simply obtamed by veotor addition of tho 
two first veotors, ‘The lengths of the sides of the triangle so formed are 
[#1 |, |2a|, | 21 +2] ‘Thus tho “ trianglo inequahty ” merely expresses 
the fact that any ono side of o triangle 1s less than the sum of tho 
other tivo 


The essentially new concepL which we now have to con- 
sider is that of the fam of a sequence of complea numbers. Wo 
state the following definition. a sequence of complex numbers 
2, tends to a limit z provided |2,— 2] tends to zero This 
of course means that tho real part and the mmagmary part of 
%, — 2 both tend to zeio Cauchy’s test apphes the necessary 
and sufficient condition for the existence of a lamit z of a sequence 
2, 18 lim | 2, — %,| = 0 

> 

im —> 0 

A particularly amportant class of lmrts arises from infinite 
sertes with complen terms. We say that the infinite series with 
complex terms, 

wo 
2 0, 
pm 


converges and has the sum S, if the sequence of partial sums 


tonds to the limit S. If the real series with non-negative terms, 
n 
ron " | 


converges, it follows, just o8 in Chap, VIIT of Voi. I (p. 869), 
that tho original series with complex torms also converges The 
lattor sories is then paid to bo absolutely convergent, 

If the torms ¢, of tho serics, instead of being constants, 
depend on (#, y), the co-ordmatos of a point varying in & region 
R, tho concept of uniform convergence acquires a meaning. Tho 
sorios 18 said to be uniformly convergent m 2 1f for an arbitra- 
rily small proscribed positive ¢ a fixed bound N can be found, 
deponding on ¢ only, such that for evory x 2 N the relation 
| S,— S| <c holds, no matter where tho pomt z= # + wy hea 
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in the reyuon A Chaform conrergence of at sequence ub comphey 
fueling SC) depending, ore tle pant 2 of A aay ef conrse 
Fee eletned in exactly Che care way MEE tha redatiana nnd 
delimboms and Che asiemadel proofs circ spauad esac tly ba Phere 
with whieh weonre already finhae fram Gee Geary of real 
Vartilb a 

The minipleab eae of a convergent serie i the pe one tran 
HUPIN 

LlpPetLed.t 4 reue 
Juaé avon the ense of the real varnlle, we Jive 
1 ogni 


Ny ‘ i 3 ; 


a ae en ese ree Cf forfahe dy 


wo Aeo thal the geometric acrien convergen alaolutely provided 
beled, and olny that fhe eonvergence an uniform pray 
vider fe] > og. where goat any fixed pomtive number between 
Qamll. In other words, dat geamedrie sertes converges absolutely 
for all values of x aithin des unt circle and converges uniformly 
wn covery closed circle concentra twilh the ron earcle and with a 
radius leas than unity, 

For the investigation of convergence the pruvciple of compari 
Bagunavaloble: if} 6,| py where yp, ws real and won negative, 


ih 
and if tho infinite serio 3p, converges, then the complex serina 
6 


ho, couverges wbaolutely. 

If the 9,'a ara constants, while the o,'a depend on a point 2 
varying mn J2, the series Xe, converges uniformly in the region un 
question, Tho proofs are word for word the antos as tlie corre. 
aponding proofs for the real variable (Vol. 1, Ghap VIEL, p 903) 
and therafore ueod nob be repeated hers, 

Tf AZ is an arbitrary postive constant aud ga poatave number 
botweon 0 and 1, tho infinite sores with the pomtive tormap, o Alg* 


or vhlg’ or 4 , 7’) also converge, as wa know from Vol. J, 


Chap. VIIY, p. 401. Wo shall immediately make use of theac 
oxpresaions for purposes of compariaon. 
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The most important mfinite series with complex terms are 
power serics, m which c, 1s of the form o,= 4,2’, that 1s, a 
power series May be expressed in the form 


Pa) = daz, 
ves () 


or, somewhat more generally, im the form 


D4 
x a,(% : %)” 
v= Q 
whore 2, is a fixed point As this form can, however, always be 
reduced to the preceding one by the substitution 2! = 2 — z, 
we necd only consider the case where 2 = 0 
Tho main theorem on power series 18 word for word the same 
as the corresponding theorem for real power series in Chap VIII 
of Vol, I (p 399) If the power series converges for z= €, tt con- 
verges absolutely for every value of 2 such that|z|<|&| Further, 
of q ts @ posiave number less than 1, the serves converges uniformly 
within the owele |u| Sq| é| 
We can at onco proceed to tho followmg futher theorem, 
Lhe two serves 
ie) 
D(z) = XB vaz’t 


ven 


5 +1 
I(e) = 2 —2- 2" 
() pa Q vel 


also converge absoluicly and unformly | z| Sa él. 

Tho proof follows cxactly as before, Since the geries P(z) 
converges for z= , it follows that tho n-th term, @,¢", tends to 
voro 18 7% increases, ILence a posttive constant M certainly exists 
such that tho inequahty | a," | <M holds for all values of ». 
If now |z|=q| é|, where O0<q¢<1, wo have 


M a M\é 
Jagat <a, [nage] < Anges, [ote a] <a 


Wo thus obtain comparison gorics which, as we have seen already 
(p. 524), converge absolutely. Our theorem 1s thus proved, 
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Tn the cake ofa power ae cia Chereire Oye pomulalitien eather 
1) converges forall vabn a of. or Uiere are Valine ey for whack 
diverges ‘Then by Gas Tieorent bese the sere nainat dy org 
for all values of 2 fir whueh [2] gy (i Ved [pe 48a), aid, pint 
an Lhe eas of real power deris, Clete i a radia af cant ergrnes 
auch (hat Ui aes converges wlan |e] puted diverges when 
A Pp JPhe ane applies to Cae two deren (2) and J (2), the 
velo of p homy tle ane na for Che orginal scree The cirele 
[2] pam called the circle af conrergence of lw power deri 
No genial statements con he rast abet the convergence or 
divergence of the sete ort tle eaecuniferencs of the eared ataclf, 
io. for[2z|] —p. 


3, Difforontiation and Integration of Pawar Borlos, 
Tt ia natural to call an expression of the forse 


f(a)r dg foaye fag foe Bb ye” 


wilh fixed (complex) sooflimeuta a, a fanctum of g, and mare 
pactioulnrly a polynomial of the woth degree ten Tn the anme 
WAY, & GONVETZenL power series 


Pla) aa’ 
real) 


in rogarded aan funotion of the complox variable 2 in te interior 
of its oirolo of convergouso, In that region if is the lum to 
whioh tho polynomin! 


bonds as 2% tends to infinity. 

A polynomial f(z) may be differentiated with respect ta tha 
indepondont variable 3 in exactly tho sama way ua for tho real 
variable, In the first place wo notice that the algabrais identity 

"mee hh 


% 
initing ansg acne #Y #81 Wt. gn Rx nde rae” Ri i 
eras fa" *s-| bs 


holda. If we now lot 2, tend to 2%, wo iinmnedintely have 
dd a Wee 
ates tim ER es age A, 
dz tbe % 


* Cho oancapt of a init for a continuous cornylax varlabt . 
Introduood in oxnally the same way aa for Lhe real vatiatle. a 
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In the same way we immediately have 


; a a : 
Py) (2) = — P,(2) == hm Pules) — Pale) =X vag’ == D,(z) 


dz yh 2 @ yes 


We naturally call the expression P,,’{z) the de iwative of the com- 
plex polynomial P,,(z). 

We now havo the following theorem, which 1s fundamental 
in the theory of power sorics. 

A convergent power seites 


a 


Pa = daz’ 
ven 


may be differentiated term by term wn the «terior of tts curcle of 
convergence That rs, the luni 
P'(a) = lm Ba) ~ 2) Pte) 
ape By 
exists, and 


P'(2) = X va,e’ = lim P,’(z) = lim D,(2) = D@). 
ves] n> 2 it 


Prom tlus theorem 11 is at once clear that the power series 


oe 
LT = yr tt 
(2) hale 


may bo rogarded as tho indefinite integral of the first power sories, 
jo. that I'(2) == P(2) 
Tho torm-by-term diflorontiability of the power series 1s 
proved in the following way: 
Thom p. 526 wo know that the relation D(z) = lun D,(2) 
t a 


n> 

holds within tho circle of convergence. Wo have to prove that 
tho absolute value of tho diflorence quotiont 74) differs 
from D(z) by loss than a prosoribed positive yumbor ¢, if only we 
take 2, sufficiently close to 2 within the circle of convergence 
Vor this purposo we form the difference quotient 


De 4) x Pes) ~ Plo) _, Poles) — Ealt) 4 3 a,,A,, 
2 %— 2 2, — 2 mth 
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where for brevity we write 


vu a 
A, = al @ ae ae § ~ 2,"~*2 -|- wee -- ghaL 
2-7 % 


Tf we keep to the notation used on p 625, and if |z|< q| é| 
and also | 2, |< q| é], then 16 18 certain that 


[AS vet | El 
Hence 


[Ral=| = a, 
vee gif 1 


5 avi Ym, M “ vm 
a 2 A a | = | é | = )é] Pcs > 
Owing to the convergence of the series of positave terms Lrg’, 
the expression | 2, | can therefore be made as small as wo please, 
provided we make sufficiently large We choose so large that 
tlus expression is less than ¢/8, and also so large—imoteasing ” 
further if necessary—that | D(z) — D,(2z)|<«/3. We now 


choose 2 so close to z that the absolute value of Pala) — fn?) = Pal?) 
also differs from D,(z) by less than ¢/3, Then a & 


| Dy 2) — Dee) | = |e 28) — Daly 
€ € € 
<gtgtgo* 


and this inequality expresses the fact asserted. 

Since the derivative of the function is agam o power series 
with the same radius of convergence, we can differentiate again 
and repeat the process as often as we lke, That is, a power 
series can be dafferentrated as often as we please mm the untertor of its 
evrcle af convergence 

Power serves are the Taylor serves of the functions P(z) which 
they represent. that is, the coefficients a, may be expressed by the 


formula 
a, = + POO) 
rt 


The proof is word for word the same as for the real variable 
(of, Vol I, p. 404) 
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4, Examples of Power Series. 


As wo mentioned in Chap VIII, § 7 {(p 418) of Vol I, the powor serics 
for the clomontary functions oan immediately be extended to the complex 
vaniablo, in other words, wo can regard the powor series fo1 the clementary 
functions as complex power so1ies and extend the defimtions of these 
functions to the complex realm in this way T'or oxample, the serica 

a yy Dy OD fu] pet a g2v ee) 2v-- 1 
St ee ee ee 

prQ VE jaa (2v)P yao (2v-+ 1) yao (2vl pao(2y -+- 1) 
converge for all valucs of 2 (This follows at once fiom comparison testa ) 
Tho functions represented by those power sores aro agam denoted re- 
spectively by the symbols e*, cosz, amz, coshz, sinhz, yust as in the real 
caso «The rolations 

copz -- essing = ef, 


coshz == cos7z, +snlz = sini 


now follow immediately from the powor seiles Again, by differentiating 
term by térm we obtain the rolation 


@ os. of 
aoe 


As oxamples of powor sorios with a fimto radius of convergence, 
othor than the geomotrio sorics, wo consider tho so1es 


i] pA 
log (1 ++ #) == {—I)jr4 1 — 
veal v 


gov 1 
are tang = Z(-1) oy reer aaa 1 log (t -+|- tz) — log (1 — 12}}, 
whiogo sums we again donote by tho symbols log, aro tan Tero the radius 
of convergonco 18 again 1, ne torm by term, we have 

é@ log (1 -/- 2) 1 


as iv? M * tar tan z) = 


ri - ga 


Xa Menus 

1. For which points 2 == a -+}- ty Ja 
= 
2-- 1 


2. Prove thal if Za,2" 19 absolutely convorgont for z= C, thon it fa 
uniformly sonvorgont for overy 2 such that |z] S| of 


8. Using tho powor sorios for coaz and sing, show that 


Sl 


cos*z -- slntz == 1, 
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4* Tor what values of ¢ 18 
a gv 
Scie 
pm L— 2” 
convergent? 


2 TounDATIONS OF THE Tuuorky or FUNCTIONS OF 
A Complex VARIABLDD 


1, The Postulate of Differentiability. 


As we have seen above, all functions which are represonted 
by power series possess a derivative and an indefinite mtcgral. 
This fact may be made the startung-pomt for the gencral theory 
of functions of a complex vauable The object of such a theory 
is to extend the differential and mtegral calculus 10 functions of 
a complex variable In particular, 16 1s important that the con- 
cept of function should be generalized for complex mdepondent 
variables in such a way that the function 1s differentiable m the 
complex region 

We could, of course, confine ourselves from the very begmning 
to the consideration of functions which are represented by power 
series and thus satisfy the postulate of diflerentuability, There 
are, however, two objections to this procedure Jn tho first place, 
we cannot tell @ priors whether the postulate of the differon- 
tiabihty of a complex function does necessarily imply that the 
function can be expanded in a power series (In the case of the 
real variable we saw that functions even exist which possess 
derivatives of any order and yet cannot be oxpanded in a powa 
series (cf Vol I, p 335)) In the second place, we learn even from 
the case of the simple function 1/(1— 2), whose power series, 
the geometric senes, converges in the unit circle only, that even 
for simple functional expressions the power series does not 
represent the whole behaviour of the function, which m this 
particular case we already now m other ways 

These difficulties can, 16 18 true, be avoided by a method due 
to Weierstrass, and the theory of functions of a complex variable 
can actually be developed on the basis of the theory of power 
series It 1s desirable, however, to emphasize another point of 
view, which 1s due to Cauchy and Riomann In them method, 
functions are characterized not by explicit expressions but by 
simple properties, More precisely, the postulate that a function 
shall be differentiable, and not that it shall be capable of boing 
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represented by a powel series, 18 to be used to mark out the region 
in which a function 1s defined 

We could start @ priors from the following general concept 
of a complex function ¢ = f(z) of the complex vamable 2 If # 
is a region of the z-plane and if with every pomt z== a -++ w m 
R we associate a complex number £ = u -+ w by means of any 
relation, 2 13 said to be a complex function of 2m # This 
definition, therefore, would merely express the fact that every pan 
of real numbers 2, ¥, stich that the pomt (#, y) lies in #, has a 
corresponding pair of real numbers uv, v, ic that wand v are any 
two real functions u(x, y) and v(@, y), defined m 2, of the two 
real variables a and ¥ 

This concept of function, however, would be much too wide 
We limit 16 in the fist placo by the conditaon that ufa, y) and 
v(v, y) must be continuous functions in & with continuous first 
aaa Uny Uy Voy Vy Lurther, we insist that our expression 
u-- we € = f(z) = f(e -+ ty) shall be deferentiable in BR with 
respect to the complex independent vauable z; thet is, the hmut 


im L0- FO jm LEF DLO pre 


fae ayn" & h—> 0 h 


shall exist for all values of zn & Thus limit is then called the 
derivatwe of f(z) 

In oidor that the function may be differentiable 16 is by no 
means sufficient that « and v should possess continuous doriva- 
tives with respect to # and y Our postulate of diflorentialility 
imphes far more than diflerentiabilty m the real region, for 
h=r-+ ds can tend to zoro through both real values (s == 0) 
and purely imagmary valucs (7 = 0) or m any other way, and 
tho same limit f(z) musl result in all cages, if the function is to 
bo differentiable, 

Tf, for oxamplo, wo pub w= a, v== 0, that 19, f(z} = f(a -b ty) = @, 
wo should havo a co.oespondones in which wie, y) and o{#, 4) aro con. 
tinuously difforontiable, Tor tho deuuvatavo, howover, by pultmg f= # 


we obtain 
im (et SO sili ee ee 
eet r-> 0 
whorcas if wo put 4 = t3 wo have 
Pe A ast base vl et 0 ee 


a > 08 
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thats, wo obtain two entirely difforent Limits Vor = w-- wy = @ + Qay 


we aimilarly obtam different hmits for the difference quotient as tends 
to zero m different ways 


Thus m order to ensure the differentiabihty of f(z) we have 
to impose yet another restriction This fundamental fact in the 
theory of functions of a complex variable 1s expressed by the 
followmg theorem: 

If = u(x, y) + 1v(x, y) = f(z) = f{x-+ ry), where u(x, y) 
and v(x, y) are continuously differentrable, the necessary and suffi- 


event conditions that the function f(z) shall be dafferentrable un the 
complex region are 


Ug = Vy Uy =F mm Ugy 


the so-called Cauchy-Riemann differential equations. 
In every region R where u and v satusfy these conditions f(z) 


as said to be an analytic * function of the complex varvable 2, and 
the derwatwie of f(z) 13 gwen by 


t 1 
f'(0) = My + Wy Vy — My = = tty + 004) 


We shall first show that the Cauchy-Riemann differontial 
equations form a necessary condition If we accordingly assumo 
that f"(z) exists, we must obtam the hmit f’(z) by taking # equal 
to areal quantity r, That 18, 


Hy) m= Jy MEY) — Hey) Oe -E  y) — 2, y) 
Fe) rae r we r 
= Uy + Wy 


In the same way, we must obtam /’(z) if we take 2 to be a pure 
imaginary 1s, that is, we must have 


f'@)= lm ua, y + 8) — ula, y) ae 4 y+ 8) — v(2, ¥) 
s—>0 cn] ts 


1 
= ; (ty -+ Wy) 
Hence 


1 , 
Yat We = © (y+ Wy) 


* The term regular is algo used, 
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By equatmg real and magmary parts we at once obtam the 
Cauchy-Riemann equations 

These equations, however, also form a sufficient condition 
for the diffcxentiability of the function f(z) To prove tlus, we 
form the drflerence quotuent 


f(@+ 4) — fF 
h 


r+ ws 


r ++ 48 


where ¢ and e, aro two real quantities which tend to zero 
with | 4| = 4/0? + s*), If now the Cauchy-Riemann equations 
hold, tho above oxpression mmediately becomes 
tite Jeb 4. 14 
Uy + Wy 4 Sena { cPwrarrs 

We sce at once that as 4-> 0 thus expression tends to the hmit 
Uy + We, and that independently of the way m which the passage 
to the hmit 4-> 0 18 carried out 

We now use the Cauchy-Riemann equations, or the property 
of differentialnhty which 1s equivalent to them, as the definition 
of an analytic function, on which we shall base our deduction of 
all tho propertics of such functions, 


2. The Simplest Operations of the Differential Oalculus. 


All polynomials, and all powor somes m the mtoror of ther 
circle of convergence, area analytac functions, by § 1 (p 527), 
We sco at once that the oporations which load to the elomentary 
rules of tho differential calculus can bo carried out in exactly the 
same way as for tho real variable. In particular, the followmg 
rules hold: the sum, tho difloronce, tho product, and (provided 
the denommator docs not vamsh) the quotiont of analytic func- 
tions can be differentiated accordmg to the elemontary rules of 
the calculus, and henco aro again analytic functions Further, 
an analytic function of an analytic function can be differentiated 
according to the chain rulo and therofore is itself an analytic 
function, 
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We also note the followmg theorem af the derwatewe of an 
analytic function = f(z) vaneshes everywhere m a regon R, 
the function os a constant 

Proof —We have t,— wy=0 everywhere in & Henco 
Ut, = 0, wy, = 0, and m virtue of the Cauchy-Riomann equations 
0, = 0,0, 0, that 18, wand v are constants; hence ¢ 18 a 
constant, 

Appheation to the Exponential Function —We uso this theo- 
rem to define the exponential function, which we havo already 


defined by means of the power series e* = & 2"/vl, by means of 
=O 


its differential property, in the complex region also. 
Lf a comples function f(z) satrsfies the differential equatian 


LO=f), 


then f(z) = ce”, where o 1s @ constant 

Proof —-As we seo at once by differentiatmg the power sories 
(which converges everywhere) term by term, tho exponential 
function certamly satisfies the condition If g(z) 18 another 
function for wluch g'(z) = g(z), 16 immediately follows that 
Fg’ (2) — gla f'(2) = 0 everywhero nm R, Woe are cntitled to 
assume that 9(z) 1s not zero at any poms, as otherwise our relation 
would be satisfied at that point by f(z) = 0, or c= 0, which 
gives f(z) == Oeverywhere Then the equation (fy’ — f’g)/g= 
means that the derivative of the quotient f/y vamshes, 1.0, that 
F/g 1s constant, which 1s what we asserted 

From this follows the functional equaiion of the exponential 
function, 

ee = ett 


(On the basis of the power sories definition this functional equa- 
tion 18 by no means a trivial assertion) We obtam 1b by con- 
sidering the function g{z) = e***, where z 18 fixed By tho chain 
tule, g(z) satisfies the differential equation g'(z) == g(z). Hence 
by the above theorem 9(z) = ce* To determine o we put z= 0 
and bear m mind that accordmg to the power sones definition 
e=: 1 Thus we at once have 9(0) = ¢ = ¢, and the functional 
equation follows 

In § 3 (p 542) we shall develop a more satisfactory method 
for discussing the exponential function independently of tho 
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power se1ies fore wo merely mention that m particular for 
MOS Ne ay 
et Hiv — etyty == e%"(cosy + asiny) 


Té follows further that the exponential function can never vanish, 
for uf e* vamshed, then e? = e*e*-** would vanish for all values 
of z, which 1s certainly not the case 
Malang use of the facts that cos2a = 1 and sm2n = 0, we 
immediately have 
ete, 


The exponential function therefore satisfies tho equation 
mn oh t2nh, 
@ == et tt : 


that is, it is perrodse with period 2m 


EXAMPLE 


Prove that the product and the quotiont of analytic funotions and tho 
funolion of an analylis function aro again analytic, usimg not the property 
of difforontiability but the Cauchy-Riemann differential equations 


8. Conformal Representation. Inverse Functions. 


By means of the functions u(a, y) and v(x, y) the points of the 
z-plane or «y-plane are made 10 correspond to pomtls of the 
¢-plane or w-plane ‘Thus wo have a lansformation or mapping 
(Chap IIT, § 8, p. 133) of regions of tho ay-plane on to regions 
of the w-plano. The Jacolian of the transformation is 


wa (a, 9) HS UgVy —— UyVe = Ue” |- Uy = [ f(z) le 


The Jacobian 1s thorefo1e different fom zoro, and 18 in fact posi- 
tive, whorever f’(z)=+-0 If wo assume that f’(z) = 0, our previous 
resulta (Chap, IIT, § 8, p. 152) show that o neighbourhood of the 
point 2 in tho z-plano, if sufficiontly small, is mapped uniquely, 
revorsibly, and. continuously on a region of the ¢-plano in the 
neighbourhood of tho point fy == f(z). Tha mapping is conformal, 
io angles are unchanged by it. For, as we have seon in Chap. ITT, 
p. 166, the Cauchy-Riemann cquadions are tho necossary and 
sufficient conditions thet the transformation may bo conformal, 
not only the magnitude but also the sign of angles being pro- 
acrved We thus havo tho following result 


536 COMPLEX VARIABLE [Cuar, 


Conformalaty of the transformahon gwen by u(x, y) and v(x, y) 
and analyto character of the function f(z) = u-}+ 1v mean exaclly 
the same thong, pronded we avoid pomis 2 for which 1"(z) = 0 

The reader should study the examples of conformal representation 


disoussed in Chap IH, § 3, p 188, and piovo that all these transformations 
can be expressed by analytic functions of simplo form 


Since in the case of a unique reversible conformal represen- 
tation of a neighbombhood of z on a neighbourhood of the 
reverse transformation is also conformal, 1t follows thatz == % + vw 
may also be regarded as an analytic function 4(f) of == w+ w 
This function 1s called the averse of { == f(z) 

Tustead of using our geometrical argumont, we can at once 
establish the analytic character of this mverse by calculating tho 
derivatives of x(u, v), (u,v) a8 on p 148 We have 


ty = By = My y= — 8 yy oP 

u > » D’ 7 D v dD’ 
and we see that the Cauchy-Riemann equations &, = Yy, %y= —Yu 
ure satisfied by the mverse function As wo can at once verify, 


the derivative of the wverse = 4(f) of the function ¢ = f(z) 
18 given by the formula 


da dey 
didze 
EXAMPLES 


1, Find where the followmg funotions are continuous: 
Os Mlb @ Ses w tr 
2 Whuch of the funotions in ex, 1 are also difforentiablo? 
3*, Prove that a substitution of the form 
tm az -- B 
Bz + @ 
where « and # are any complex numbers satisfying the rolation 
ut ~ OB = 1, 
transforms the circumference of the unit circle into itself and the mterivt 
of the oirole into itself, Prove also that if 
BB —~ ad = I, 
the interior 1s transformed nto the exterior, 
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4 Provo that m tho transformation { = }z + 1 jz) the circles with 
contres at tho origin and tho straight hnes through tho ongm of the z-plane 
are respectively transformed into confocal ellipses and hyperbolas m the 
t-plano (of. Ex 5, p 158) 


§ Prove that a substitution { = on P leaves the cross ratio 
= = a 

my 2% / me Ra of four points ty Bg Say q unaltered 
a — Ag f %_— By 

6* Prove that any circle may bo transformed by a substitution of the 
form € = tt into the uppor half plano bounded by the real axis (Use 
Ex i, p 620) 

7. Prove tho following property of the gonoral Imoar transformation 


whoro @, 6, 6, d are constants and ad — bo =k 0: 

All citcles and straight Imes in tho z plano are transformed by this 
relation ito all atraght lines and circles in tho & plano, 

If tho z plano and the ¢ plane are imagined to comende, the ponte 2 
for which € = z azo cnllod fived pomts In genoral there are two different 
fixed pomts, Show that m this caso tho family of circles through the two 
fixed pomts and tho family of cnoles orthogonal to them transform into 
themselves 


8, Tho mvorso of the powor funotion ¢ = #* 18 unique in the neighbour 
hood of every point 2, provided 2 =|= 0, for then the derivative nz 
doos not vanish, Tho pomt z = 0, whero the derivative vanishes, however, 
forms an oxcoption, honco the many-valucdnoss of tho function 4/% 
Wo ahall disouss theso relations moro closoly in § 6, p, 568 


8. Ton Inveara tion or ANALY TIO Funorrons 


1. Definition of the Integral, 


Tho central fact of tho differential and integral caloulus of 
functions of a real variable 1s expressed m tho theorem that 
tho intogral of a function (tho upper hmit bemg undetermmed) 
may be regarded as tho primitive function or “ indefinite integral ” 
of the origmal function (Vol. J, p, 109) A corresponding relation 
forms the nucleus of the theory of analytic functions of a com- 
plex variable, 

Wo begin by extending tho definition of the definite integral 
of a given function f(z). Llere 14 18 convenient to uso ¢ == # ++ 48 
matead of the mdopendent variable 2, as wo shall uae t to denote 
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the vanable of tegration Let the function f(t) be analytic m 

a region R, and let ¢== ¢ and t= z be two pomts in this .cgion, 

jomed by an oriented curve C which 1s piecewise smooth and lies 

wholly withm 2 (fig 1) We then subdivide the curve 0 mto 
portions by means of the succes- 
sive points t), 4, .» f= 2 and 
form the sum 


Sy oe 2 Fb Mey Te tymt)s 


where t,’ denotes any pomt lymg 

on OC between 4, and 4, IE 

we now make the subdivision 

finer and finer by letting tho 

Tig t number of pois morease with- 

out limit m such a way that the 

greatest of the mtervals | t,—t,_,| tends to zero, S, tends to 

a limit which 1s dependent of the choice of the particular inter- 
mediate pont ¢,’ and of the pomts ¢, 

This can be proved directly by a method analogous to that 
used to prove the corresponding theorem of the existence of tho 
definite integral for real variables, For our pmpose, however, 
it 18 more convenient to reduce tho theorem 10 what we alroady 
Inow about real curvilinear integrals (cf Chap V, § 1, p. 344), 
as follows We put f(f)— ur, s)+ (7, 8), Ltt 28, 
i,’ = 4, + 0s,’, At, = t, —t,_,= Ar, + 1As,, Then we have 


8,—= Bur’, s,/)Ar, — v(r,', 8,’)As, 
ves] 


+] Bon, 6) Ary uly 6.4. 


As m increases the sums on the nght-hand side tend to the real 
curvilinear integrals f (uda — vdy) and 4 f (vda -+ udy) respeo- 
G a 


tively, and hence, as we asserted, S, tends to a limit Woe call 
this lmst the definite integral of the function f(t) along the curve 
0 from ¢, to z, and write 1 


i; f(a or f f(t) de. 
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Thus [fod= (eedac— velar) -- if (ode +- udy) 


The definition of this definite mtegial (cf Chap Y, §1, p. 349) 
at once gives the followmg important estimate 4f | {(t)] << M 
on the path of wtegrution, where M 2 a constant and L 1s the 
length of the path of mntegrution, then 


| fra | < Mi 


In addition we may point out that operations with complea 
mtegrals (in particular, combination of different paths of in- 
tegiation) satisfy all the rules stated m this connexion for curvi 
linear integrals m Chap V, §1, p 847-9, 


2, Cauchy’s Theorem. 


The essential fact of the theory of functions of a complex 
variable 1s that the integral between t and z 18 largely indepen- 
dent of the choice of the path of mtogiation 0 In fact, wo havo 
Cauchy’s theorem 

If the function {(t) 18 analytre wn a simoply-connected region R, 
the wntegiral 


[ f()di= f f (dt 


as wdependent of the partrcular chore of the path of integration 
© jounng ty and zim R; the integral is an analytic function T(z) 
such that 


£ rte) = 2 ( [Ad) = fe), 


T(z) is accordingly @ prumilive function or indefinite wmtegral 
of f(z). 

Cauchy’s theorem may also bo expressed as follows; 

If subject to the above assumptions we take the wntegral of f(t) 
round a closed cuve lying im a stmply-connectet region, the mtegral 
has the value zero 

Tho proof that the integral 1a mdopondent of the path follows 
immediately from the main theorom on curvilmoar integrals 
(of, Chap V,§1, p 853), for both wde — vdy, tho integrand in 
the real part, and vdw-- udy, the mtogrand in tho imaginary 
part, satisfy the condition of mtiogrability, in virtue of the Cauchy 
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Riemann equations (p 532), Thus the mntegral is a function of 
we, y or @-+-w=2, F(z) = Ula, y)++2V(e, y), and from our 
previous results for curvilinear integrals we have the relations 


U, = U, U, — —V; Vv; = %, Vy — U, 
that 18, 


Oy Vy Uy= —Va, Ge+WV,= ut ®, 


which shows that F(z) 1s actually an analytic function in R with 
the derivative F’(z) = f(z) 

The assumption. that the region 18 simply-connected is esseniral 
for the validity of Cauchy’s theorem, 


Tor example, we may consider the function 1/i, which 1s analytic overy- 
whore in the é plane except at the ogi We are, however, not ontitled 
to conolude from Cauchy’s theorem that the mtogral of 1/¢, taken round 
a olosed ourve enclosing the origin, vanishes T'or this cuve cannot bo 
enclosed in # simply conneoted region in which the function 18 analytic 
The atmple conneotivity of the region 1s destroyed by the exceptional 
pont é= 0 If we take the mtegral eg. round a cnole K given by|t| = 7 
or ¢ == re!) m tho positive sense, and make @ the variable of imtogration 
(di = red 0), wo have 


Qr ef? 
x 0 


that 18, the value of the integral 19 not zero but 21 


We can, however, extend Cauchy’s theorem to multiply- 
connected regions as follows 

If a multuply-connected region 

R ws bounded by a finite number 

of sectionally smooth closed curves 

CG, Ca. », and if (2) w analytio 

un the interror of this region and 

also on us boundary,* then the 

sum of the integrals of the function 

salad Pou J, along all the boundary curves 1 

zero, provided that all the boundaries 

are described in the sume sense relatwe to the interior of the region R, 

a6 that the region R 18 always on the sume side, say the left-hand 

side, of the curve as ut 1 described. 
The proof follows at once, on the model of the corresponding 


* A funotion 18 sad to be analytio on a curve if 16 18 analytic thioughont 
& nelghbourhood, no matter how small, of this ouve 
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proofs for curvilinear integrals, we out up the region R into o 
fintte number of sunply-connected regions (figs 2, 8), apply 
Cauchy’s theorem to these regions separately, and add the results, 


nee Cz eee 
Pp 
ie 
(NS w Q,%) i YY 
G; é 
» R 
“, ; 


Fig 3A multiply connected region 2 pubdivided by 1, Qe + into 
simply-connected regions 


We can express this theorem im a somowhat difforent way: 

Ef the region R rs formed from the méerior of a closed curve © 
by cutting out of this wnterior the interrors of further curves Q,, 
C,,..., then 


f f@d=d id fat, 


where the wntegrals round the external boundary C and the internal 
boundaries are to be taken wn the same sense 


3, Applications. The Loganthm, the Exponential Funotion, and 
the General Power Function. 


We can now use Cauchy’s theorem as tho basis for a sotia- 
factory theory of the logar:thm, tho exponential function, and 
hence of the other clermentary functions, following a procedure 
similar to that adopted for the real variable (Vol, I, Chap. ITI, 
86, p 167), 

Wo begm by defining tho logarithm as tho intogral of the 
function 1/t. At fist we limit tho path of integration by making 
it lio in a sumply-connected region, making a out along tho noga- 
tive real a-axis, that is, permitting no path of intogration which 
crosses the negative real axis. More prooisaly: if wo put 
t= |t| (cos? -- ¢sin 0), we limit 6 by tho wequality ~7< 0S om, 
In the ¢-plane, after the cut has been mado, we join the point 
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é== 1 to an arbitrary pomt 2 by any curve C, and we can then 
use Cauchy’s theorem 10 integrate the function 1/¢ between these 
two pomis, mdependently of the path ‘The result 1s an analytic 
function, which we call log2: 


‘The logarithm has the property that 
2 
% 


. (log z) = 


As this derivative docs not vamsh anywhere, wo can form the 


Fig 4— logx= log|a| +20 


mverse function of the logarithm, z= 9(f) Wo have 9{0)= 1, 
and by the formula for the derivative of the mverse 


9'(6) = Uf" e) = 2 = 9(6). 


By § 2, p 586, the mverse is thus determined uniquely and is 
identical with the exponential function defined previously: 
g(t) = é 

The function f(z) = logz 18 uniquely determmed, except for 
an additive constant, by rts differentiation property f’(z) = 1/2. 
For if there wore another function g(z) with this property, thor 
difference would have the derivative zero and would therofore be 
constant Since the function g(z) = f(az) = log (az) satisfies the 
condition g’{z) = af'(az) = a/az == 1/2, by the chain rule, wo have 
log (az) = g(z} = ¢ + logz, where o 18 a constant mdependent of 
2 Its valueis determmed by putting z= 1, 1.6 logz= 0, and 
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wo thus have log(a)== 0, This gives tho addition theorem for the 
logarithm, 


log (az) = loga -}- loge. 
"dt 
logg—=f — 
ong i 


is easily evaluated oxphitly by taking the straight line jommng 
the pomts t= 1 and ¢=|z| together with the circular are 
[¢ {=| [98 the path of integration, Woe have 


logz == log | z|+- 20, 


Tho mtegral 


where @ is the argument of the complex number z (fig, 4) 
The value obtained in this way for the logarithm of any com- 
plex number 2, whose a1gument hes in the mterval —7 < 0 < 2, 


Fig se log x « log|a| b #0 + 2nt 


is often called the prunetpal value of the logarithm This termino- 
logy is justified by the fact that other values of the logarithm 
can be obtained by removing tho condition that the negative 
real axis must not be crossed, Wo can then join the point 1 to 
the pomt 2 by a point which oncloses the ongmt==0 On this 
curve tho argument of ¢ will moreaso up to a value which 1s 
groator or lesa than the argument previously assigned to z by 
27. Wo then have the value 


logs = log | 2| -+ 16 + 2a 


for the integral (fig. 5) In the game way, by making 
tho ourve travel round the origm in one direction or tho 
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other any integral number of times n, we obtam the value 
logz = log | 2 | -+ 08 + 2nm 


This expresses the many-valuedness of the logarithm 

Tn the case of the exponential function this many-valuedness 
is exhibited m the equation e==1 Yor the same value of z 
corresponds to all the different values ¢ = logz, which difler 
only by multiples of 277. In the nverse of the logarithm, 1e the 
exponential function, the addition or subtraction of 2at to or 
fiom the argument must not alter the value of the function: 
P(E -+ 2mt)= d(f), or &t?¥¥—e%, If = 0, we have the 
equation ¢" = } 

If we now introduce the tngonometric functions sin z and cosz 
by means of the equation 


ef = cose -+ ¢ s1nZ, 


which we now may tale as their definition, we see at once that 
these functions have the period 27 Thus we have deduced 
the periodic character of the trigonometric functions without 
reference to thew elementary geometrical definitions, 

Now that wo have mtroduced the logarithm and the expo- 
nential function xt is easy to introduce the general power functions 
a* and 2°, whore a and @ are constants (cf. the corresponding 
discusszon for the real variable m Vol I (Chap ITT, § 6, p. 178) }. 
We define a@* by the relation 


i= e* loga, 


where the principal) value of loga is to be taken, In the same way 
we define z* by the relation 


2 == et logs 


‘While the function a* 1s defined umquely if we use the prinei- 
pal value of loga in the definition, the many-valuednoss of the 
function z* goes deeper. Talung the many-valuedness of logz 
into account, we see that along with any ono value of 2* we also 
have all the other values wluch are obtained by multiplyimg one 
value by e”"*, where ” 18 any positive or negative mntoger. If 
a. 18 rational, say a == p/q, where » and g are integers prime to 
one another, among these multipliers there are only a finite 
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number of different values (whose g-th power must be unity) 
If, howover, a 1s mational, we obtam an infinite number of 
different multiphoeis The many-valucdness of the function 2 
will be discussed in greater detail m § 6 (p 563) 

As we see from the cham 2ule, these functions satisfy the 
differentiation formule 


d(a*) — ne dz") — a=] 
ae = tt log a, ie az 
IW\AMPLES 


1, (The gamma function ) Prove that tho mtonal 
i¢3) 
Te) =f v-to-tat 
0 


(whois the prmorpal valuo of t#7—1 18 taken), oxtended over all real values 
of the vainble of integration ¢, 18 an analytic function of tho parametor 
a=e-- wy, if e> 0. (Show directly that the oxpiession T'(4) ean bo 
differontiated with reapect to z) Prove that the gamma function thus 
defined for the somplex variable satisfies tho functional cquation 
Te + 1) = al(2) 

2*, (Riomann’s zeta function) Tekmg tho prmopal value of 24, form 
the infinite series 


per 
— Zhe 
neat We 


Provo that this serios converges if @ > 1 and ropiesonta a difforontiablo 
function (¢(z) 18 called Riemann’s zela function) ‘The proof can be carried 
out duestly by a mothod like that for power soites (of, Vol I, p 392), 


4 Cauony’s Formuna AnD irs APPLICATIONS 


1 Gauchy’s Formula, 


Cauchy’s theorem for multiply-connected regions leads to a 
fundamental formula, again duc to Cauchy, wluch expresses tho 
value of an analytic function f(z) at any point z= a@ in tho 
mntorior of 9 closed rogion #, thoughout which the function 18 
analytic, by means of the values which the function takes on the 
boundary 0 

We assume that the function f(z) 18 analytic in tho simply- 
connected region 2 and on is boundary CG, Then the function 


Se) 


hi areata 


(x 912) 19 
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1s analytic everywhere im the region 2, the boundary CO included, 
except at the pomt z= a, Out of the region R we cut a circle 
of small radius p about the pomt z= a, lying entarely within 2 
(fig 6), and then apply Cauchy’s theorem (p 541) to the function 

g(z). If K denotes the emoum- 


G ference of the circle described 
in the positive sense and C the 
boundary of # described mm the 
positive sense, Cauchy’s theorem 
K states that 


i g(2)dz = f g(z) da, 


On the emrcle K we havo 
z= a-+ pe", where the angle @ determmes the position of the 
point on the cwreumference On the circle, therefore, dz = pred, 
and hence 


Tig 6 


Qr 
[90 da = of Flat pe) dé, 


Since f(z) is contmuous at the pomt a, we have, provided p is 
sufficiently small, 


Fat pe) = f(a) + 9, 


where | 77 | 1s less than an arbitrary prescribed positive quantity €, 
Hence 


i) Va pe?)d0 —- ; “(a) d0 | | f "7d | <2ne, 
0 0 0 
and therefore 
is Fla+ pe") dO = 2af(a) + x, 
where | «|S 27e Thus if p is sufficiently small 
[ gle)de = Amf (a) + a, 


where | xi] <e 


Hf we make ¢ tend to zero (by making p tend to zero), 
the right-hand side of the equation tends to 2arf(a), while 


the value of the left-hand side, namely, / g(z) dz, 18 unaltered, 
g 
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We thus obtam Cauchy’s fundamental rnteq~al for nula 


—! ¢ fl 
fa)= Dart f 4 re 
Tf we now revert to the use of ¢ as variable of mtegiation and 
then replace @ by z, the formula takes the form 


1 ¢ fo 
gan | J 
Fle) Qt i, t— % 

This formuts expresses tho values of a function in the micrior 
of a closed region m which tho function 1s analytic by means 
of the values which the function takes on the boundary of the 
region 

If mn partioular O 1s o oirolo ¢== 2-+ ref? with contro z, that 1.9, of 
dt = wzel®dO, thon 


f@a= + f "ra + re!) d0 


In words. the value of a function at the centre of a circle 1a equal lo the mean 
of zis values on the crrcumference, povided that the closed area of the crrele 
wa region m which the funchon rs anclytre, 


2. Expansion of Analytic Functions in Power Series. 


Cauchy’s formula has a number of important theorotical 
applications, the cliof of which 1s the proof of the fact that 
every analytic function can be expanded an a power serves, which 
thus connects the present theory with that grvon in §1 (p 527), 
More piccisely, we have the followmg thoorem. +f the funchon 
f(z) 1s analytic an the interror and on the boundary of a cwele 
|2—%|SR, ut can be expanded as a power scites m %— Xp 
which converges wi the interror of that ewele, 

Tn proving this wo can tale z= 0 without loss of gonorality. 
(Otherwise we should merely havo to mixoduce a new mdepen- 
dont variable 2’ by means of tho transformation 2— % = 2’,) 
Wo now apply Cauchy’s integral formula to tho ciclo O, | z| = FR, 
and write the integrand (using the geomotro souies) in the form 


f® f® 1 ~fOf, .4. 0 @\. fOf\"_1 
gan =). t ) 


t—2 ¢ l~afe ¢t i} lat 


Sinco z 1s a point in tho mterior of the ciwele, | z/t | = gis a positive 
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Lah ol 

tet Taft? 

of the geometric series, We abe have the estimate 
1 

1—q 


number less than unity, and for 7,= , the remainder 


imal Ss nat 


Introducing our expressions mio Cauchy’s formula and integrat- 
ing term by term, we obtain 


[@Q=qtaez+. i oe -- 2. 


where 


os Ont a J pa @ 


R, ~— [fe (@)r,dt. 


If M is an upper bound of the values of | f(¢)| on the ciroum- 
ference of the circle, our estimation formula for complex integrals 
(cf, § 8, p, 589) immediately gives 

1 g n+l g” rL 


—s Qn RM = 4 
[Fn S 5 mkRl—q 1—gq 


M 


for the remainder Since g1s a proper fraction this remainder tends 
to zero as % increases, and for f(z) we obtaim the power series 


f@o= 2 a7 


fa LO g 
6. = ae 
Our asgortion is thus en 

This theorem has important results To begin with, we know 
from § 1 (p 528) that every power series can be differentiated as 
often a8 we please in the mterior of 1ts oncle of convergence 
Since every analytic function can be represented by a powor 
series, 16 follows that the derwatiwe of a function in the mtonor 
of a region where the function 18 analytic 18 also difforentiablo, 
ie, 18 agam an analytic function In other words, the operation 
of differentiation does not lead us out of the class of analyte fune- 
fons. Aa we already know that the same 1s true for the operation 


where 
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of mtegration, wo see that differentiation and antegration of 
analyhe functions can be carried out without any restrictions This 
18 an agreeable state of affans, which does not exist m the case 
of 1eal functions, 

Since, as wo saw m § 1, p 528, every power sores 18 the 
Tuylor serios of the function which x 1epresents, 1b now follows 
in general that every analytic function can be expanded in the 
neighbourhood of a point z= ym a region R where the function 
18 analytic ma Taylor seves 


fe) =fle) 3 L200 e — ay; 
veal vl 


the cooflicients ¢, above are accordingly given by the formule 


_ fO) 1p FO 
ge) ai 


From our 1esult wo may also deduce an mportant fact about 
tho radius of convergence of a power series The Taylor series 
of a function f(z) m the neighbourhood of a pomt z = % certamly 
converges mm the mteorior of the largest circle whose mtetior les 
wholly within the region where the function 1s defined and 1s 
analytic 

In virtue of the theorems on diflerentiation and mtegration 
which wo havo now established as valid for the complex vauable 
also, all tho elomentary functions which we expanded in Taylor 
series for the real variable have exactly the same Taylor serics 
for the complox variable, For most of theso functions we have 
alroady seen that this is true 


Hoe we may point out that eg. the binomial scries 
(1 -- z)¢ = 3 Fe 
peat) WY 


is also valid for the complex vailablo xf { 2 | < 1, provided that 
(1 -+- z)* == et lon (1 4-8) 


is formed from the prmerpal value of log (1 + 2) 

Tho fact that the radius of convorgonco of this serics 1s equal to unity 
follows from what wo havo just said, togother with the romark that the 
funotion (1 -| 2)¢ is no longor analytic at the point z== —1 For if it were, 
all tho destvatives must oxist thoro, which is cortamly not the case, The 
circle with radms 1 with tho pomt # = 0 as contre xs thorofore the largess 
ouole in the interior of which the function 18 still analytic 


550 COMPLEX VARIABLE [Crap 


As we have already pomted outin Chap VIII of Vol I(p 414), 
the behaviour of power series as regards convergence only 
becomes completely intelligible in the hght of the fact which 
we have just proved about the radrus of convergence 


For example, the failuie of tho geometric series reprosonting 1/(1 -+ 2°) 
to converge on the umt cnole is a simplo consequonce of tho fact 
that the funotion 18 no longer analytic for z= -+++ and z= —+ Wo also 
see now that the power sertes 

t mJ Bw 


os ae vI 


+ 


whuch defines Bernoulli's numbers (cf Vol I, Chap VIII, Appendix, p 422), 
must have the orrcle | z | == 27 as its circle of convergence, for the de 
nominator of the funotion vanishes for z== 2n1 but (apart from tho o1gim) 
at no pomt mterior to the airele | z | < 2n. 


TEXAMPLE 


Prove, without using the theory of power sores ducotly, that the 
derivative of an analytio function is differentiable, by successive differen 
tiation under the mtegral sign in Cauchy’s formula and justification of tho 
validity of this process 


3 The Theory of Functions and Potential Theory. 


From the fact that analytic functions may be differontiated 
as often as we please 16 also follows that the functions u(a, ¥) 
and x(a, y) have continuous derivatives of any order. We may 
therefore differentiate the Cauchy-Riemann equations, If wo 
differentiate the first equation with respect 10 @ and the second 
with respect to y and add, we have 


AU = thai Uyy = 0; 
in the same way, the imaginary part v satisfies the samo equation 
Av = Vge + Vyy = 0 


In other words, the real part and the wmaginary part of an analylo 
funcivon are potential functions 
If two potential functions u, v satisfy the Cauchy-Riemann 
equations, » is said to be conjugate to u, and —w conjugate to 
We accordingly find that the theory of functions of a complex 
variable and potential theory in two dimensions are essentially 
equivalent to one another, 
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EXAMPLE 


Show that for every potential function w 16 18 possible to construct a 


conjugate function v and to determine 16 uniquely apart from an additive 
constant 


4 The Converse of Cauchy’s Theorem. 


As a further deduction we havo the converse of Cauchy's 
theorem 

If tho contimuous function § = u-+ 19 = f(z) 18 such that its 
integial round every closed cuive C m its region of definition # 
vanishes, then f(z) 18 an analytic function in R 

To prove this wo note that m any case, by § 3, p 539, the 


x 
integral f f(t)dt taken along any path jommg a fixed pot & 
i, 


and a, variable point 2 18 a differentiable function F(z), where 
F'(z)=f(e) F(z) 18 therefore analytic, and by our result above 
so is rts derivative ’(2) = f(z) 

This converse of Cauchy’s theorem shows that the postulate 
of differentiability could have been replaced by the postulate 
of mtogralility Tho equivalence of these two postulates 1s a 
vory chaacteristic feature of the theory of functions of a complex 
vanlable. 


6 Zeros, Poles, and Residues of an Anelytio Function. 


If the function f(z) vanishes at the point z= 2%, the constant 
term in the Taylor scrics of the function m powers of 2— %, 


SL) =f %) + @— me) Fo) + ve 


vanishes, and possibly further terms of the series vamsh m 
addition, A factor (¢ — 2,)" may thon be taken out of the power 
series and wo may write 


f(@) = (@ — %)"9)s 


where g(z) = 0. A point 2 for wlach this occurs is said to be a 
zero of the function {(z) of the n-th order. 

Tho reorprocal 1/f(z) == g(z) of an analytic function, as we 
siw above, 1s also analytic, except at the pomts where f (2) vanishes, 
If 2 18 a goro of f(z) of the n-th order, the function g(z) can be 
ropresonted in the neighbourhood of tho pomt z, in the form 
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1 1 4 

_ (2 — %)" gl@)  (%@— %)" a, 

where A(z) is analytic m the neighbourhood of z= 2 At the 
pomt == z, the function g(z) ceases 10 be analytic. ‘We call this 
pomt a sengularety (sungular pownt), mn this particular case a pole 
of the function q(z) of the n-th order Tf we think of the function 
h(z) as expanded im powers of (¢— %) and then divided by 
(2 — 2)" term by term, in the neighbourhood of the pole we 
obtain an expansion of the form 


O(2) = On (Z— MJP. Og (Z— %) T+ Og C((%@— Mp) fo ees 


where the coefficients of the powers of (¢— 2) are denoted by 
Ogres C_4, Coy Cy, 

If we are dealing with a pole of the first order,ie if 7 = 1, 
we obtain the coefficient ¢_, unmediately from the relation 


6 = Inn (2 — 29)q(2) 
R—> ay 


Since 


ster nd Ot Te) 


we have 


ec 1 
= f'(@) 


In the same way, if g(z) = r(z)/d(z), and A(z) has a zero of 
the first order at 2== %, while r(z) +: 0, we have 


t(Z) 


~ FG) 


Tf a function 1 defined and analytic everywhere in the 
nelghbourhood of a pomt %, but not at the point itself, its 
integral round a complete circle enclosing the point 2, will in 
general not be zero, By Cauchy’s theorem, however, the mtegral 
18 independent of the radius of this circle and in general has tho 
same value for all closed curves O which form the boundary of 
a sufficiently small region enclosing the point z, The value of 
the integral taken round the pomé in the positive sense is called 
the residue at the point 

{f the srngularity 18 a pole of the n-th order and if we integrate 


0-4 
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the oxpansion of tho function, the mtegral of the series with 
positive indices is zo1o, as this power series 18 still analytic at the 
point 2 

When mtegiated the term ¢_,(¢~ 2%)? gives the value 2Q7e ., 
whilo tho terms with Iighe: negative indices give zero, for tho 
mdefinite mntegial of (2 —- 2,)-” for v > 1s (2 — 2)" (L — v), 
as m the real case, so that the mtegial round a closed curve 
vanishes 

Lhe residue of a function at a pole rs therefore 2716_4 

Tn the noxt section wo shall become acquamted with the 
usefulness of this idea as expressed by the following theorem 

Pheorem of Residues If the function f(z) 1s analyte vn the wm- 
terror of a regron R and on ats boundary C, excepé at a finite number 
of poles, the entegral of the function tuhen round C wn the posriwe 
sense 1s equal to the sum of the resudues of the function at the -poles 
enclosed by the boundary 0. 

Tho proof follows at onco from the statements above, 

EXAMPLES 


1*, Show that tho function 


_~2 ¢ ho 
J () On rte 


whore the mtogral 1s takon round a simple contour enclosing the points 
== 0 and € = 4, 14 @ polynomial g(z) of dogres 2 — 1 such that 


g)(0) = f@X0O) for m=O, ],...,2—- 1 
2. Lot f(z) bo analytic for | z| Sp. If Af 1s the maximum of | f(z) | on 
tho onolo | z] = p, then tho coofficionts of the power aoues for f, 
Bi) 
J (2) = Sars 
vem 
Batisfy tho incquality 
M 
la,| o" 


3", Prove that if a region is bounded by a single closed ourvo GO, and if 
f(z} 18 analytic in tho mtorior of O and on 0 and doea not vanish on OQ, thon 


1 rf 


— an OS 
Qn2 dy f(z) i“ 


is the numbor of zoros of fin tho intouor of 0 


4 (a) Two polynomials P(z) and Q(z) are auch Lhat at evory pomt on 
& corlain closed contour 0 
| Q(z) | < | Piz) |, 


(4912) 199 
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Prove that the equations P(z) = 0 and P(r) -+ Q(z) = 0 havo tho sama 
numbers of roots within @ (Consider the family of functions Pz) -+- 0Q(z), 
where the parameter 0 varies from 0 to 1 } 

(6) Prove that all the roots of the equation 


2 -- az-}+- l= 0 
he within the cirole | z| = 4 if 
1 
Jal|<—-. 
v 


6 Tf f(z) = 0 has one simple root @ within a closed ourvo C, prove that 
this root 1s given by 
: fe) di. 


i= —— 2 
2rt o Ai {z) 
§ AppricaTions to Compiex Intraration (Conroun 
Integration) 


Cauchy’s theorem and the theorem of residues frequently 
enable us to evaluate real definite integrals by regarding theso as 
integrals along the real axis of a complex plane and then simph- 
fying the argument by suitable modification of the path of m- 
tegration In this way we sometimes obtain surprisingly clegant 
evaluations of apparently complicated definite integrals, without 
necessarily bemg able to calculate the corresponding indofinite 
mtegrals We shall discuss some typical examples, 


1, Proof of the Formula 


m2 
f UY ec 
0 x 2 


Here we givo the following instructive proof of this important 
formula, which we have already discussed by other methods 
(Vol I, pp 251, 418, 450, Vol IT, p 315) 

We integrato the function e’*/z m the complox 2-plano along 
the path C shown in fig 7, which consists of a semicircle I, of 
radius #, a semicircle H, of radius 7, both havmg thoir contros 
at the origin, and the two symmetrical mtervals I, and I, of 
the real axis, Since the function e*/z 1s regular in tho oieular 
ring enclosed by these boundaries, the value of the integral m 
question 1s zero ~=Combinmg the integrals along Z, and Z,, wo 


have ef of? Rang 
gh i pasted gee 
i otf det mf =? dt = 0, 
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We now let & tend to mfimty Then the ntegral along the sem- 
encle HZ, tends to vero Tou il we put z= R(cosé +- 18m 8) = Re" 


Nig 7 


for pomts on the semicircle, wo have eff == ef 0s%e~Raind ang 
TF 
tho intogral becomes 2 f eR cosdg—Rsind dg, ‘The absolute valuo 


0 

of tho factor e's? is 1, whilo the absolute value of the factor 
eR eln? ys less than 1 and, moreover, tends uniformly to zero as 
R tends to infinity, in every interval eS OS a—e¢ Hence 
ib follows ab once that the integral along ZZ, tends to zero as 
+> As the reader can casily prove for hunself, the mtemal 
along the semicircle J, tends 10 —mt as 7 -> 0, The mtegral along 
tho two symmetrical intervals Z;, I, of the real axis tends to 


ff? sine 
20 i) oe deas R->o and?->+0 Combining these statements, 
0 
wo Immediately obtain the relation given above, 
2. Proof of the Formula 


wn 
if cos axe de = 16/me7 te", 
0 


Wo have already proved this formula m Chap. IV (Ex 4a, 
p. 818), but wo shall now obtain if by means of Cauchy’s 
theo.em, 

Wo integrate the expression e~*" along a rectangle ABB'A’ 
(fig. 8), n which the length of the vertical sides 4A’, BB’ 1s @/2, 
and that of tho horizontal sides 4B, A’B’ is 2R This integral 
has tho valuo zoro, by Cauchy’s theorem On the vertical sides 
wo have |o7* | == |e Menor | = Me" <eMel, and this 
oxpreasion Lends uniformly to zero as F tenda to infinity, Thus 
the portions of the whole mtogral which arise from the vertical 
sides Lond to zero, and if wo carry out the passage to the hmit 


556 COMPLEX VARIABLE Crap, 


R-»o and note that on A'B’ dz == d(a-+- ja) = da, wo may 
express the result of Cauchy’s theorem as follows: 

° get ha dey xx [ o-** de, 
fe dio =f ; 


oO 


That .s, we can displace the path of integration of tho infinite 
integral parallel to itself By our provious result * (p. 262) the 


A’ B' 
fot 
A 6 B ig 

Fig, 8 


value of the integral on the right is 4/7. The mtegral on the left 
immediately becomes 


is) F i] = 
eta" { e~*(cosax — 4 sinaa)de = Qe { cosaxe*' da, 


if we romember that smnaz is an odd function and cosa# an. even 
function This proves the formula 


8. Appheation of the Theorem of Residues to the Integration of 
Rational Functions, 


If in the rational function 


—%t a4 -- , ot by 
iso aad rey oe oR 


the denominator has no real zeros and its degree excecds that of 
the numerator by at least two, the integral 


I=[ (Qe) da 


oan be evaluated in the following way 

We begin by talang the mtegral along a contour consisting of 
the boundary of a semicircle H of radius R (on which z== Re", 
0S 0S 72), where R is chosen so large that no pole of Q(z) lies 
on or outside the cxrcumference of the circle, and the real axis 
from —Rto-+R Then on the one hand the mtegral 1s equal 


* Of also sub seotion 6, p 561, 
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to the sum of the residucs of Q(z) with the somuoecle, while 
on tho other hand it 1s equal 10 the ntegial 


R 
i= a.) eos 
a= JQ) 
plus tho integral along the semencle Z By our assumptions, 
a fixed posilave constant M exists such that for sufficiently 
large values of 2 we have * 


M 
| O@) |< 55, 


Tho longth of tho arcumforence of the semicnelo 18 7 By our 
ostifnation formula on p, 639, the miegial along tho semicnucla 
is thorefore less im absolute value than +R a = se and hence 
Londs to zo10 as Jt?» «©, Tis means that the integral 


l= f ” Ql) de 


18 equal to the sum of the resudues of Q(z) m the upper half-plane, 
Woe now apply this principio to some interesting special cases, 


Wo bogin by taking 


Qe) : : 


“aa tao fay 
whoro the coofficienta a, b, ¢ aro 1oAl and satialy the conditions a > 0, 
bt — dao <Q, ‘hon tho function Q(z) has only ono ample pole 


Sime ee ba do SN), 
Qa 


where tho aquais root is to bo taken positive, m the uppor half plane. By 
tho gonoral rulo (p, 558), theroforo, tho rosidue is 2nt a . Since 


f(A) 
£7(%) = 2az, - bm 1 (dao — b4), 


we havo 
Q7 


‘ : Cos 28 vamenpeemem ners 
I. aa? -]- ba -f- 6 V {dao —~ 0) 


* This follows immediately fiom the fect that Q(z) = 5 Rt), where (2) 
tonds to zore an 2—> 0 (whon 2 > 1 Fb 2) or Lo day /by (whon a = m + 2), 
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As a second example we shall prove the formula (of Vol. I, p 234) 


+2 da 
= dnv 2, 
iB ener anv 2. 


flere agam wo can mumedtately apply our general prmeiple In the 
upper half plane the function 1/({1 + 2*) = 1/f(z) has tho two polcs 
24s exe etl, x, x= —e~! (the two fourth roots of —1 which have a posi- 
trve imaginary part}, The sum of the residues 18 


1 ] l/l ] TT, og 
ams {tas + Feet ast a= Ee eh 


31 
= Ry 28m nant = am V¥ 2, 


as was asserted, 


EXAMPLES 
] Prove the formula 
Ties Mod tes 
wn 1 
7 wo Lb -+ wf . 


in the same way as above 


2 Prove that m general if x and m are positive integers and n > m, 


© 2 
7: eae = da = Fan (mt)  n). 
2n 


—o Lt et % 


The following proof of the formula 


‘eB _ de _ 7 (an) 
ao (1+ g2)ntt 4m (nl)? 


exemplifies the case where the residue at a pole of Ingher order 
has to be calculated 

If we replace # by 2, the denominator of the intogrand as of 
the form (z+ +)"t(z — 2)"+4, and the integrand accordingly has 
a pole of the (m -+ 1)-th order at the pomtz= ++ To find the 
residue at that point we write 


1 I 1 1 


— — 
ee TE See re a 


EI fe)” Co pe a 


1 ] %—4\-"1 
= Gaya Gay ¢ ar ) 


If we expand the last factor by the binomal theorem, the term 
in (2 — 2)" has the coefficent 
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ode ("= Lay @ D2 _ ao” (2n) 
(Qa)"\ on (21) 12m 2 (nl? 


559 


Tho coefficient c_, m the serics for the mtegrand m the neigh- 


bourhood of the pomt z= 2 18 therefore equal to ee 
22n+1 4 (nl)? 
nm (2m)! 


The residue 2mic_, 18 thercfore , which proves the 


a 
formula am (nl)? 
As a further exercise the reade1 may piove for himself by the theory 


of residues that 
iva) 
f “8INY dy = dne—lel 
-~2 x3 +- o 
(teplacing am by e*) 


EXAMPLE 
Tot f(2) be a polynomial of degree 1 with the simple 100ts a, % My 
Prove that 
uN oy 


k 
> Rae dead k=Q,1, 1.5452 
ay 


k 
(Consider f Fa” round a closed ow.ve enclosing all the «,’s ) 


4, The Thoorem of Residues and Linear Differential Equations 
with Constant Coefficients. 


If 
tig fe ay + gt? + op age” = PZ) 


is a polynomial of the n-th degree, and ¢ a real parameter, we 
think of tho mtegral 


taken along any closed path C in the z-plane, which does not 
pass through any of tho zoros of P(z), as a function u(t) of the 
parameter ¢. Lot f(z) bo o constant or any polynomnal im 2, of s 
degres which we shall assume to bo less than » By the rules 
for diflorontiation under tho mtegral sign, which hold unaltered 
fortho complex region, wo can differentiate the expression «(t) once 
or repeatedly with respect to? Thus difforentastion with respect 
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to / under tho mtogral sign 1s equivalent to multtplication of the 
integrand by z, 2 , 2, , as the case may bo If we now form 
tho differential expression L[u] = ayu-- ay’ + au” +. anu, 
or, in symbolic notation, P(D)u, where D denotes the symbol 
of differentiation D = d/di, we have 


P(D)u = Lu] = y e*f (2) daz 


By Cauchy’s theorem the value of the complox integral on 
tho mght 1s zero; 16, the function w(¢) 18 a solution of the dif 
ferential equation L[v]-==0 If f(z) 1s any polynomial of the 
(n — 1)-th degree, this solution contains n arbitrary constants 
We may accordingly expect to get m this way the most general 
solution of the lmear differential equation with constant co- 
efficients, L[u] = 0 

In fact we do obtam the solutions m the form which we 
already now (cf, Chap VI, § 4, p 449), on evaluating the 
integral by the theory of residues, with the assumption that the 
curve O encloses all the zoros %, 2, , 2, of the denominator 
P(2)} = ay(% ~— %){z — %) (¢—2,) If we assume to begin 
with that all these zeros are simple zeros, they are simple 
poles of the miegrand, and the residue at the pomt a, 18 


2a ie ef By surtable choice of the polynomial f(z) tho 


expressions f(z,)/P'(z,.) can be made arbitrary constants, we 
accordingly obtam the solution m the form 


n 
ut) = & 0, 6%, 
val 


m agreement with our previous results 

Ti a zero z, of the polynomial P(z) 1s multiple, say r-fold, so 
that the corresponding pole of the mtegrand 1s of the 7-th order, 
the residue at the pomt 2, must be determmed by imagining 
the numerator e f(z) = etve*-*) f(z) also expanded m powers 
of 2—z, We leave it to the reader to show that the residue at 


the point z, gives the solutions fe’, , , t-te! as well as the 
solution ey, 
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6 Proof of the Formula 


wo 
f eae = 4/t 
—O 


In evaluating the integial on p 555 we took over this formula 
as known from the theory of teal vauables It 1s, however, 
possible to obtam the result by complex mtogration, usmg the 
theory ofiesidues As this proof is very instructive, wo shall give 
1t hero, although from our elementary pomt of view 118 startimg- 
point may appear artificial We begm with a complox integral 
which arises m other branches of mathematics (eg the theory of 
numbors) 

We uso the symbol /4 10 denote the straight hno z== 4 ++ pe iis 
(—0 < p<) in the z-plano, that 1s, a straight hne making 
an angle of 45° with the a-axis and cutting it ot the point 4. 
Tho symbol /—4 or /0 will bear a similar meaning. Let w be 
areal parameter We then consider the mntegial 


gma*+ ay 
fu) =f a 
This integral is 40 be regarded as an improper integral, that is, 
we integrate m tho first place betweon the limits p= —R, 


p= R, and then let & tend 10 infinity Tho reader may verily 
that this mtegral exists by means of an argument followmg tho 
pattern of similar arguments for roal integials Then 


ants" 
fu+ilj— fe = om a ofmiuar girls _ 1) dz 
=f erist | Qeriagx dz 
vt 
gan eum i ents-tu)* dz, 


ht 


As the integrand on tho mght is regular everywhero, we can 
uso Cauchy’s theorem to displace the path of mtegration 
parallel to itsolf 10 any oxtont, as on p 666, wring, for 
example, 


fue 1) — flu) = oo f de maa & 
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where z = pe"* on the path of mtegration and hence 


[= it fe dp 


—o 


That is, 1f we substitute Vip = t, we have 
dfs 
Tae! fa! dy, 
rai 


7 


Again, if we put ¢== A+ 1 and take A as tho new variable 
of integration, we obtain the expression 


emit Qsrthte 
Qirit path 
u) = — ga EFT AmA TK 
ft ) fest gumté 1 , 
using the facts that e?" = 1, e™ == —1, or 


git rf dts 


~ Dirt whe eh? 2irsAte 7 
—e~ Bate F (a4) =[ an bf gets co 
By the abovo result, as we can again displace the path of mtcgra- 
tion parallel to itself, the first mtegral on the right 1s equal to 
e~™"T, If we replace the second integral by the integral obtamed 
for f(u) by chsplacmg the path of integration through an interval 
I to the mght, we have to note that the pole A= 0 of tho 
integrand hes between the two paths of integration. 

We now apply the theorem of residues—the fact that the 
path of integration /—4 and /} extends to mfinity gives us no 
trouble, in virtue of the analogous discussion on p 556—prove 
that the residue of tho integrand at the point A= 0 has the 
value 1, and then at once obtain the result 


—f (ue? == gT ey 4. fu) =, | 


from our equation Here nether Z nor tho function f(u) ia ox 
plirtly known, If, however, we put u= 4, f(u) disappears from 
the equation, and wo are left with 


eT — 1, 
But since 


r= a feat, 


T 


the real integral formule follows at once, 
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6 MANY-VALUED IfuncTions anp ANALYTIC IixrmNnston 


In dofining functions both real and complex we have hithorto 
always adopted the pomt of view that fo. each value of the 
mdependont variable the value of the function must be wmque 
Ivon Cauchy’s theorem, for example, 1s based on the assumption 
that the function can be defined uniquely m the region undor 
consideration All the samc, many-valuedness often ariscs of 
necessity in tho actual construction of functions, eg in finding 
the invoiso of & umaque function such as tho n-th power In the 
real caso we separated different one-valued branches of the mverse 
function m mvorsion processes such as 4/z¢ o1 V2 We shall 
see, howover, that m tho complex caso this separation 18 no 
longe. possible, for the vatious one-valued branches are now 
mterconnected 

We must be content here with a very simple discussion based 
on typical oxamples, 


For imstanco, wo shall consider the invoise { =/2 of the function 
g=8 ‘To one valuo of z thee coiespond the bwo posaible solutions % and 
—€ of tho equation z=, ‘These two bianches of the function are con 
nected in tho followingway Lotz= re, Lf wo thon pub C= rel? = (2), 
C== f(z) 18 containly analytic in overy sinyply connected region 2 ox. 
cluding the ongin (whero f(<) 18 no longor differentiable) In such a region 
¢ is uniquely dofined, by our previous atatomeont, If, howover, wo lot tho 
pomt 2 movo round tho ougin on a concentre circle XK, say in tho positive 
direstion, C= 4/re'/% will vary continuously; the anglo 0, howover, 
will not return to 116 o1ginal valuo, but will be increased by 2n, Tonos 
in thia continuous oxtonsion whon wo come back lo the pomt z we no 
longer havo tho mitial valuo % =4/rel@/2, but tho value (/ ell grli2 et, 
Wo any that whon it 18 continuously extonded on the closed ourvo K 
the funclion f(z) 18 not umque, 

Tho function 4/2, whero 7 is an inlogor, exhibits oxactly the samo 
bohaviom ILoere every revolution multiphes the valuo of the funotion by 
the 2 th root of unily, namely « = ¢?/", and the function only roturna 
to its origmal valuo after 2 rovolutions 

Tn tho onse of tho function log2 we saw {p 543} that thoro is a similar 
many-valuednoss, in that in tiavollmg onco continuously 1ound tho origin 
im the positive senso the value of loge is moreaged by 2nz, 

Again, tho funtion 2* is multiphed by e#"* por 1evolution, 


All those functions, although in tho first instance uniquely 
defined in a rogion R, arc found to be many-valued whon we 
extend them continuously (as analytic functions) and return to 
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the startang-pomt by a certain closed path Tins phenomenon 
of many-valuedness and the associated general theory of analyluo 
extension cannot be mvestigated m greator detal withm the 
huts of this book We would merely pomt out that the umque- 
ness of the values of a function can theoretically be ensured by 
drawing certain lines in the 2-plane which the path traced by 4 
1s not allowed 40 cross, or, as we say, by making cuts along cor- 
tain Imes These outs are so arranged that closed paths in thw 
plane which lead to many-valuedness are no longer possible 


For oxample, the function logz 1s made one-valued by cutting the 
z-plane along the neyative 1¢al axis, Tho same applis to the function Vz 


The function 7{1 -- 2") becomes one valued uf wa make a out along thw 
real axis between —1 and +1 


Once the plane has been cut in this way, Cauchy’s theorem 
can at once be appled to these functions 
We now give a simple example showmg how Cauchy’s theo1em 


18 applicd im a case where many-valued functions anse, by 
proving the formula 


+4 1 2a 
I = ey SS ee 
i (x — k)/(1 — 23) ae a/(ke—1y 


whero 4 is a coustant which does not he on the real axis between 
—1 and +1 


1 : 
We begm by noting that the function G=BViL A in 
one-valued im the z-plane provided we make a cut along tho real 
axis from —1to +1 If im the complex plane we approach this 
cut S first from above and thon from below, we obtam equal and 
opposite values for the square root +/(1 ~ 2), say positive from 


above and negative from below. We now take the complox 
integral 


on 
G (z—~ k)/(1 —_ z) 


along a path O as indicated m fig 9, By Cauchy’s theorem we 
can make this path contract round the cut without altermg tho 
value of tho integral The mtegral is therefore equa] to the 
limiting value obtamed when this contraction 18 made, which is 
obviously equal to 2 On the other hand, f we take the mtcgral 


VIII] ANALYTIC EXTENSION 565 
of the same integrand along the cncumference of a circle K with 
1adius # and centro the ogm, ths mtegral, by our previous 


Tig 9 


investigations, tends to ze10* as increases By the theorem of 
residucs, however, the sum of the integrals along C and K 18 
equal to the residuc of the integrand at the enclosed pole z= &, 
honco 2J is equal to the residue im question This residue 18 


1 l 2a 
ey 

which proves our statement 

Fcample of Analyno Extension, The Gamma Function —In 
conclusion we give yot another cxample showmg how an analytic 
function, orginally defined in a part of the plane only, can be 
extended boyond the original region of dofinition. Wo shall 
extend the gamma function, which was defined for # > 1 by 
tho equation 


T(z) = f “lett, 


analytically fore 1 also We can do this og by means of the 
functional oquation (2) = : T(e@-+ 1}, usmg this equation to 


define iz — 1) when T(z) 18 known. By means of this equation 
wo can imagine I'(z) as oxtonded first m tho parallel strip 


*In fact, its valuo is aolually zero, sinco by Cauchy’s theorem it is 
indopondent of tho radius 2, provided that tho circle encloses the pole z = k, 
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—1<#S0 and subsequently extended to the neat parallel 
strip —2 << # S —1, and so on 

We can, howover, adopt another method, of gicator theoretical 
interest, for extending the gamma funchon We consider the 
path O m the ¢-plano mdicated m fig 10, which surrounds the 


an 
Fr 
0 
G 
Fig, 10 —-Loop-integral for the gamma function 


positive real axis of the é-plane and approaches this sais asymp- 
totically on either side We casily sco fiom Cauchy’s theorem that 
the value of the “ loop-integral ”’,* 


yf te-le~t dp 
g 


is unaltered when the loop is mado 40 contract into the x-axis. 
The integrand le then tends to diflerent values as wo 
approach the z-axis from above and below, the values differing 
by the factor e*, For ¢ > 0 we thus obtaim the formula 


T= ania\T = f [Flot de, 
(L— &*\T(2) i ¢ 


This formula 1s deduced subject to the assumption that a, the 
real part of 2, is positive We sce now, however, that tho loop- 
integral has 8 meaning, no matter what the complex number z 
18, since 1f avoids the ongm ¢=0 This loop-integral therefore 
represents a function wluch 1s defined throughout the zplano. 
We then definc this function by satatmg that it 1s equal to 
(1 — e"*)P(z) throughout the z-plano. Tho gamma funotion 
has thus been analytically oxtended to tho wholo of tho 2-plano, 
except the pomts <0 for which the factor (1 ~ e”"*) vanishes, 
that is, except the pomts z= 0, z= —1, z=: —2, and so on, 
For more detailed and more extensive mvestigations tho 


reader must be referred to the terature of the theory of funo- 
tions f 


* Thuis ia again an improper intogial, which arises by a passage to a limit 
from an integral along a finite portion of 0, Tho render may satiety himsolt 
that xt exists, by an argument similar to those previously omp oycd, 

TE g MaoRobert, Funchons of a Complen Variable (Macmillan), Whitiakor 
and Watson, Modern Analysis (Cambridgo Univoraity Pros), Watson, Complex 
Integration and Cauchy's Theorem (Cambridge Tracts, No 16) 
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Misonrniuancous Nixampies VITT 


1 Waite down tho condition that three pomts 4, 2, %3 may lio in a 
straight line, 


2+, Wiite down the condition that four pomits 4), 2) 2g, 2, may Leon a 
circle 


8* Tet A, B, C, Dm the z-plane bo fom pomts in onde on the oreum 
ference of a oncle, with co ordinates 21, 4, %, 2, Using thogse complox 
co ordinates, show that AB OD4+- BO AD= AC BD, 


4 Prove that tho equation cosz= ¢ oan be solved for all values of ¢ 

f. For which valucs of ¢ has tho equation tanz = 6 no solution? 

6 Fo. which values of 2 18 (a) ooaz, (b) sine real? 

7 Vind the radius of convergence of tho power sorios La,2", whore 
(a) a, = “> 8 bang a complex number with a positive rea} part, 
(b) a, == 2", 

(c) a, = logan 


8, Provo the formula 


@. n 
ez lim {1l---}’ 
n—> n 
who1e 2 is complox, 


9, Evaluate the mtograls 
3 
(a) (ee it =) bi a oe (.) iM apa 
Peed 
0 .- + mance +3) 
by complex intogration. 
10. Find tho poles and iis of the functions 


Cone 
Be et Teal), coke SOM, 
Bins GOsZ B1NS 


11*, Find the liming valuo of tho integral 


(d) mom &¢ forl<a<2 


oobat 
On b— 2 


f 


ag 2 —> 00, whore the path of ntogration is a squaro O,, with its sides parallel 
to the axes ab a distunce 7 -- ¢ fiom the origin, TLonoo, using the theorem 
of residues, obtain the oxproasion for coz m partial fractions, 


12*, Using the equahon 
edt 
log (1 -- 2) = [ -~— 
g(t -+ 2) ae 
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SUPPLEMENT 


Brat Numpers AND tx Conorrt or Tamre 


In Vol I, Chapter I, 1) was taken for gianted that the real 
numbers form an ugesegate withm which tho o.dmary operations 
of atithmetic may be performed as with the tational numbers 
Woe shall mvestigate this assumption more closely hero, We 
take the authmetical operations on tho rational numbers as given 
Our object 1s then 10 make an abstiact analytical extension of 
the class of rational numbers wluch shall yield tho wider class of 
real numbers, and to do this without relymg on intuition in 
our proofs We must framo ow definitions m such a way that, 
as a logical consequence of thom, tho ordimary rules of arithmetic 
apply to all ical numbors just as thoy do to rational numbers, 

Tho inioduction of irrational numbers will be undertaken in 
close conjunction with a thorough consideration of the coneopt 
of limit, in whieh we shall repeat in a revised form the discuasion 
of Vol J, Chapter I, Appendix (p. 58 ec seg.) * 


1, Definition of the Real Numbers by means of Nests of 
Intorvals, 


The irrational numbers and, in genoral, tho real numbors 
wore defined m Vol I, Chapter I, § 1, p. 8, by means of decimals, 
tho iational numbers beng represented by {ormmating or 
recuzing decimals By such a decimal, say a== OaQed, 1,5 
we mean that the number roprosented, called a, lies botween 
the rational number a,== Oa,.. G@, and the rational number 
ty -+ LO-*, Tho number a is thus detormmed by means of a 
sequones or nest of progressively smaller and smaller mtorvals, 
each inside the previous ono, the 2-th imterval being of length 
107", 

*'ho only differonco in the point of view will be that hero wo shall start 
with tho logical abstiact concept of real numbers, whilo on tho formor oooasion 


tho propertios of real numbora wore taken for granted. 
609 
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For our present purpose 1t would be mconveniont to reslrict 
ourselves to special nests of intervals whore tho length of tho 
a-th interval is 10-" We begin with the following gonoral defini- 
tion 

By a rational interval (@|5) wo mean the aggregate of all tho 
rational numbers # which satisly the mequahties aS aS 0, 
where a <b and a and 8 ate rational numbers) =The number 
(b— a) 18 called the length of the mterval Wo say that the 
interval (¢|@) 1s contaimed m the mtorval (a|b) lasSo<dsSh 
An infinite sequence of rational intervals (@,[ 24), (42|b,), . » 18 
called a nest of wtervals if every interval (4,]b,) contams the 
next in order, (¢44;],41), and the lengths b, — a, tend to zero. 
That 1s, given any positive number ¢, however small (tho numbor 
« must, of course, be rational, smoo no other numbers have as yot 
been introduced), there 19 a number N(e) such that the lengths 
b, — ad, are less than ¢ for all suffixes » which exceed V 

From the mtuitive meanmg of a nest of mtorvals, and re- 
membering in particular how we may pick out any pomt on the 
number axis by means of a nest of mtorvals, as on p. 9 of Vol I, 
we arrive ab the idea that, we may define an arbitrary ical number 
by anestofmtervals This1s to be talon as meaning tho following: 
the real number 18 given by an unending piocess of approxima- 
tion which ig determined by the nest of mtervals, ‘Tho nost whoso 
general member 18 (a,,|6,,) gives us, with regard to the numbor 
a to be defined, the fact that tlis 1eal number lies between ty 
and 6; again, 1b hes between a, and b,, betweon dg and by, and 
soon The nest of mtervals will thus givo ua two rational num- 
bers, as near together as we pleaso, between which the real 
number lies 

The essential step is now that we abandon tho notion of 
obtammng an obyectwe definition of tho irrational numbors. Wo 
give up the attempt to characterize the wrational numbors as 
given mathematical entities with specific properties, Wo do not 
say that an wrational number 7s such and such a mathematical 
object, mstead, we are content with the process of approximation 
Which gives the nest of mtcrvals and regard cach such process 
as defining a real number If there 18 & rational number a con- 
tamed in all the mtervals (a,lb,,), tho real number defined b y the 
nest of intervals (a,|b,) 1s said to be identical with a By this 
assumption the rational numbers become real numbors also 


DEFINITION BY NESTS OF INTERVALS — 571 


The wo1ds wratonal number or, more generally, teal number 
may thus bo regaided merely as a briol way of 1elerrmg to a 
nest of mtervals * 

This 18 what 18 meant by the statement that an irrational 
number 1s given or defined by & nest of intervals In practice 16 
comes to this, that every operation with real numbers ig an 
operation with nests of mtervals This offers the possibility of 
makmg calculations with real numbors depend logically on 
operations with rational numbers 

Tt 1s necessary to lay down a procedure for defining addition, 
multipheation, &o , of real numbers by nests of intervals. Ilere 
the rules must be framed m such a way that the ordimary laws 
of calculation still apply Moreover, we must ensure that the 
rules of calculation with rational numbers aro not contradicted, 

We shall begm by showmg that om definition implies an 
ordormg of the ical numbers by magnitude This m itself provides 
a sidficient groundwoik for the axiomatic foundation of the 
concept of limit and a more thorough understanding of 11 When 
this has been achieved, we shall return to the question of the 
rules of calculation with real numbers. 


2 The Roal Numbors in Order of Magnitude. 


Let two numbers « and y bo givon by nests of intervals 
(dq | by) = ty and (Cdn) == 4. Tho followmg three cases may 
occur, 

(1) From a cortam slago n == m, onward every interval 7, hos 
to the ught of tho interval ¢,; that 1s, for == 79, and of course 
for overy > %, We have b,<0,, Wo thon say that y is greator 
than a, or y > a, 

(2) Tf, on the othor hand, from a cortain n, onward 4, lies to 
the night of 9, then we say that a > y, In this case for n & ny 
we havo always dy < 

(3) Neither of the above situations arises, Wo thon say that 
the two nests of intervals 4, and j, defino the same number: 
a= y Thus two nests of mtervals define tho same number if, 
and only if, the mtorvals 2, and 9, always ovolap; that is, if 

* Some piocesa of this Iind fs ofton cssential in giving a proolac formulation 
to mathomatioal concepts — Jor instance, in projective geamotry, when points 
at iufinity aro introduced thos points aro not ented aa dofinits mathomatioal 


ontitios in thomsolyos, wo meroly aay thal & point at inflnity is given by 4 
ponoll of priallol lines, 
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Tha nnd fare two real nitaleca ane af loa by the an 
terval («]f) in uimant the apaccpate vf all rest aamabera £ ouch 
iibas.€ 9. B Wo call the jutersal a rational aiterval sf a 
a aned-points "a and fi ate talional nuinhera We eay Chat the 
real reamtibor 2 Siew ane the wuerier af the antersal af the cans of 
pquality are abient, so tint ae &- A We dea gabo (al Ap aa 
th + aia af the real suimber pl y hea in the atener af 
(} A). 


Bvory wterval las rational numbers rin ilacaintcrier, 


For lot (a,/4,) atl (e¢,]d,) be neats of intervaly definune the sunabera 
xand B, Rincs e+ A, there faa tumbler ag euch that by, te, Thus 


@ Ei bay © Coy to A Wesen that ro (by, tg) / 8 ian maniler with the 
required property, 


Brom thin wo obtain the fallawing alaterment: if (a] A) i a 
Hoighbourliond of y, Uien (a[ A) contama a rational maghbaur- 


* Por if @ ey thin hieasality la satiated, na an be mon fee the definition 
nf equalily, anita’ y (hen fren ecrr riivabes onieards we hava hy» ty € 
that a fortiori ay dy  Canverealy, tf fram aunsa niusstee anorarda ay £2 tle 
Uion olthor by ee Oy for all auoh values of ay and then aon y by de findsdont, uf 
Blan, for somo value of Hy by «2 Gy, whink gives a «, y, 
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hood (a|b) of y It 1s only necessary to choose two 1ational 
numbers a and 6 such thata<a<y<b<f Ibis also casy 
to sce that 1f a < f, thon rational neighbourhoods (a|b) of a 
and (cd) of B can be found such that b< ce, m other words, 
the two neighbourhoods have no poms im common 

Wo shall not deal with tho fundamental rules of calculation 
until we come to sub-seclion 8, p 680 Our next stop is to 
resume the analysis of the concept of lamrt with the help of the 
ideas just explamed 


8 The Principle of the Pomt of Acoumulation.* 


The determmation of real numbeis by nests of mtervals 
forms the essontial basis of the proof of tho piumerple of the 
pomt of accumulation, which 18 due to Weuerstrass A fow 
remarks on the concept of the point of accumulation will first 
be made 

Let M bo an infimte sot of real numbors in which 14 18 por- 
missible for the same number to occur more than once, and 
mdeed an infinity of times (Io. example, 1,1, 1,.. is such a 
set.) If & 1s a number such that every neighbourhood of & contains 
an mfimty of numbers belonging to M, then € rs called w point of 
accumulation of the seb M, The namo of course reoalls the geo- 
metiical connoxion between munbers and pomts. Since ovory 
neighbouhood of ¢ contams a rational neighbourhood, 16 18 
sufficiont 10 formulate the above requiremont mn terms of rational 
neighbourhoods only, 

An infinite set of numbers need not necessarily have a point 
of accurnulation The set of mtegers provides an example, A 
pomt of acoumulation of a set need not itaol{ bo a membor of 
the set Tor oxamplo, the sot 1,4,4, ..,1/m, . has 0 asa point 
of accumulation, bul the definition of the set shows that 0 is not 
one of 18s members, A sot which contains all ita pomts of aocumn- 
lation 18 said 40 bo closed Tho sot of all numbers @ such that 
0 < @ < 25 is not closed, sinco the points of accumulation 0 and 
25 do not belong to it On the other hand, 0 @ S 26 dofines 
a closed set. A sol dS a bs called a closed interval. 

A sol may have an infimbty of points of accumulation, Tor 
example, every real number is a point of accumulation of the 


*'The above Msoussion ts ossontially a ropotilion of tho toxb in Vol I, 
Chap J, p 58 ‘The samo is liue of tho next thiea aub acollona 
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Gaitng an inlinite miaiber of pauntiod the set, or, if atch recur 
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Consider any rational neighbrurhood (r]ajelgnothatere €- @ 
Thon from a cortain number ay onward wo mud have re dy, 
and from nnother (pomably difleront) number a, onward by «4 
Tu any cose, ifn oe mp and alao nts ng, then (a[b,) i contained 
in (¢[a). The construction af our nest (a,[6,) shaws that each 
interval of the nest contuns an influily of pourts af the set, and 
therefore the arbitrary rational neighhourhawl (ra) of € also 
contains on infirly of points of the sel But thin asserla preeiaoly 
tho faot that ¢ is a point of neoumulation of tho seb. 
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4, Upper and Lower Points of Accumulation. Upper and Lower 
Limits, 


In the construction which has just led us to a point of accu- 
mulation of a bounded mfinite set, we mght have made the 
testriction that the second mterval (that with the larger numbers 
as ia ond-points) should always be chosen whenever 16 contamed 
an infimty of pomts of the set, I€ ths were done, the nest of 
mtorvals obtamed would define a perfectly defimte pomt of 
accumulation f of the set This number f 1s tho greatest of 
the numbeis corresponding to pomts of accumulation of the set 

Thus follows at once from the remark that there can only be 
a finite number of pomts of the set im any interval to the “ mght ” 
of cach interval (a,{b,) of the nest described above 

Tf yis an arbrtvary number greater than f and sf 118 sufficiently 
large, the number 5, 18 less than y Only a fimte number of 
members of the set can be greater than 6, Thus y cannot be a 
pomt of accumulation, so that 6 1s m fact the greatest number 
coriesponding to a pomt of accumulation It is called the upper 
lonaé (lim) of the set. 

Tf in the construction we agree to choose the first mterval 
of the two (that with the smalie: numbers as end-pomts) when- 
ever 11 contains an infinity of pomts of the set, we arrive m the 
same way at the lower lume (lim) of the set 

Tho upper lim 8 and the lower hmit a need not belong to 
the sci Tor example, in the case of the set of numbers ay, = 1/n, 
Co,1 = (1 — 1)/n, wo have a= 0, B= 1, but the numbers 0 
and J ace not members of the given sot 

Tn tho oxample just given the set contains no number greater 
than 1 We say that in this case 1, besides bemg the upper lmut, 
18 the upper bound G of the set The general definition 1s as 
follows: the number G 28 called the woper bound of a set of numbers 
uf the set contas no number greater than G, and of every number 
leas than G 1s exceeded by at least one number belongyng to the set 

Li is important 40 notice the distinction between the upper 
limit and the upper bound of a set Take, for example, the set of 
numbers 1, 4,4,..- Tho upper bound is 1 and the upper hmit 
is 0, tho number 0 giving the only pomt of accumulation of the 
sel, 

We shall now show that every set of munbers which is bounded 
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above has an upper bound A set of numbers 18 said to be bounded 
above if thero 1s a number AZ such that all membcis of the set 
are smaller than M We first: note that of the set contarms a greatest 
member G, then G 28 the upper bound of the scf But a set which 18 
bounded above nced not have a greatest member, as 1s seen from 
the example (n~— 1)/n, (== 1,2,  ) Wo nowassort that of the 
sct has no greatest member, tts upper mut rg also ats uppa bound 

For suppose the sot contams a number #@> 8 Wo consider 
all members of the set which are not less hana The1e can only 
be a finite number of these, for otherwise the mterval («| AZ) 
would contain an mfinity ot members of the set and thus at least 
one pomt of accumulation, contrary to the assumption that B 
1s the upper hmit Among the finite numbor of members of the 
seb which are not less than. # thore would be a greatest one, and 
this would at the same timo be the greatest member of tho 
whole set. Thus we should be thrown back on tho case alieady 
dealt with ¢ follows that 1f the set contams no greatest member, 
then no member of the set exceeds the upper mit The number 
B also fulfils the second condition that it should bo the upper 
bound, You suppose that y1s any numbor less than f, then the 
mterval (y{M) 18 a neighbowhood of 8, But smce f 1s a pomt 
of accumulation the neighbourhood contains an mfinity of poms 
of the set, all greater: than ¥ 

The Zower bound g of a set of numbers is correspondingly defined 
as that number which 1s not greater than any member of the set, 
and which has the property that every number greator than g 
18 also greater than at least one member of the set. Iivery set 
which 1s bounded below has a lower bound, which 18 eithor the 
least mernber of the set or else the lowor Inmt of the set. 


6. Convergent Sequences. 


We consider sequences of numbers a,,a,, .., always assuming 
that they are bounded, The principle of the point of accumulation, 
shows that the set of numbers a,, a, . has at least one point 
of accumulation A sequeneoo of numbers 1s called convergent 
if 1¢ has only one pomt of accumulation a This number « 18 
then called the tm of the sequence, and we write 


hm a, = a, 
fi--> © 


The followmg definition is clearly equivalent to tho one just given. 
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A sequence of numbers a4, ag, ... has the hot a tf, and only 2, 
every neghbourhood of a contams all the members a,, of the sequence, 
wrth the possible exception of a finite number of members. 

For 1f the bounded sequence a,, has only one pomt of accumu- 
lation a, then only a fimte number of members can he outside 
any neighbourhood of a; otherwise there would be some other 
pomt of accumulation, Conversely, 1f all neighbourhoods of « 
contain all the numbers a,, with only a finite number of excep- 
tions, then the sequence a, 18 certamly bounded. It can only 
possess the one pont of accumulation « For if @’ were another, 
we could choose quite separate neighbourhoods of @ and a’, 
and in each of these there would be an infimty of numbers 
belonging to the sequence. This would contradict the hypothesis 
that only a finite number of members of the sequence lic outside 
any neighbourhood of a. 


A sequence which does 


not possess a limit should 
not bo regaided as any~ 
thing abnormal On the 
contrary, the oxistence of a 
hmit 1s in & sense excep- 
tional, For example, the 
sequence whoso members 
are dgn = 1 /n, Goya = 
(n—1)/n, n= 1,2, 

has two points of acoumu~ 
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lotion, namely 0 and 1, 


The aggrogate of the positive rational numbers oan be regarded 
a8 & sequence of numbers, though wo must first entirely dislocate 
the ordering by magnitude The simplest way to arrive at such 
a sequence is to order the members by means of the array in fig 1 
The line drawn in the figure shows the order m which the numbers 
should be taken, any number which has already appeared m the 
sequence bemg disregarded. As has already been mentioned, the 
set of all rational numbers has every real number as a point of 
accumulation 

The concept of convergence enables us to malze a very useful 
deduction from the principle of the point of accumulation Jf M 
as a gwen bounded nfinite set of numbers with € as point of aceumu- 
lation, then M contains an wnfinite sequence a1, ag, .. of numbers 
converging to the wmu &, 

(x 012) 20 
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Lf ay Oy. and Ay fly, ure Lien wparneen with the same 
linu yr then the mised HTUENES 04, Ay thy, fig, dy. Fanrcrgee tay, 

Any meaghbourhned of y conto all the aumlers a, aud all 
the numbers fy, witht tat poate exeophon of a bate aumnber 
of members of onoh sequenes, Th therfore contami all embers 
of the muxed aoquence, except poaubly for a diate number af 
thera. 


6, Bounded Monotonia Sequences, 


A noquence of mamberd ay, ag. da gad to be monatonie if 
either 


thy © Katy 
for all values of n or 


Oey * they 


for all valuoa of 1. Tn the firat ease we any Chat the sequence ie 
monotonic non decreasing, and in die eecond that it wa monatonsn 
hon-increasmg 

Woe now prove the importaut atatermont tist every butnded 
monotonia sequence ia convergent, We may restrict murectven to 
tho proof for the non-deoronamg sequence, ‘The other cnas 1a 
oxactly similar, 


Ginco every bounded sequenca laa at least one point of 
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accumulation, we need only show that our monotonic sequence 
cannot possess more than one. Suppose, then, that thero are two 
such, o and a’, say, and thata <a’ About « and a’ we construct 
two quite separate neighbouhoods U, and U, Tach must 
contain an infinity of members a,, of the sequence, Take one 
of the members contamed m U,,, say a, Now let a, be the first 
member beyond a, which hes m U,. There must be such a 
member, since UY, contains an infinity of members Now all tho 
membeis in U, are smaller than any mn U, It follows that 
O» > as, which contradicts the hypothesis that the sequence 18 
non-deoreasmg 

We may add the following remark: 1f o4, a, .. 13 non- 
decreasing and bounded, then hm a, ay for every N ror only 


tom > & 
a fimte number of members a,, that 18 to say a,, dg. Gwnay 
can be less than a, Therefore the limit 1s not less than ay, 
In the same way, we sec that the limit of a non-inc.easing sequence 
18 not greater than any member of the sequence 


7 Gauchy’s Gonvergence Tesi for Sequences of Rational 
Numbers, 


Before we can lay tho foundations of caloulation wth real 
numbers wo need a convergonce test which 18 not restricted to 
sequences of rational numbers, but we cannot formulate this 
until we have defined subtraction for real numbers We shall 
thorefore prove the convergence test for rational numbers here, 
and iclurmn to the general case m sub-scotion 9, p 5865. 

The tost in question is as follows: 

A. sequence of ratonal numbers a4, Og, ... 18 convergent yf, and 
only af, corresponding to every posiiwe number «, however small, 
we can find a number N(«) such that for every n > N and m > N 


| ay — Qn | < €, 

Wo shall first show that if this inequality is satisfied for all 
sufficiently lage numbers m and , then the sequence 18 con- 
vorgent * The boundedness of the sequence 18 proved as follows 
Wo tako the special valuo «= 1, Thon for a sufficiently large 
valus of » and all sufficiently laigo values of m 

| dy — my | <1 


* Attontion must bo drawn to the fact that the clomonta of the sequence a, a,, 
+>. Avo aasumed to bo rational, but that this is not the oase with the hmut a, 
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With a finite number of possible exceptions, then, all the 
numbers a, he in the mterval (¢,—- 1|a,-+ 1) Thus a properly 
chosen mterval will contam all the numbers a,, without exception, 
The principle of the pomt of accumulation shows that the sequence 
has at least one poimt of accumulation Wo have still to show 
that there cannot be more than one Suppose there are two, 
a and a’. About a and a’ we could construct quite separate 
neighbourhoods (¢| d) and (0’| d’) so that 


oc<acd<d<a<d, 


where we assume, as we may without restriction of genorality, 
thata<a’ Simce a and a’ are assumed to be pomts of accu- 
mulation, (c|d) contams an infinite number of pomts a, and 
(o’|d’) contains an infimte number of pomts a,, Thus, m par- 
ticular, for an infinite set of values of » and m we have 


Om —~ Oy, 0 —ad> 0, 


But this contradicts the hypothesis, which shows that for all 
sufficiently large values of and n 


| Gm — Gn|< oc! — d, 


Hence the sequence has one, and only one, point of 
accumulation 
We next show that xf the sequence a, @,. . converges to a, 
then for every «> 0 and for all sufficiently large values of 1 
and m 
| ban — Om |< e. 


We take a neighbourhood (c| d) of a, whose length (¢ — c) is less 
than or equal to « If NW 1s suitably chosen, then whenever n 
exceeda WN, a, lies in (e|d) Thus if n> N and m> N, both 
a, and @,, he m (6|d), From thus rt follows that 


| tn Om |<d—eSe. 


8, Galoulation with Real Numbers. 


So far our work has given us the definition of real numbers 
by means of nests of intervals, and their ordermg by magnitude. 
The theorem last proved provides a simple means of defining the 
rules of arithmetical calculation with real numbers, 
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Let a real number « be given by a nest of intervals (a,,| 6,) 
Since the mtervals form o nest, the numbers a, form a monotonic 
non-decreasmg sequence and the numbers }, a monotonic non- 
increasing sequence These sequences are bounded, for we may 
note that every a, is less than or equal to b,, and every 0, greater 
than or equal to a, The sequences therefore converge In both 
cases, moreover, the hmitis the real number a Yor every neigh- 
bourhood of a contams all the intervals (a,|b,), except possibly 
for a finite number of these, and thus the neighbourhood contams 
all but a finite number of members of the a, and the b, sequences 
We may therefore say that every real number can be exhibited as 
the lumt of sequences of rational numbers 

If now we wish to define any operation of arithmetic for two 
real numbers a and B, we choose two sequences a, and b, of 
rational numbers with the hmuts a and B respectively We 
perform the operation on the pairs of numbers a, and b, and thus 
obtain a new sequonce, When we have proved that this sequence 
has a limit, we shall say, by way of defintion, that 1t 1s the result 
of the operation on the two real numbers a and B 

Let « and 8 be two arbitrary real numbers and let hm a, = a 

Ne © 
and lim b,== 8. We consider the sequences a+ bp, Gn — bn; 
n—> © 
Gnby, and Ifa, If we can prove that these sequences converge, 
we oan set up the definitions 


@ -[- B == lim (Gn “+ bn), 
n> c 


a B eae Ae a Da); 


af == lim (4,b,), 
t-—> 0 


1 1 ) 
~== lim (— }, 
a n>m \Oy 
The convergence of these sequences will be proved by means of 
Cauchy’s convergence test 

Tt follows from the convergonce of a,,a,,.  thatifeisagrven 
positive number and ” and m are sufficiently large, say n > N, 
and m > Nj, then 

| a,— Om | < e/2, 
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and, from the convergence of 6,, bg, , that if m and m are 
sufficiently large, say » > N, and m > No, then 
| by — bin | < €/2, 


If N(e) denotes the larger of the two numbers WV, and Ny. then 
if n> N(e), m > N(o), 


| (nbn) — (Amt Onn) | SS | en Om | + | On — —by|<s+s= 6 
and 
[ (@n—Bp)— (Gn — by) | S| On— in| + | Bn — On | <5 bE 


By Cauchy’s test both the sequences a, -+ b, and ap — 5, 
converge. 

To prove that a,b, converges, we must first notice that the 
numbers a,, and b,, form bounded sets, There are therefore two 
positive rational numbers A and B such that for all values of % 


lan; 4, [bo | SB. 
Now 
| gD OanDrn | = On(Dn — by) + Din( dy — Gm) | 
S| ¢n| | b2~ Bin | as [O,, | | On —— Gy | 
SA dn — by | + Bl an Gn |. 

Since the sequences @,, @,.. and 0,, 5. . converge, we can 
er numbers NV, and N, corresponding to any given ¢ > 0, such 
| an — Om |< </2B when n> WN, ondm> Ny, 

and 
{6,—b,[/<</24 when n>N,andm> Ny 
Thus if » and m are both greater than the larger of the two 


numbers NV, and N,, the above inequalities hold sumultancously. 
We have therefore 


| Abn — dnb | <A SS + Bo me. 


Cauchy’s test shows at once that the sequence a,,b,, is convergent. 
We now suppose that a-+0 and lima,==a We have to 


u—r a 
show that l/c, converges It is first necessary to show that 
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if n 18 sufficiently largo, |a,,| 18 greater than a positive number 
independent of n We take a rational neighbourhood of a which 
does not contain 0 This1s possible, sinco a =: 0 From a surtable 
m= m, onward ail the members of the sequence a, a, ... he 
in this neighbourhood ‘This shows that, for n> mq, | @n|= 9, 
where p is the absolute value corespondmg to the end-point of 
the interval that 1s nearer 10 0 Tho convergence of the sequence 


2 a .» 18 not affected by the omission of the first %, members, 
OH My 


and we may therefore now assume that for all values of 


| an | =p>d 
Wo observe that 


| ee 


— | @m— 4n| | tm — On| & | Om — On | 
Gn Om = , 


| Ay Qry, | | a» | | Ory | p 
Let «> Obe given, If N is stably chosen, thon, since a,, ag, ... 
converges, n > N and m > N give 


| Gy — by | < ep’, 


go that 


This proves the convergence of 1/a,, provided that a =: 0 

[4 18 obvious that any real number may be exlubited as the 
limr, of more than one sequence of rational numbers Tt might 
bo thought that the definitions given above do not define the 
arithmetical operations uniquoly, ‘Jor mstance, suppose that 


lim @,==aand lim b,== 8 give one representation of the numbers 
top © im 


Se 
aand f and lim @,'==« and lm b,'= 8 another. Then possibly 


u—> 0 Noe © 

the two sequences @, -- b, and a,’ +- b,’ might have different 
lmuts. (We have proved that they do have limis,} We shall 
now prove that this difficulty does not ariso, It will be shown 
that if 

lim @, == lim a,’ and hm 6, = lim 6,', 

n> ah) > thee eal 
thon 


lan (@, ct Oy) = hm (a,’ ae On’), 


Stone > 0 
lim (@,0,) == lam (ay'b,'), 
h—-> 0 N=» £0 
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and, if im a, = lma,,’ + 0, 
no 


The proof is very smmple It has already been shown that if 


hm a,>= lm a,'= a, then the mixed sequence a, ay’, Ga) Gy! ++ 
n> n—> 


oO 
has the hmit a In the same way, we sco that b,, by’, bg, Og,» «+ 


converges to B== lm b,= hm 6,’ rom this and the above 
R—> R—> 
theorems we find that the mixed sequences a, + By, ay’ Oy, 66+ 


and a4b;, a"by',.. and, fa = 0, . Fae . + are convergent, 


It has already been proved that every sub-sequonce of a given 
convergent sequence converges to the same lim fiom this 1 
follows that the sequences 


a +50, +6, .. and a,’ +b,’ a’ + by,...; 


which are sub-sequences of a convergent sequence, must converge 
to the same hmut In the same way, 


a,b, Aba, : and ay',', the! be! mes 
have the same limit, and the same 18 true of 
1 1 1 1 
, and 


—~39 ““ppocee¢ 
a 


The results just obtained allow us to settle another important 
question which is connected with our definitions of the operations 
of arithmetic 

The class of real numbers contains the rational numbers. In 
the course of our definitions of operations on the real numbers 
we have thus mcidentally defined these operations for the rational 
numbers, But we began by talking the operations on rational 
numbers as known We must therefore verify that the new 
definitions do not give rise to any contradiction in the case of 
the rational numbers What we have to show 18 thatif lm ¢,=-e 
and hm 6, = 0 are rational numbers, then ae 

n> © 

hm (4 + by) = @ + 3, 
n—-> wo 


lim (@qb,) == ab 
"> 
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and, if a + 0, 


tim 2 =f, 


t-->e Oy a 
Tt should first bo noticed that a rational number a is the 
limit of the rational sequence @,a,.., Sor the two sequences 
Gy’, dy’, . . and by’, by’, .. we may take tho special sequences 
a, %..,andb,b,.., Tho above theorems then yield 
Bar (04 $b) = lm (a + b)=a+6, 


th 


lim (@,5,) = lim (ab) = 
o> 2 im-> 4 


lim Aes lm tl 
a 


? 
n->0 On, n-po & 


which is the required result 

It need hardly bo mentioned that, as a result of our definitions, 
all the rules of calculation that hold for rational numbers also 
hold for all real numbeis We have only to apply the rules to the 
rational numbers forming the sequences, Let us, for mstance, 
prove the distributive law, a(8 -- y) = a8 -- ay, 

Let q = pes dns B= oe Ons y= bes On Then the left-hand 


side of tho “squalty 40 be. proved ts thn 1 {an (by ++ ¢,)}, and the 
om} 


Light-hand side 18 lim (a,b, ~~ daen), But since the distributive 


tH 0 
law is truco for tho rational numbors, the two sequences are 
tho samo, and this must also be true of then limits, 


§, The Genoral Form of Cauchy’s Convergence Test, 


We roturn to Cauchy’s convergence test, which we have 
already proved for rational sequences on p 579 Now that the 
operations of arthmotic, in particular subtraction, have been 
established for real numbers, we can formulate the convergence 
tost quite gonorally for real numbers Zhe sequence ay, ag, ... 18 
convergent yf, and only of, for any gwen «> 0, we can find an 
suffia Nie) such that ie m and n are both greater than N(e) 


| Oy — iy | < é, 
Tho proof is oxactly ike that grven on p. 579, and need not 


be repeated, 
(x12) 20» 
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The followin paint rie? oat theon Ge abisportanes Candis 'e 
COM GOTION Pest Comba adit Ganmitietationd a timer afc atuniat san 
of orion, Moral weaue piven flee recipient e iad baew the nuiater 
N(e}, wo van alate atone that Cae hnat of te: eer nes Lvs 
hetwean the manna a, | eanta, «¢ whemsera - Nee) 

Ty this respead Conti's tof citer from tlie teat for ane 
{aye HOPI The huttas pee Chie ese adeeuge es ak tiye fieual, 
Diba javer no omeans of eotaiatane Gar haat "Pho n prooks 
of convergence whielt depo oe ther test any edition ef de 
hat (anel theoretasdly ib ei alwaya neces ary tr pive one) rust 
depand on avparale and extraneiia commderatietas, 


—- 


ek de 


MISCELLANEOUS EXAMPLES 


L. Tio veotois x, y (or three vectors x, y, 2) ato sud to be linearly 
independent if a lear rolation 


ax-+- by =O (or ax + by + oz = 0) 


ls posshlo only when a= b= 0 (or a=b=ec=0) They are said to 
be linearly dependent if such relations oust without all the coefficients 
vamalung, Provo the followmg statements 


(a) Throo veotois x, y, z auch that any two of thom are orthogonal 
to one another aro linoarly indepondent 


() Tho vectors x, y (01 x, y, 2) aio lnenly mdependent if, and only if, 


[xy] - 0 
ay Uy Ny 

(or a[yz]=|41 Yo Ys| 2 0). 
% &  &s 


(c) If two veolois x, y m a plano ao lmearly indopondent, then any 
vector wv in thoir plano may bo wrilten m the fom v= ax + by Similarly, 
if x, y, # are linomly indopendont, thon any veotor wv may be written in 
the foam v = ax -+ by +- oz, 


2. Wo know already that if +, , 2 a1o threo veotors, 
Ry hy Mg 


Yr Ya Us 
4% 


[ya] = plex] = zlay] = 


(tho common sealer value of thoso oxpressions may bo conveniontly denoted 
by (x, #, 2)}. Provo tho furthor vectorial sdontities 

wx’ ey ee’ 
ye yy ya! 
gx’ ogy’ get 
(b) Loa lLa'y'] = (xx) yy") — (rey ye") (of Hix. 5, p 19), 
(0) [alyal] = (xz)y — (xy) 

(@) ([lye)], [vtex)], [elal]) = 0. 


Uso tho last roault to deduco that uf a plano 1s diawn through each of 
three conourtent atraight linos perpondioular to tho plane of the other two, 
tho three planog thus obtained moot in a straight lino, 

687 


(a) (x, 2, 2%, Y, a!) = 
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3 Lat Ow, Oy be o system of rectangular axes ma plane Let Ox’, Oy’ 
be a second such aystem and let the angle e0v’ be » Prove that the 
passage from one system of oo ordinates to the othe: 1s given by tho for- 
mula 

=a’ coso—y’sng, 2 = woosp + y sing, 
ya= 2’ smg-+y’cosg, yy! = —r Ing + Y COBO, 


4. From the result of Ex, 3 deduce the addition formule 
cos (p-- p)== cos coap—anpainy, sin(p-+})= sme cosh-+ cosg and, 


5. Let Ox, Oy, Oz and Ov’, Oy’, Oz’ be two co ordinate syatoms, both 
having the same orientation, the cosmes of the various angles bemg indi 
cated by the following scheme: 


a gf @f 
v % fr v4 
¥ O% fe Ya 
4 ts Ba ‘Ys 


In Ex 1, p 12, and Ex, 9, p 38, the relations 


ay + B+ yi" = 1, tgs + Bobs + Yas = 0, 
tig® -1- By? -{- yo" == 1, tg, + Baby + Ysa = 9, 
cts" + Bs? -+ yg" = 1, Oya + ABs + y1¥a = 9 


om By Ys 
te Be Ye 
3 Ps Ys 


were proved A three rowed determinant A whose elements satisfy those 
relations 18 said to be orthogonal 

Prove (a) that to any orthogonal determinant A equal to +1 there 
correspond two co ordinate systems Ox, Oy, Oz and Oz’, Oy’, Oz’ with the 
same orientation, such that the cosines of the angles between the various 
oo-oldinate axes are given by the elements of A 

(®) That for any orthogonal determinant the relations 


Oy? + og" ++ Og? == 1, Brvi + Bays + Bays = 0 

By? ++ B,* + Bo? = I, Y1% + Ya%e + Yo%s = 0 

w+ yo? + ys? = 1, XB, t+ OB. + ogfs = O 
are also satisfied 


A= =] 


R 


6*. Let Ox, Oy, Oz and Ox’, Oy’, Oz’ be two co-ordmate systems as in 
Ex, 6 Assume that Oz and Oz’ do not comoide, let the angle 202’ be 0 
(O<68<x) Draw the half lme Ox, at mght angles to both Oz and Oz’, 
and auch that the system O2,, Oz, Oz’ has the same onentation as Ox, 
Oy, Oz Then Oz, 18 the line of interseotion of the planes Oxy and Ox‘y’ 
Let the angle xOz, be » and the angle #02’ be and let them be measured 
im the usual positive sense in their respective planes, Oxy and Ox'y’, 
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Prove that the passage from Ox, Oy, 02 to Ox’, Oy’, Oz’ 18 given by the 
scheme 


i‘ f i 


% y z 
% cos cos — cos sintb sino sin 
— sme sin} cos — sing cost) cos 
sin p cost) — ping sin ~- cos sin0 
-- cos gin cos -{- cos cos) cos 0 
z ain sind cos ain 0 cosd 


(Note that this reault holds also fo. 0 = 0 or x, whon @ and | become 
indeterminate with e+ p= 2Za0 or go— b=Z2.02' 1espcotively, 
The angles q, ), 0 are tho so called Pdervan angles, and our result, together 
with Example 5, shows that the most general orthogonal detormmant A 
of valuo -|-1 may bo oxpreased “ paramotiically ” by moans of the three 
variables @, tb, 0, subject to the mequalitios 


080 S7%, OS <2n, OS) <2r) 


7. Let ABO bo a sphorioal tiianglo of sides a, b, c and angles A, B, 0 
on tho “ unit sphere” (ie tho sphere of radius umty) Tom Ex, 6 deduce 
the “cosmo theorem ” 


cosa = cosh cone + sind sinc cos A, 


8. Itind tho anglo » botween tho plano 


Aw-+ By + 02+ D=0 
and the Ime 


@esag at, Ye Yot Bl z= m+ yh 
9. Solvo the oquations 
29 — By -- de =a 
da — Dy 4-1 = 10 
8a — Wy -- Bde = B4, 
10. Provo tho idontity 
(a 4 DAY(CH +f dB) = (aa + bd) + (bo — aa) 
by forming the product of tho doto:minants 
ab 


11*, Provo that the valuo of tho determinant 

o08(0 + «)  ocos(0-+ A}  con(O + ¥) 
ain(O-+- a}  sin(O-- 6) sin(0 + y) 
sin(B— vy) sin(y—-«) ain(« — 8) 


Dm 


is independent of 0. 
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12. If A= oity +a, B= ay + y2+ 2%, show that 


BAB 
BBA 
A BB 


D= = (28 4. y3 + 28 — Bayz)% 


13, Show that 


tite a+ne a+9% a+ @ 
Ae b+2 %b+a a+r &-- @ 
b+a2 b+a ipt+a a+2@ 
b+a b+4+0 b+u &+e 


18 of the form A + Baz, where 4 and B are mdependent of # Henos hy 
giving partioular values to x, prove that 
4n GO Y@) pf) ~ fa 
a—ob ” a— b 
where 


Ht) = ( — Yltg — Ylts — Old, — 4) 


14* Prove thats 2 and vare functions of a and y= 1/2, then v'’==D/u', 
where .D is the determinant 


agrt? Buf? 3 ue 
ae Bas? we 
a U 0 


D= 


15 (a) Show that a funotion » of the form u(v, y) = f(«) g(y) satistlos 
the partial differential equation 


Wy —- Ugly = 0 
(6)* Prove the converse statement 
16 Prove that 
a, Ys 2) = are 7) 4. ea!) ) Gta at tye) 
satisfies the equation 
Aw = wey 
17, Show that a funotion w satisfies the equation 
ta lyy — Ug, = 0 
if its first derivatives satisfy 9 relation of the form 
Puy, Uy) = 0 
18*. Prove that a surface «= f(a, y) genorated by straight lines 
meeting the w-axis or, what comes to the same thing, 2 surface out in 
atraight limes by vertical planes i= 0, satisfies the equation 


tba ~ 2LY Ugly + yu, = 0, 
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19. Tind a 8 = A(c, a, y) for the continuous functions (ef pp 44-5) 
(2) f(r y) = V (1 -f at 4 29%), 
(b) f(a. 9) = V (1 + et) 


20. Show that tho functions 


a 


fo ve 2 ote, 9) ws —— 
(a9 -- 3} a 2 — 


tond to zero 1f (x, y) approaches tho origin along any straight lino, but that 
f and g aro discontinuous at tho ougin, 


21, Let 0 bo a smooth ourvo with a continuously turnmg tangent 
Let @ denote the shoriest distance betweon two points on the curve and J 
tho length of aro between tho two points Provo that d — 1 = o(d) whon 
d is amall, 


22, Evaluate 
gad 3 (a+ 6) Ri 


and duo at BL aty? 
tisten g>0, y> 0. 
wy 


23. Show by using Wulor’s relation (p, 100) that a homogeneous 
funotion 9,,(2, y, z) of dogice » which satisfies Laplace's oquation AS, = 0 
algo satisfies tho relation 

A(r#9,,) == Qan(Qn -}- Qin + Ljr*m-ag,, 
where 
1” sx git -. yy -- 2, 


24, Provo that the omvaturo of the ourvo % == x(t) (f being an arbt 
trary paramotor) 18 givon by 
i i (20’he’”8 =A (x! elA)h 
hes - Tao 
25*, Lot a twisted ouve 0 be defined by a= x(s), y = y(s), 2 = as, 
2 boing tho length of aro of the plano ourve @ = as), y = 4(s) Prove that 
tho osculating plano of the ourve ab a pomt P (of Bx, 1, p. 93) contains 
the normal ta tho eylindor # = as), y = y(s) at P, Show that the ourva- 
ture and torsion of 0 aro respeotivoly given by 
h a og)" a 4 ee a{a’y”’ frctom wy’) 
l+a ' 1+ a? 
(A ourve of this kind is called a ctreuar hele.) 


26, Find tho oquation of the osoulating plano (of. Ix, 1, p, 93) at 
tho point 0 of tho ourvo 7 = 0080, y= sind, <= f(0) Show that if 


{(0)} = ; cosh AQ, each osonlating plano touches a aphere whose centre 


is the origin and whoso radius is V (1 -- 1/A?), 
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27. A ourve is drawn on the oylmder a? + y*= a, such that the 
angle between the z-axis and the tangent at any pomt P of tho omve 18 
equal to the angle between the y-nx13 and the tangont plano at P to tho 
cylinder Prove that the co ordmates of any point P of tho curve can be 
expressed in terms of a parameter 0 by tho equations 


#2=20090, y=asm0, ¢=¢-+ @log snd, 
and that the curvature of the curve 18 (1/a) am0(1 + sm?0)4, 
28, (a) Prove that the equation of the plane passing through the 

three pomts ¢,, é, tg on the curve 

a= jal, y= fa, c= ct 
W 

z 
2b + tt A) Ulta + ta + tla)” — taba = 0. 


(6) Show that the point of mterseotion of the osculatmg planes at 
bs toy ty lies m this plane 


29 Leta, b,c, A, B, CG, be the sides and angles of a triangle of area 
8 and let 2 be the radius of its crroumsoribed circle Show that 


da == (cos da + cosB db -+- oos0 de) 


30. Consider a fixed poimt A m spacs and a variable point P whose 


motion 18 given as a function of the time Denoting by P the velonity 
vector of P and by @ a unit vector in the direction from P to A, show that 


ad 
aj 4?) =a —~@P 


31 Let A, B, 0 be three fixed points and Jet the components of the 


velocity vector P of a moving point P in the directions PA, PB, PO be 


u,v,w Let a, 5, ¢ be unit vectors in the directions PA, PB, PO Prove 
that 


bm = — 0, 


da ree (mars cos APO ) Pe "i 


a” ~\ pa 9b pg") 9 
32. Prove that the acceleration veotor P of the point P ig 
P = na+ Bb+ ye, 


enn op (= _ 1 \+ 3 eee 1 , 


where 


PA PB “PA BO 
with two sumular expressions for 8 and y, 


33. Find the envelope of a vamiable aocle in a plane which passes 


through a fixed pomt 0, and whose centre desoribes 9, given conio with 
centre O, 
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34. If I’ ia a plano curve and O a1 pom+t in its plane, the locus I” of 
tho orthogonal projeations of O on a vauable tangent of I 19 called the 
pedal curve of T' with 1espeot to the pomt O Provo that if the pomt AM 
describes the curve T, the pedal curvo 1” 18 the envelope of the vanable 
circle with the 1adiug vector OM as diameter. 


35. What 1s the envelope of the variable sphere with the radius veotor 
OM (of, Ix 34) as diamoter? 


36, What aro the onvelopes of tho variable circles and spheres of Ex. 84, 
85, u I 18 a circle and O o pomt on its onoumforenco? 


37, MM’ is o vaiiablo chord of an ollipse parallel to the mmor axis 
Find the onvelopo of tho vamiable onole with ALA’ os diamoter, 


38. A plane moves so as to Louch the paiabolas 
z= 0, == 4a and y= 0, 2 = 4a, 
Show that its envelopo consists of two parabolic cylinders, 


39.}+ Generalizo tho investigation of § 1 of the Appendix to Chap. IIT 
(p 204} to functions of » vauables, proving tho following results, Let 
f(t «++ %,} be threo amos continuously differontiable m the noighbour- 
hood of a atahonary pomt % = 24°... , %, > %,°, that is, a point where 
fn, = tay = 1+ = fy, = 0. Consider the second total differential of f 


at tho point x, df° wa 2 Jw wt, Ge,s this is & quadratio form m the 
varinbles dty..+> Attys’ it tina quadratic form 1s 201 degenerate, that ia, if 


Fao, +9 St (0p, 
D=| : | | #O, 
f ttt es f Pty 


thon d®f° may be (1) positively deflnste, (2) negatwely deflnite or (8) indeflntte. 
Prove that theso possiblo casos colsespond respectively to the following 
proporkies of f at the point (@°): (1) f has a mimmum, (2) f has a maximum, 
(3) f has nolthor & minimum nor & maximum, 


40, Consider tho funotion of two vanubles f= (y — a%)(y — 2a), 
which 19 stationary at tho origin O (x == y= 0). Provo (1) that along any 
straight limo through O, f has a minimum at O, (2) that f, considered as ao 
funotion of (a, ¥), has noithor » minumum nor a maximum at 0, 


41, Lot P,P,P, bo a plano triangle with all three angles less than 
120°, Provo by the o1torion of Jux, 39 that at tho point P intorior to PP.P, 
suoh that 2 PP Pas LPPPy == LP PP y= 120°, thoaum PP,-}- PP,+ PP, 
is actually a mmimum (of Ix. 4, p. 187), 

42, Whoro doos the minimum of the sum PP; +- PP,-+- PP; ocour 
if in tho triangle of Tix, 41 tho anglo P,P’, ia greater than or equal to 120°? 


+ Tor Iix, 30, 41, 43, and 44, tho rondor is aaaumed to be familiar with the 
elements of tho thoory of quadratic forma, 
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43, To mmvestigate atationary pomts of f= f(t, -.+» %,), where Ant) 
variables satisfy the relations 


P(t, 1%q) FB Oeees Vy (Va vey Uy) 0 (m < 2), (1) 


wo may assume that we have found numerical values for the vanables and 
the multipliers Ay, such that Fa= f+ py tee +t AmPm salisiics tho 
equations 


OF Joa, = 0, anes OF /0%, = 0, * be i ad (2) 


and such that the Jacobian of 94. «>» P With respect to tho variables 
y+ 7%, 8 not zero ‘To apply tho ontorion of Tex, 89 wo may proceed 
as followa Rogarding a,41, ++ » %, a8 mdependont variables, by difforen- 
tiatmg (1) we can obtain the first and second difforentials of % +s Xm 
as funotions of %,415+ »%,,» and finally mtroduce these values into 


as B fered tf, Pts toes A Sam Pe ye © + (B) 


Prove the following second rule, not mvolving tho computation of 
the second differentials d'x,,.. , dx. Regarding ay .. »% 08 indo- 
pendent variables, consider 


ap = SP op00j, 0% dy = df + 2429, + eee Aun Wo,» 
compute dx, .., @%,, from the equations 


and introduce these values into d’F, thus obtainmg a quadratie form 342" 
m the variables dz,,4,, dx, If this quadratio form 13 non degonor ato, 
then f has respectively a minimum, a maximum, or nother of these, ac- 
cordmg as 6#/" 1s positively definite, negatively definite, or indefinite 


44, In the problem of finding the maximum of f= 2,0... %, sub- 
ject to the condition p= a+ a+ . +2%,—a4=0 (a> 0), tho rulo 
of undetermmed multipliers gives a stationary value of f at the point 
= %==., =, a/n Apply the rule of Ix 48, imstoad of tho 


consideration of the absolute maximum, to show that f has a maximum 
value at this point, 


45 Apply the oriterion of Ex, 43 to prove that among all trianglos of 


constant perimeter the equilateral triangle haa the largeat area (of, ax. 2, 
p 200) 


46, Tho curve x? +. y3— Saey = 0 has a double poms at the origin, 
What are ita tangents there? 


47. Draw 0 graph of the curve (y — a)? — 25 = 0, and show that it 


has a ousp at the origin What is the peouliarity of this cusp aa compared 
with the cusp of the curve a — y8 = 0? 
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48. (a) Provo that if all the symbola denote positive quantities the 


stalionaly value of fa -+ my -}- x7 subject to the condition a + y? 4. 2? 
m=: 6? 18 


ofl? me + navi 
where ¢ = p/(p — 1) 


(b} Show that tho value 1s & maximum or minimum according as 
pal. 
49. I'd tho values of v, ¥ which make 


2a? -- (a — y)? — by 
atationary, 


50 Provo that if & 19 a closed convex curve and ABO 18 the orcum- 
soribed triangle of least area, then the poimts of contact of & with the 
sidos of tho thianglo aro tho centres of the sides 


51. Show that cach of the curves 
(a cosa —- y sing — b)§ == fe sine 4- y cosa)*, 
whero « 18 variable, has a cusp, and that all the cusps Ize on a onole 


52, If O = f(a, b) is a duo maximum or minimum of f(a, y) subject 
to the condition p(a, y) = 0’, show that in genoral 0’ = o(a, 6) 18 0 true 
maximum or minimum of o(a, y) subject to tho condition f(a, y} = 0 


53. A oirolo of radius @ rolls on a fixed straight Jino, onrrying a tan 
gont fixed rolativoly to tho owolo Talking axes at the point of contact 
whoro the moving tangont coieides with the fixed line, show that the 
envelopo of the tangont 18 givon by 


gen a(0 -|- cos0 sind — sin 9) 
y= a(cos*) — cos 0}. 


54, If tho co ordinates (a, y, 2) of a pomb on a sphore are given by 
the equations (of, p. 160) 


a= aaindcosp, ye asinOaing, z= ac0s0 


show thal tho two ourvos of tho systems 0+ o= a, 0— o'= B, 
whioh pasa through any pomt (0, 9) cut one another at the angle 
aro 08 {(1 — ain*0)/(1 -+4- sin*0)} (of. p. 164) 

Show that the radius of ourvature of cither curve is equal to 


a{l +- sin? 0)1/(5 + 8 ain20)é 
(of Ix. 24). 


55. If 
w{2 
fa) = f log (1 — 2* cos*0)d0, 
0 
prove that f(x) is finite if a? & 1, and that if a <1 
a sla) x f 7H dog (L — a cout 0)} dO, 
igh J, ae 


and honce ovaluato the integial, 
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56. Show that the area = of the mght conoid 
w=roost, y=rand, z= f(0), 


included between two planes through the axis of z and the oylindor with 
generating Lines parallel to this axia and orosa seotion 7 = f’(0), and the 
ares of 1ta orthogonal projection on z= 0 are mm the ratio 


[V2 -+ log(2 ++ 4/2)] +1 


57. Assuming that the earth 18 a sphore of radius R for which the 
density at a distance 7 from the centre 19 of the fom 


p= A — Bri 
and the density at the aurface 19 24 times the denstly of water, whilo the 
mean density 1 5$ tunes that of water, show that the attraction ab an 


internal pomt 1s equal to 
Ue “a 
~~ gq —{20 — 9 
11° ( ae a) , 


whete ¢ 18 the value of gravity at the surface. 


58. Let (%, 4), (a Y2)s (st Ys) be the vertices of a tiianglo of area 
A (the order of the suffixes grving the positive onontation) Provo that 
the moment of mertis of the triangle with respect to the ¢-ax1 18 given by 


A 
rn (ya + ye® + yg? + YrYab Yetta + Yallr)» 


59 A hemusphere of radius @ and of uniform density p ja placed wath 


18 centre at the origi, so as to he entirely on the positavo sido of the 
ey plane Show that ita potential at the point (0, 0, z) 18 


uit 24. 283 a 3 og oat 
= (a? +- 2%} en gee g Tem ifO<z <u 
and 
ane 2 a\8 ee ee ee 
a (a? + Zi + a hake q 72 2 > a 
60, Sketch the curve 


I~}? A— 
% riety ¥ Tee 1SraAs+1 


and daloulate the area included by the ourve 


61 Prove that the attraction at either pole of 
with density p and semi-axes a, a, 018 equal to 


FY 


® uniform sphoroid 


2¢ 
ane f v (1 — cos) dr, 
where 
¥ = 2% cos G/{a7 cos? -} o® ain? 6), 


t 
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62 In the intogral 


4 (20—~ 4x) {(8— x) 
t= f def (y — A)fdy 
2 ifs 


shango tho order of mniegration and evaluate the mtegral, 


63. (a) By transforming to polar co ordmates, show that the velue 
of the integral 


aping Vain yt 
k= {f ied lost + 8) de | (O< p<5) 


y cots 
in a8 (loga — 4) 
(b) Change the oidor of integration in the original integral, 


64, Tind tho volume V out off from the right cone 
ovo (h— 2) tanta, OS2Sh, 
by the right cylinder whose baso 18 the curvo 
(A tana — r)® == A® tan® « aint 0 cos*6, 
whore 2, #, 0 are cylimdiical polar co ordmates, the volume being outside 
the cylinder and msido tho cone, 


65, Show that for the hyperbolis paraboloid z= ay the value of 
4 
Im ff letw *w_ ag 
Se “} Sg + ay") 
taken over tho surfaco bounded by the gonorators through the orgm and 
the point (E, 4, %) 38 


—aro tan[E%y8/(4? G2 4- GER + BP yt)! 


66. Prove that for -1 <a<1] and — ‘ < oropma < 5 


Kini a al log {i -|- @ cos) 
0 OOH 


das mt AYO Bint. 


67. Show that tho aca in the pomtive quadrant bounded by the 
ourves a = aty, ge: by, y= cv, y= de is 


fa (at — bt) (ot — dt), 


68*, Let I’ bo o closed ourve im space on which a definite sense of 
desoription of tho ourvo haa boon assigned Prove that thore is @ veotor @ 
with the followmg chaiactoiistio proporty: for any unit veotor 1, tho 
scalar product azz 18 equal to tho algebraic value of the areca enclosed by 
the orthogonal projection of [ on tho plano Ti orthogonal to # (Nate 
that # gives tho oulontation of IT, and I’ gives tho orlontation of its 
projection on If) In particular, tho projection of I’ on any plano parallel 
to @ haa tho algobraio aroa zoro, (‘Tho veolor a may bo called the area 
vector of 1*.) 
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69 Prove that in a central orbit the attraction p por unit mass 15 
given by 


where g 1s the distance of the tangent of the orbit from the pole and ? the 
aTea constant (p 425), 


Hence prove that the cardiord x = a(1 + cos0) oan bo desonbed under 
an attraction to the pole equal to u7-* per unit mass 

70* Let there be # fixed particles m a plane, all attracting with a 
central force of magmitude : Prove that thoro are not more than 2 — 1 
positions of equilibrium for a particle in tho field, 


Caloulate these positions for tho case of four attracting parlioles with 
oo ordinates (a, b), (—-a, b), (2, —b), (—a, —b), wherea > b > 0. 


71* A particle of untt mags moves under the action of tio forces, 
of which the first 1s always towards the origm, and 19 equal to »° times 
the distance of the particle from that pomt, while the second 1s always 
at mght angles to the path of the paitiolo, and 1s equal to 2p. times its 
velocity Prove that if the particle 1s projected fiom the omgm along tho 
axis of ¢ with velonty u, its co-ordinates at any subsequent timo ¢ aro 


eich fa ed a 
x TEE a gin V (2 -++ p8}t cos ut, 


5 op % . 
y Tort ain V(29 + (2)¢ sin pd 


72. (a) If u, » are two independent solutions of the equation 
fey” — tay” + olay’ + Az)y = 0, 
prove that the complete solution is du + Bo -+- Cw, whore 


ik uf(ajdu ‘s uf (a) da 
(uv’ — uo) (uu — u'r) 


and A, B, 0 are arbitrary constants 
(b) Solve the equation 
h(a? + By” — ax(Tat + 25)y"” + (2223 + 40)y’ — 80ry = 0, 
which has solutions of the form 2”, 


73, The tangent at a point P of a curve outs the axis of vy ata point 
T below the ongm O and the curve 18 such that OP = ». OT. Provo that 
its polar equation 1s of the form 


Peer (1 -+- sim 6)" 
cog” +16 


e 
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74, Dotermine the solutions of the equation 
a% qo 
aw = % 
on av 
which aro also solutions of 


GG) *(): 


75, Prove that if K 18 a homogencous function of x, y, 2 the equation 


) ai) a ou a Ou 

ya ee = (x m) = 

x4 A a x) YB 2 : 
has a solution which 18 @ powor of (x7 +- 4" + 2), 


76. (a) Apply Cauchy’s theorem to the integral 
f (: -|- : ‘a g-ldz (n> m > 0) 


taken along a path consisting of the positive quadrant of the umf circle 
|2| = 1 and tho parts of the axes belweon the origin and this circle, a 
small ciroular detowm bemg made round z== 0, and heneo deduce that 


(n— m)r %— m 
an —5—— Cia + UT 5 ) 


m1 , 
a (etm ya) 


(b) Provo that if 2 == m tho value of the lator mtogral is 2/2™+, 
(In the complex integial tho mtogiand may be taken as real on the 
positavo half of the axzs) 


77. Prove thot if f 18 analytic SS f( Vx) is equal to the result ob- 


rf2 
i cos” 0 cos 20 d0 == 
0 


tained. by putting y and a cach equal to Va in the expression for 
9, on uf) 


ee 


ay GF at 
78, Show that if a and y are roal 
| sinh(w -[- ty) | & Al), 
whoro A(z) 18 independent of y and tends to © 08 a —> LM o 


By intograting ___} __. round a suitable sequence of contours, 
show that {2 — w) sinhz 
fue 1} 
: rc 1 -|- Iw laa 


ginhw w 1 w+ nn® 


SUMMARY OF IMPORTANT THEOREMS 
AND FORMULAL 


1, Differentiation. 

Convergence of Double Sequences, 

Uniform Convergence and Intorchange of Infinite Operations, 

Special Definite Integrals 

Mean Value Theorems 

Veotora, 

Multiple Integrals, 

Integral Theorems of Gauss, Green, and Stolces. 
9, Maxima and Minma 

10 Curves and Surfaces 

11 Length of Aro, Area, Volume. 

12 Calculus of Variations 

18, Analytic Functions 


o-~1 So or Pm OH 


1. DIFFERENTIATION 


Chain Rule for Functions of Several Variables. 
TE u= f(é, ) c; ‘os )s where ¢ = &(, ¥), 9 = (2, ¥), rere 
Ug = fbn +S; o + feb + rong 
Um = Freba + fintio® + fee ba? es 
+ 2 rgS ato + relate +. 
+ * # © @ 8 © #8 © 
tb febon + Fae Seb am Pa ay 


with corresponding formule for u,, and ty, (p 73). 


Impliet Functions Tf F(x, y) = 0, 


el 

de =F, 

dy Bayh P— Wy Poly + Py Pe 

a oo ¥ Fe v vu & (p 115-16), 
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Jacobians Tf €= d(a, y), n= ale, y), 
On ty Oey OY __ He ey _. bs 


a jn ere —— ee — 


a D’ oy ~~~ D’ B&D’ oy D 
where 
alg, ”) be by| __ = 
Be, 0) Lh wy | Pele Sh 


(Jacobian or functional determmant) (p. 143). 


Rules for Jacobians 


MM es ook, 
i Ké 0) KE ee 
O(x, y) 


(2) If wes u(€, y), v= of, n) and f= E(m, y), n= n(x, ¥), 
then 


Se he ey 


(ei, ¥) _ (es, 0) OC, ») 
O(n, y) OE, n) O(a, y) (p. 147). 


2. Convercenon or Dousiy Srqumnons 
Convergence Test for Double Sequences (pp. 102-3), Tho 
SOQUCHCE Gyp, CONVErgeS, OF, 1. Symbols, 
LM Gy == 4, 
N-} 09 
n> 
if, and only if, for evory positive « thoro is an N such thab 
| Gam ~~ Cm | <e€ 
when n> NV, m>N,v > N,m'> NN, Then 
LM, @y_ = tim ( lim nm) == lim ( lim @nm)s 
fi © N-> OD \in > Hi--> 0 \HN->- 00 
ti} 0 
provided that lim @,,, and lim a, rospeotively oxist, 
iIn—> © Nm} 


8, Untrorm Converanyom AND InrmroHANen 
or Inmyitm OrnratTions 


Dini’s Theorem. If a sorioa of positive continuous functions 
converges to a continuous limit function in a closed region, it 
convorges uniformly to that limit (p. 106). 


6o2 SUMMARY OF FORMULA: 


Interchange of Differentiation and Integateon, (Diflerontiation 
of an integral with respect to a paramoter ) 


ad r* b 
aa) fle, y) dy =f fale, y) dy, 


provided that f(a, y) and f,(#, y) are continuous in the interval 
under consideration (p. 218) 


Interchange of Differentaation and Integration wm Improper 
Integrals 


£ i "f (a, y) dy = [ “Fale, y) dy, 


provided that f.(z, ) is contimuous in the interval under con: 


sideration and the mtegrals f I (a, y) dy and i Fale, y) dy converge 
0 0 
uniformly in that mterval (p 312), 


Interchange of Two Integrations I£ f(w, y) 18 continuous and 
a, b, a, B are constants, 


b B B 2b 
faffeanya=fiyf fe yde (p29). 
The order of integration may also be reversed when the limits 
ate not constants, provided that both integrations are performed 
over the whole of the region concerned and corresponding now 
hmuts are introduced (p 242) 


Interchange of Two Integrations wn Improper Integrals. 
Bp AB 
[def fe ydy =f dy f fe, 9) do, 


provided that the mtegral [ J (x, y)dy converges uniformly in tho 
6 
interval a SS B (p. 310), 


4 Sproran Dermire lytmgrats 
[ e~"de=is/r (pp 262, 561; see also Vol I, p. 496). 


f * OD lg a7 (pp, 315, 554; see also Vol. I, pp, 251-3, 
ie 418, 450). 
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Fresnel’s Integrats 


wo eo 
[O sanlo®)dr = [008 (79) dr = Al (p 317). 
z= = 5 


Fourier’s Integral Theorem, TE f(x) 18 seclionally smooth and 
+2 
[1 Fe) | do converges and if f(o-+ 0)-+ f(@— 0) = 2/(@), then 


fe) =e <n f_ atnietar, 


where ah) =e a . “f (he dt (p. 319). 


The Gamma Function (pp 825-38), Tf o> 0, tho gamma 
function I'(a) is defined by tho equation 


= se | 
To) = [ eg 1dt me D i en e—l dp. 
Tt satisties the functional equation 
Tae -- 1) == aD (ar); 
hence if # is a positive integor n, 


T'(n) = (n— Il 


For all values of w othor than 0, ~1, —2,,.,it may bo exprossed 
by the formule 


— Ly n ti) 

Pte) yin oe ne gs ales Aa 
i br ee--lj...d@--a— Tha ae 1+ w/p ” 
i sa gay” JI en ele 
ray iia ss 
whore y == lim ( eee log n) is Hulor’s constant. TFurthor, for 

Ro» Oo \pe], 
every integer m = 2, 
7 1 (—1)" a 


2 wy Go iy da 8. 


604. SUMMARY OF FORMULA 
Again, 


Te)P( — 2) = —— 


(“ extension theorem”). Hence, in particular, 
og 
T'(d) = 2 :) en? dt = 4/ mr, 
0 


The beta function B(a, y) 18 defined as follows for positive 
values of ¢ and y 


1 +t 
Blo, y= fey tde=m feb eg Oa 
0 —i 
wf 
= 9 f sin?*—14, oos*’-1 dd, 
0 
The beta and gamma functions are connected by the relation 


_, E(w)i(y) 
Bla, y) = Rot y) (p. 337). 


For any complex z, 
(L — e*\N(z) = vi t*-1 e—tdt, 
where O denotes a path which surrounds the positive roal axis 
and approaches 1t asymptotically on either side (p. 566). 
5 Mean Vatun Turormms 
Mean Value Theorem for Functions of Two Varvables (p. 80). 
F(t hy y +) — fe, 9) = hele + 8h, y + Oh) 
+ Ify(a+ Oh, y+ 8h), O<IO<1, 
Laylor's Theorem for Functions of Two Variables (p. 80). 
Se + by 9 +h) — fey) = hfe t hf, 


+ ‘i {hf 03 + 2hkf, oy + Wf, vw} 


+. 
+ “ {for + (O\ietifapit veet ihe 


+ By, 
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where the remainder 2, (m the symbolical notation of p, 79) 18 
given, 


Ry = GL - iW Toray Lefa(@-+ Oh, y+ OR) + hf (o-+ Oh, y+ any 7 


Tf as ” moneases this romaindor tends to zo10, we have the 
infinite Taylor serves 


f(@-+ h, y+ k) 
= f (a, ¥) -+- bs TnL ot kf, vt ++ 5 {HP fic ++ Qhlof, ay Kf, vey 


oh (thie t (MMR fay tet ia) + 
Mean ee Lheorems for Multvple Integrals (p, 282) 


| [f@ aS = war, 


whore AF? is the area of FR and p o value intermediate between 
the maximum and tho minimum of f(a, y) in R. 
Similarly, if p(x, 4) & 0, 


[Lie de Na8—= wf [rte yas. 


6 Varotors 


Tor tho dofinition of a vector sco p. 3 
Let v be & veotor in three dimensions with the componenta 
V1; Vg, Ug. 


Length of a Veetor, 
| o| = / (oP + 0,8 + 04°). 
Addition of Vectors. 
Z- U-- v 
means tho vector which has the compononts 


ZF Uy Vy, 2g Ug th Ug, %y = Ug %y (p 4). 


606 SUMMARY OF FORMUL/E 
Scalar Product (nner product) 
uv =| %||v{ cosd 
= UV ~b Ug, Tr Ugo» 
where § is the angle between #% and v (p 7). 
Vector Product (outer product) 
= [uv] 


means the vector which has the components 


—\% Us a, \¥3 act (4 Ua may 
44 Vy, gl e Vg |" % V1, at) 
Dofferentratron. 

d(e + v) ae. dv, 
di dt’ dt’ 
d(wtv) du dv 
or aed 
d[uv] KE | I =| af 
ao Vane wt a7 {p. 85). 


If the co-ordinate axes are rotated, the vector components 
are transformed in the same way as 2, y, z, the components of 
the position vector (p 84) 

By the derivatwe of the function f(x, y) wn the derection of the 
unt vector # whose Components are cosa, sina, we moan the limit 


im L@t p cosa, y+ psa) — f(e, y) 9 v). 


p->0 Pp 
Hence 
= cosa w 4. sna 
Tn particular, 
sta = Cosa oy = sla 
on > On } 
and hence in general 


Of Of du , Of dy 


én Ba dn” Oy On’ 
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In the same way, in three dimonstons the dorrvative in tho 


direction of the vector # whose components are cosa, cos, 
cosy 18 


oe = cosa! cos 8 n+ GORY 7 
Of 0% of Oy v Oz 
anda dy ant Ben (p. 64), 
The Differentral Operations 


With every scalar function f(x, %,, 29) there is associated a 
vestor grad f with the components fx, fay fn, (p 89) The dori- 
vative of fin the dircction of the untt vector # 1s # grad f 


With every vector field 24(a,, %, #5) thero is associated a 
vector curl with the components 


Outs Ol, Oty Og Og Oy 
Oa, 00g’ Oty Bee,’ Oa, Ong Pp %) 


and a scalar function 


div wt = +a ope {p 91). 
Usmg tho symbolic vector V (nabla) with “ components ” 
i Oa Ba,’ wo have 


gad f= Vif, oul == [V2], div a= V ae {p. 92). 
Further, 
ourl grad f= 0, div curl = 0, 


dav grad f= Af OF 4. en cae 


Oa,% Oitg? 


7. Mourne Inrrerans 


For the dofinition of a multiple wtegral soe p. 224. 
The ralos for tho addttion of integrands and combination of 


regions of integration aro the same as for ordinary integrals 
(p. 281), 


608 SUMMARY OF FORMUL/E 


Transformanon of a Multrple Integral, Tf the oriontod region 
R of the ay-plane is mapped on a coriespondingly- oriented region 
R’ of the uv-plane by means of a reversible one-to-one trans- 
formation whose Jacobian 


_. O(; Y) 
O(u, 2) 
does not vanish anywhere, then 


ff fee ydady =f f fw, y)Ddudo (pp. 288, 877), 
R R 
An analogous formula holds for any number of dimensions (p 254). 


In particular, transformation to polar co-ordinates 


m= 70080, y= rsind 
or 


o==rcosdsing, y= rendsinf, z= 70080 
gives the formuless 


f {te y) dady =f [f(r cos 8, r sin b)rdr dd, 
; ° (Vol. I, p. 494). 


ff [fe y, 2)dady de = ff Zz f(x, y,a)Pemddrd0dp (p. 254), 


Reduction of a Multyple Integral to Ordinary Integrals (p. 243). 
Let a Sy S PmR, and for every y lot a = aly) Sw & Vly) = 9; 
then 


[ ftlo wdody= fay f fe, ya 


8, Lyrrcran Tarormms or Gauss, Gruen, AND Sroxns 


Tor the definition of a curvilmesr integral (line integral), 800 
pp 344 e seq 


1, Two Dimensions, 
If the region FR 1s simply connected, the line integral 
[(ade+ bdy) = f Adz 
G Gg 


is independent of the path O joming two points m FR if, and only 
if, the condition of integrability 


Ay = by 
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holds at evory point of R In thus case, if the mutual pomt is fixed, 
the mtegral 1s @ function U(£, 7) of the end-pomt, such that the 
vector A with components a, b satisfies the relation 


A = grad U (p 352). 


Gauss’s Theorem, Lot R be a sumply-connected region and O 
its boundary. Then 


i f {folt 9) + aula, y)} dudy = [{f(@, 9) dy ~ gle, y) da}, 
+e (p, 360) 
or, in vector notation, 


i f dw A de dy = ne Anis = if Anas, (p. 364) 


where # is the unit vector m the direction of the outward-drawn 
normal, A, the normal component of the vector A with com- 
ponents /, g, and ds the element of aro of the boundary curve. 


Green’s Theorem (p 366) 
j i (tly -+ Uy) de dy = — f f whodedy-+ f (wv, de-+ w,dy) 


Q 
= —f [obudndy-s | =~ ds, 


a (udv—vAu)dady= [ { (omy — uv,) de — (vty — uv,) dy} 


=f (uz — vi) ds. 
+¢ ” n 
In vector notation the first form of the theorem 1s 
Ou 
J [grade gradv)dady = —f fe div gradudady +f a 8; 


where 
Au == div gradu == tes + Uyy, 


and 0/dn denotes differentiation m the duection of the outward. 


drawn normal, 


(8012) ai 


610 SUMMARY OF FORMULA: 


2 Threo Dimensions. 
Tho necessary and sufficient condition that the line integral 


[ (ade + bdy + ede) = [ Ad 


shall be mdependent of the path C jommng two pomts m a simply- 
connected 1egion # is 


curl. A == 0, 
01, 10 full, 


Oy = Og, b= Cy Oy Oy (p 358). 
Surface Integral (p 381) This is given by 


if i {a(a, y, 2)dydz + b(a, y, 2) dedu + ola, y, z)dady} 


| ip {a Ue; Ys 2) a5 + Ue , Y; 2) = + ole y, 2) aa sa jane 


if @ == 2(u, v), = a v), z= z(u,v) and the omented region 
8B m the we-plane corresponds to the surface 8, 


Gauss’s Then em Let be the umt vector m the direction of 
the outward-drawn normal and A,, the normal component of tho 
vector A with components a, b, c¢; further, let d/on denote 


differentiation m the direction of the outward-drawn normal. 
Then 


Lf [leat by + ¢,) yacdyde= f (a2 + 628 + 0%) as 


(p 386) 
or, 1n vector notation, 


J f favv Addy de =f [Anas =f fnd8, (p. 388) 


the integrals on the nght being taken over the closed surface S 
bounding the region R 


Green’s Theorem (p 390) 
i f J (Ue Uydy > UgV,) dar dy da 


=—f f fudodndyde + f fur, 2 
ff f(wdv—vdu) dady de =f 06") as 
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whore 0/dn and S have the same meanings as before and 
Aw == Uses > Uyy “b then 


Stokes’s Thenem (p 893) Let the onented surface S be 
bounded by the couespondingly-orented curve C Then 


dx Of r ( m ox) Ce _ 0¢ 
he ) dy dz + ee dzda - a sf) dn dy} 
= f (pda -} dy + ydz), 


In vector notation lot A, be the tangential componont of the 
vector A == (}, 4, y) m the direction m which the curve CO 
is desoribed, (curl A), the component of curl .4A m the duection 
of the outward-drawn noumal, and ds the cloment of arc on C 
measured in the dnection m which the cuve is described: then 


a (curl.A), dS = f Aut, 


9. Maxima AND MINEMA 


The following rulca hold only for maxima and minmna in the 
intervor of the region undor considoration, 


Free Masvma and Minna of a Function of Two Variables 
Tho necessary conditions for an oxtreme value of the function 
u= f(a, y) are 
tam 0, fy = 0 (p. 184), 


Tf theso conditions are satisfied and af 
f won a ay > 0, 


there is an oxtromo value at the point in question It is a maxi- 
mum or a minimum according as fir» (and hence also f,,) 15 negative 


or positive, If 
Seat vy — fey <0, 
tho point is a saddle point (p 207), 


Maxima and Minima subject to Subsidiaay Conditions (Method 
of Undetermined Mulupliers) (pp 188-99). 
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Tf m the function v= f(a,.. , %) the » variables aro con- 
nected by the m subsidiary conditions (m <n) 


pile ws +» &_) = 0, sas) din(@r, ae + My) = 0, 
wo introduce m multipliers A,,..., A, and form the function 
F=f -+ Ait + Agha ae + An Pm 


Then the m conditions and the ” additional equations 


give (m -- n) necessary conditions for the extreme points, 


10, Curves* anp SuRrAcrs 
In what follows (¢, 7), or (€, y, &), are ouzrent co-ordinates. 
1, Plane Curves, 
Hiquation of the curve: 
(a) y=f(2), (6) F(a, y) = 0, (0) @ = dt), = p(t). 


Equation of the tangent at the point (@, y) (Vol. I, p. 263; 
Vol II, p 122) 


(a)y—y=(E—a)f'(@), 0) (E—a)Fo+ (n— 9) Fy = 0, 
(){E— $00 — {(n— HO} ¥' = 0, 


Equation of the normal at the pomt (a, y) (Vol, I, p, 263; 
Vol. II, p. 123) 


(a) €— a+ (n—y)f'(e) = 0, (6) (£— 2) Fy — (n— 9) Fo= 
({E— sO}#O + (n— HOW = 0. 
Curvature (Vol I, p. 281; Vol IL, p, 125) 
yf Fg PA Way Poly + Py Pe 
(a) k= al we q+ 75" ( ) - (PP BR Fe ae F2 ) 
(c) k= Gye 


* Some formule discussed in Vol I have been repeated here for convenience 
of reference 
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Radius of curvature (Vol I, p, 282; Vol II, p. 126): 
ere 
P ky | 
Evoluto (locus of centro of curvature) oe I, pp. 283, 307-311): 
rs +y 
(emo yA, y= yt “aE , 
Pe+ BY 
: Fon Ef "Fi QP ay Lal y a Py Be 
PAL P2 
Poa , eee al Mac rae 
I= Yt Nya ON, Fb FP 


Vs Lf 
Oe s—$FTH, gaye gp Ete 
Involute (Vol. I, p. 809): 
Eas a+ (a— 8), n= yt (a— shy, 
where @ is an aibiliary constant and ¢ the longth of aro measured 
from a given pomt (¢ being the paramotor) 


Pomt of inflection (Vol, I, pp. 159, 266; Vol II, p. 125). 
The necessary condition for a point of flection 1s 


(a) y= 0, (b) Pg kf — Way Pa ly + Py Be = 0, 
(0) ay — dy = 0. 
Anglo betwoon two curves (Vol. I, p. 264; Vol. II, p. 126): 
Fy Gy ++ Py Gy 
Vie + PAV GE + GP) 
Ce 
VE + PWV (ee + Hr") 
In particular, tho curves are orthogonal if 
(b) Pa@u + Fy Gy == 0, (0) bd + py = 0; 
the ourves touch if 
(b) Py@y — Fy Gig = 0, (0) a — yy = 0, 


() f= a+ P 


(B) cosev = 


(cv) cosa == 
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Two ciuves y= f(e), y= g(x) have contact of ordo % at a 
pomt 2, uf 


F(@) = ga), f'@) = J'@), o 00, f(a) = 9@), 
(Vol. I, pp. 331-3) 
2 Curves m Space. 
Tiquation of the cw vor 
a== p(t), y(t), 2= x(t) 
Direction cosmes of the tangent (p 86): 
7 eee Oc 

V@itPp+ey Vetyt ey Veit e+e) 

Curvature (p — 


d'a ary dz 
Hmm HC) + (ZB) + Ga) } 
where d¢ 18 the element of aro, 


5 Surfaces, 
Tiquation of the surface, 
(a) =f(x,y), (6) F(a, y, 2) = 9, 
(0) @ = Pu, v), y= Yu, v), = x(u, 2). 
Tiquation of the tangent plane (p 1380): 
(a) -z2= (€~a)f,+ (n—- Su 
(5) (é—- 2) FF, +- (y ~ y) Py + (f— 2)i, = 0, 
(c) (g ae Ubu Xu = Po Xu) + (y— W(xuhy = XvPu) 
+ (0 — 2) putts — Ppothu) = 9. 


Direction cosmes of the normal (Vol II, pp. 130, 163): 


Pe ee | ae ee ee | eee 
ee aaa 


cosy == ~+ fee eno 
Vl + fe + fry 
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(6) cosa == REC RCE cog p == TS 
0 ene EO = EEO 
whore _ TOE BF 


A= thixy— YoxXu B= XuPo —~ Xb C= duty — bitty 
Angle between two surfaces (Vol II, p 130) 
COBW == COBO, COBRA, -+ cos, cos, -+ cosy, COS yo} 
in particular, the condition that tho surfaces aro orthogonal is 
COS G4 GOS dg ++ cos, COsP, -|- cosy, Cosy, = 0. 
4, Envelopes (Vol, IL, pp. 171-83) 
To obtain the envolope of tho family of plano curves 
Lf (, Yr 0) == 0 
or of tho family of surfaces 
F(@, yy % @) = 0, 
we calculato the “discrimmant” by climinating 6 from the 


equations 
f=0, fo 0 


The discriminant contains tho envolopo and also the geometrical 
loous of tho singular pomts 

If tho famuly of curves 1s givon by the parametric equations 
w= df(t, c), y= (tc), tho discrimmant is obtained by climinating 
e and ¢ from the equations 


db Ob 3b 2 
endl c, yan lll 0), oO Sb ow 0 (p. 174), 


The envelope of a two-parameter family of surfaces 
F(G, Ys % Cys Og) == 0 
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18 contained m the equation obtamed by eliminatimg the two 
parameters ¢, ¢. from the equations 


f= 0, Jo, = 9, f= 0 


11 Lexar or Aro, Arma, VoLumME 


Length of Aro (Vol I, pp 276-80). Let a plane curve be given 
by the equations 


@)y=f@, ©) Fe, y)=0, (hae= 6), y= HO, 
(d) (polar co-ordmates) 7 = 2 (8) 


The length of arc 1s 


(a) = fy + yd, emf “Va + Pde 


(b) a= { eS MA F2+PA\de, (ds= [ “Vea -- 4’) dO. 


Tha length of are of the three-dimensional curve 
a=), y= HO), 2= xl) 


18 
th 
‘ =f AJ (a + y+ 2) dt (p. 88). 
ts 
Area of Plane Surface The area bounded by the curve 
¢ = 7(8) 


and two radu vectores @,, 6,, where 7, @ are polar co-ordinates, 
18 given by 


4; 
3 [ 1d0 (Vol I, p. 276). 
& 


The area enclosed by the curve 
y = f(a), 


the two ordinates # = w), = a, and the a-axis, is 


j “yd (Vol I, p. 80). 
oe 
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Lot 2 be a positively-oriented plane surface and C 1ts boundary 
(for the ortontation and sign of an area cf Chap V, section 4 
p. 875). ‘Thon tho area of tho surface 1s 


f [andy = — [yd = fady = 3 f (ody — yas) 
(pp 347, 376-6), 


Area of Curved Surface (pp 268-74). Let the equation of 
tho surface bo 


(a) z= f(a, 9), (6) Fla, y, 2) = 0, 
(0) @ == p(t, 0), ys b(t, 0), Z= x(u, v). 


In cage (¢) let H, 2, G be the so-called fundamental quantities 
of tho surface, 1.0 lot 


I = but + h + Xu", 
P= Puy “+ Paty + XuXo 
Gaz hob p+ xe, (pp. 162, 273) 
Thon 
LG — JP == (duly otha)? “+ (huxe ty Xu) (xube~Xvbu)? 
(p 273) 
Tho length of aro of tho curve 
ur= u(t), v= oi) 
drawn on the surface is thon 
ty 
gs f J (Ee? + 2P ud + G4) dt (p 162) 


Tho arca of the curved surface lying vertically above the 
rogion J? m the ey~plano 18 


A = | i do’ 
() A= f [V+ fet fidedy, 
Amf fp vVert Bat BAdedy 
(0) A = i , 4/ (EG —~ F) dudn, 
tho last intogral being taken over the region B of the we-plane 


which correaponds to the region &. 
(012) 21° 
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The area of the su face of revolution 
w= UCosy, Y= Us, z= Au), 
which 1s produced when the curve 
a= $(a) 


is rotated about the z-axis, 18 
A= Inf u/{1 + $%(u)}deu = Ie fds, 


where s 18 the arc of the mendian curve z = (x) (Vol. I, p. 274: 
cf, also Vol I, p 285) 


The surface w,, of the unt sphere in » dimensions, 
ay? + ty -+- + ef &F == I, 
ow a 
" Dn/2) 


Volumes The volume bounded below by the region & and 
above by the surface S with the equation 


zs f(a, y) 


Vx f i f(a, y) dedy (p 225), 


(for the sign see Chap V, section 4, p 380) 
If the surface S 1s closed and forms the whole boundary of 
the region V, the volume of this region is given by 


Vf f [dodyde=— f fadud = — f fedyde= —f fydede 
(p. 887). 
In polar co-ordinates the same volume 1s given by 


v=fffe sin dr dO de» 


where B 1s the region of r6¢-space corresponding to the rogion 
(p 264) 


The volume of the surface of revolution 


Is given by 


18 given by 


o= UCOSY, Y= “UsNY, Z= G(u), 
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which 18 produced when the curve 
a= f(t) 
18 rotated about tho z-axis, 1s 


a 
V = nf u? dz 
Zz 


Qo 


(Vol Il, p 267, of also Vol I, p 285) 
The volume v, of the unit sphere in » dimensions, 


a, -+ te -b eb %F= 1, 
is given by 


we WV )® 
On 75 CEEOND (p 304), 
The volume swept out by a moving plane area P of area A 
8 


4 dn 
V={ 405 a, 


where dnfdt is the component of the velocity of the mean contre 
of P perpendicular to the plane of P (p 295). 


12 QanouLus or Varrations 
The necessary and sufliciont condition that the intogral 


I(u) = i] “F(a, w, wd 
Xy 
shall be stationary is Puler’s equation 


d 
ii, — de Fy = 0, 
Bay” ++ Braye “id Pow wre BP, = 0 (p 498). 


If F involves sevoral functions u,(%), u(2),..., va(@) and 
their derivatives, thon a necessary and sufliciont condition that 
the integral 


w 
L(u) = ‘| ‘F(a, Ui» asay Mas ws a ¢ 6 4 uw ,) 
X 


or 


shall be stationary is that w,..., U, satisfy tho syatom of 
Tuler’s equations 


a 
By, 


de Ry, 0 (j= 1,...,%),  (p. 508). 
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If # depends on 2, u(x), u'(x), w'’(c), Huler’s equation 18 
d Te 
— gy, Fu + 73 Fu = 0 (p 513). 
If i F(a, y, 2, &, y, 2)dt is to be made stationary subject to 


the subsidiary condition G(x, y, z)== 0, then a neccessary con- 
dition 18 


d 
5 fy By AGy, 
d 
ae F,= AG,, 


where A denotes Lagrange’s multiplier (p. 517). 


13 Awatytic Fonorions 
For definition, see p 582 
The necessary and sufficient condition that 
£(@) = fe + ty) = ule, y) + wa, ¥) 
shall be analytic m a region # 1s that in R the Cauchy-Rvemann 
dafferential equations 


Ug = Vy Uy = —U, 
hold (p. 582), 


Cauchy’s theorem. If f(t) 13 analytio in a simply-connected 
region R, then 


[fou=o 


if O 1s a closed curve in the imteror of R (p 539), 


Cauchy's formula. Under the same condition as Cauchy's 
theorem the formula 


f= ef 0 a 


t— hi 
holds if z is a point in the mtenor of 0. 
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If f(z) is analytic mm the interior and on the boundary of a 
circle | 2—~ % | 3 Zt, 16 can be expanded in a power series 


fe) = f(a) + B ele ~ a) 


which converges 0 tho interior of the arclo Tere 


mer gl ” (Z) __ 


ul Sn ee (t— 2 * ni@ (pp, 547-9). 
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OHAPTER I 

8l,p 12. 

3 Let the veotors jomme O to the points P, Q, R, 9 be denoted by 
2, ¢7,%,S Then the veotor fiom O to the centre of mass of the tuangle POR 
is givon by 4% -+ g-+ 7), and (of Idx, 2) the veotor joing O to the conito 
of mass of the tetrahedron by } $( 4 - &+- %)-+ 45 = WS -]- gt r+ 5), 
this expression 1s independent of the order in which tho vertices aro talon 

4,A, A’... ,&% mo tho Snot pomts of tho veolows 4(/4 -l- 7) 
(r+ Ss)... ,a@+ 7%), and the three lines AA’, BB’, CC’ all havo the 
same mid pomt, tho final point of the veotor }(% -- g-+ ” -|- $), wines is 
the contio of mass of the tetrahedion 


§ 2, p. 18 

1, Tho distance 18 given by tho longth of the veotor pioduat of a unit 
veotor lymg along 2 and any veotor joining 7 to a pomt A (d, d, f) in F 
8 | ton d of tg f srs 


a 
~|- 
a 6 é fi a 


Ly—b to—d 
at ¢ 


rearore | 


2. The shortest distance h botween f and 2’, two straight linea in spaco, 
8 porpondioular to both ? and /’, ie is parallel to tho veotor produet of 
two arbitrary veetors lying along / and U respectively Also, the shortest 
distance betweon / and I’ 3s obtained by projecting w lino yoming any tivo 
points on 7 and ?’ on to tho Imo h, 


I a 0 & 
Vind awit crow) 8 8 | 
V {(ao’ — a’e}* -| (ae" — a'e)* -+ (ce c’e)%} bY dad fmf 


3. The loft-hand sido may bo interproted as the volumo of a Lotra~ 
hedion, 


4, The length of the vooto: product of the vectors (ax, wf, wy) and 
(a, th @. Vv {(B2— yy)? + (yo — cxa)* + Cay — aay}. 

6, It is suffloiont to provo tho statement for the cuso whore tho origin 
18 inside tho polygon, as the sum of the dotoiminants is unaltored by trans. 


lation of the oo ordinate systom If the origm Ja inside tho polygon, all tho 
628 
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determimants have the same sign and give the aroas of the triangles 
OP,P,, OP.P, . eg Ol ak ve 
§ 3, p 26, 

2, If we wnte ~-d=dx ~], ~emexX —l, ~f=f xX —1, the 
threo cquations may be regarded as three homogeneous equations m 
%, Y, —1, the necessary condition for the existence of a solution 18 thorefo1a 
D=Q If D=0O and og ri +: 0, then the third equation ia 

1 9 
& consequence of tho first two, and the first two equations mn # ond ¥ 
have a, solution, as the determmant does not vanish, 

3, Tho Imes intersect if the three equations 


ayt + by = Ot + dy 
Goh + bg == Opt “+ dy 
Mab + bs = Cyt -f- dy 
for t, + have a solution (of, Ex, 2) The condition 18 
a % a—b, 
ths Cp dy —= b, = 0, 
5, Subtract the last row of the determmant fiom the first three. 
§ 4, p, 37 
1. (a) 0, (0) 2, (0) 12, (d) (@— yy — ale— wlety+ 2%) 
3. (a) Introduce the three veotors = (a, 6, c), y= (a’, 0, 0} 
Z = (a",b”, 0”) Then D= [xy]lz Now for any two veotois @ and © 
we have 
|[ab]| S|a[]b| ond |ab|S|a|[S| Hono D<|x||y| lz: 
(b) If, ond only if, the veotors represented by the columns of D 
are mutually orthogonal 
4, ab+d=0,8%+ = b+ @= 1 
6, It 1s sufficient to show that there 13 one pomt (%, Yo %) which re- 
mains on the same ray through the origin, 1 6, that there are four quantities 
Soy Yo, % A (the first three of which do not all vanish) such that the equations 
alg == Ay + byq + ch 
Myo == dig + CYfy + fh 
Rey == Git + hiya + hay 
are satisfied, Now we have only to choose so that the determinant of these 
three homogeneous equations in %, 4%, %) Vanishes, this gives an equation 


of the third degree mn 4, which can always be satisfied, as an equation of 
the third degree always has a real root, 
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7, o = 7(1 + cose) —4V2ning . y — F(1 — cos gz, 
yi =AV2sno w+ cose y-+-4V2sng.z 
z’ == g(cosm — lye — EV 2eng.y + eos + jz, 
9, By Ex 1, p 12, and the rulo for tho multiphoation of determinants, 
tle aquaro of the determinant 19 equal to +1, 


— 
—_ 
— 
~ 


CHAPTER IT 
§§ 1, 2, p. 40. 
Be (2 - [)(n 4- 2}, 4, ; 
5. (a) No (6) No (c) No (d) No. (ce) Yoo. (f) Now (g) Yeu. 
(1) No. 
§3, p 68. 
1, Of. Ex, 2, p 40 $(n + 1)(n + 2), 
3. Br -+- 2a 4- e + &) 
§§ 4, B, p. 77. 
2. Wo may tale tho origin at the vortex of the cone, {ts equation is 


> 0, 


then of tho form u = ("x 


9 —— 
fe (0) Dept =m Bs Ore tom 
6. Ch p. 801, 


§ 6, Pp 81, 


1. ay. 
2. Uso Taylor's theorem, expressing f(2h, el?) and (0, 0) in torma 
of f and its first and second douvativea in (h, e4); add und divide by A’, 
4 (2) BST amy foltiyl< OS LEV, op 
ned mug \ 7 med mmo 1781 2 
values of w and y, 


§ 7, p. 03, 
1, Use Taylox’s theorom to express tho go ordinates of a point on the 


ourve in terms of f, g, 4 and thou fiat and scoond derivatives in. fy; thon 
apply Iix, 3, p. 18 


wm f(to) f'(to) Xb) 
y— glo) g(t) g’(to) | = 0, 
a—- hito) hi’ (fy) hi'(ty) 


3. If y ia tho contro of tho sphere, the oxpression A == 4/ (x(a) — y} 
muat be as alationary as possible, that is, A, A, 4 must vanish (the dots 
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denoting differentiation with respest to 3) Using the rolations 4? = I, 
x= 0, we obtam the equations (y—-a)x=0, (Yr x)= 1, 


(y— x)= 0 Hence wo have y— % = [xx] 


[x] a 
5 Of Bx 3 and also Ex 5, p 19 
7, From the dofinitions of —,, & By wo have §,== 4%, #*= 1, 
Ea = w/h, Ey = [EBs] a/ ¥e= I/+ Obviously g, = &E, ‘To dotormine 


Ee, Ey we calculate thor components with respect to 1eatangular co 
ordinate aystom O§,, O§,, O§, From the relations 


B2 =I, 53 =], ae = E53 = 555, =a 0 
we obtain by differentiation 
B38 = —EiEs = 0, EG, = 0; 


hence ¥y 18 perpendicular both to ¥, and to &,, and therefore 


Be sb V (Bates = ct Bal 


Wo define the sign of + so as to give E = ~ ¥_/v This imphes that + ig 
positive or negative according as the screw dofined by the motion of the 
osculating plane im the direction of moreasing ¢ 1s mght-handed or Ioft- 
handed ‘To prove the second formula, note that 


BoE, = —EiE, = —h, Enh = 0, Eoky = —Egka = 1/t 
8, Uso Hix, Gand Ex 3: (a) kE,— M8, + Hey (2) a E+ ss 


9 1/| ct] =? = 0, hence g, 1s a constant vector 4, say; vy = E19 
= EE. = 0, so that +7 = const., where y 18 a fixed veotor That 1a, tho 
ourve lies in a fixed plane, 


10 (b) If the curve is given by # = f(t), y= g(t}, z= A(é), the sur- 
face has the parametrio equations 


wo f(t) + afi) 

y = oft) + age) 

z= h(t) + sh’(i), 
Oz Oe Bz 


3 —, ——, —. In terms of tho derivatives with respeot to ? 
oe a Bexdy/ BA ip 


Appendix, § 1, p. 100 


1 (a) As FR 1s olosed, thera 13 a pomt Bm 2 whose distance from 
A 1s Jess than that of any other pomt m R Lot nm be the normal to AB 
at B Then no pont Om # hes on the same side of n as A, for otherwise 
not only B and O, but the whole segment BO, would belong to R, and on 


this segment there would be points nearer to A than Bis Hence the parallol 
to m through 4 cannot meet R, 
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(b) There 18 a sequence of pomts P,, P,, ,» not m 
toP Letl,t, bo straight limes passing through Pas Pass ggpoaal at 
and dividing tho plano into two half plancs, one of which contams = 
pomt of 22 (of (@)) Iom theso stiaight limes we ean choose a sub sequence 
for which the diucctions also converge Tho hmuiting straight lne 1s then 
a line of support thiough P 

(c) If A wero not m L, thon by the proof of (a) 2 
sopmating A fiom 2 would oxst : ae 

(d) Let & bo tho centre of mass of Jt and g any hno of support, which 
wo take as a axis ‘hon tho y co ordinates of all pomts m FR have the 
samo aign By tho definition of the contre of mass (cf Vol I, p 284), the 
y oo o1dinate of G also has this sign, thatis, @ and # are on the same side 
of the mibitray line of support Now apply (c), 

(f) Tho curvature 1s equal to de/ds, whee © 18 the angle which the 
tangont makes with the # axis, ¢ the length of aro, » 18 a contmuous func- 
tion of s, Jfence @ morcagcs monotonically from (0) to (0) + 2x, that 
18, p cannot have tho samo valuo for two different pomts of the curve 

Tf the curve were cut at threo poimts 4, 3, & by a stiaight Imo J 
(av ++ by = ¢), thon tho function 


Fs) = a%(s) + by(s) — 0 


would havo threo vo1os, m this caso F’(s) would also have at least three 
zoros, 1.0 thoro would bo thieo tangents parallel to? In addition, tao of 
these would corlainly have tho same songe, 1,0, thoy would have the same 
value of », which contradicts the statement above, 

2. (a) Tho sot consisting of the pomts which lie m all convex regions 
containing & has tho properties (1), (2), (3) 

(b) If P 18 in B, thore can bo no straight Imo / separating P from 8, 
for othorwiso ono could take og. a Iago aquare @ with ono side on ? and 
contaming 8, @ would thon be a convox region containing 8 but not P 

If P 18 not in FH, thoro 18 ab loast ono convex region @ contaming S but 
not P, thon (of, Ex L(a)) there 18 a alraght lino separating Q from P, and 
thoroforo, as Q contains S, also sopmating S from i 

(co) CE. Ex 1(d) 

Appondix, § 2 (p. 107) 
1. (a) No. (b) No. (0c) Yoa (of Vol I, p 436), 


CHAPTER IL 
$1, p 122. 


2. (0) —35 W) —Es () ly @) ~1 


3. (a) Fe Wm (0) % ee 
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4, Max value +6, min value —6, 
5. te/dz = —1, O2/dy =—L 


§ 2, p. 381, 
1 (a) Bu + Ty — Qlz+-9= 0; (b) 200+ 18y + 32 = 36, 
{c) @—-y—2+ r/6=0 
2,1 


3. Use the fact that the tangents at tho org aio givon by y = 0 and 
au-+by= 0, 20/a, 2(ag — af + abe — 80)/a(a + b)9/8, 
4, White equation m form 0 == F = f(/a'+ y, aro tan y/a): 
22 — ry? 4. 78 ,__ af d?f 
EE mp! NOE ay = aH 
6. aly + 2) = ay 
8. (a) Double pont 
(b) Two branches touchmg one another, 
(ec) Corner. 
{a@) Cusp. 
(e) Cusp 
9. Differenhate the equation F = 0 twice with respect to # and use 
the fast that Fi, = 0 
pas arg tan 2 Fay — Pay yy] (Prw bh Fyy)s (a) 1/2 (8) 0/2 
10, b= 1, b = —}$ 


12, The eiroles K, K’, K” may be denoted by the equations 


Kos ol y® + ag by +a 0, 
Kl mm ai yo? + oe + b’y 4- 0! = 0, 
KC mm 8 ty? - an + by 4-0” == 0 


Then any oircle passmg through 4 and B is given by K’ + AK" = 0. 
The conditions that the circle XK should be orthogonal to K’ and K” are 
aa’ -+- bb! — 2(0 +c’) = 0, aa” -+- bb” — 2(¢+ 6”) == 0, From these con- 
ditions the corresponding relation expressmg the orthogonality of K and 
KK’ + 2K” readily follows 


ea ze — 49 
13. ta By ae 
§ 3, p. 157, 


” Bey) EE 


3, Take O as the origin and mvert; then the ourvilnear triangle ia 
transformed mto an ordmary triangle with the same angles, 


5 (5) If we denote the left-hand side of the equation defimng t, and 
i, by F(x, y, =), two curves t; = const and ¢, = const, are given implicitly 
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by the equations F(a, y, t,) == 1 and F(x, y, t) = 1 respeotively, The 
condition that these should be orthogonal 1s therefore 
Om Pyle, y, th) Fula, yy ta) + FP At Ys HEY, ys ty) 
— 4a% re dy? 
(@—ta—t) (6-4 )b— te) 
but this relation is an immediate consequence of P(x, y, ty) — F(x, y, to) = 0, 


(ec) The coofficients of the quadiatio equation defining t, and é, are 


respectively equal to é,, ts, and —(é, -f- f,), We thus obtain two hnear equa- 
fions in a? and y%, whence 


ae (a — t){a — t,) — (b — #,)(b — t,) 
w= cb eT gw fA . 


(a) At, ty) _ day(a — b) ; 
Ary) V{(a-+ bY’ — Aa — bya — x4) + (at + 9} 
(e) Sig _ Sa'de’ 


@—t)6-%) @—4yb— 4) 


6. («) Let F(t) bo the loft-hand sido of the equation definng 4 Fis 
6 oontinuous function of ¢ m —o <i<¢, for which F(—%») = 0, 
Bio — 0) = -+-%, honco F= 1 at one point at least of that mterval, 
Similar conclusions apply to the other mtorvals, 


(b) Cf Tix 6(8), 
; fla ta — &)(a — ts) 
(0) Ct, Tnx. (0) ten -. fe ee 8, 
with similar formule for y and z 


7. (6) Lot @= rcos0, y= rand Thon the straght lne 0 = const 
is transformed into the oonio t, = 4— oo8?0 and the crole r= const 


into tho conio t, = (+ +- ) 
9, (ut, v4 9) 9|%e “v| 0, 
Ae, ) e oy 
§ 4, p, 167, 
1, (b) A ciclo on the aphore is givon by a Inear equation in », y, z. 
du? -- dv' 
(d) de ee 4 


2. (a) da? = ain? dad 4 dy; 
(b) ds? = cosh*y du? +. (1 4- 2 ainh?v) do’ 
(0) da® x= (1 ++ f/*) dat -- fA doe, 
{d) ds? ot i (t a ta){ty ae ts) d,;* 4. j (ts = t)ite cass ty} di.3 


(a— ib — h)(o—4) (a@—4)b— h)o—h) 
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a P| 
lea My 
Ry Vy 


a 
Yu ™u , use the transformation 
4 


3 HG—- Ps 
t %y 


formula for Jacolans 


ba Ue 
2y Uy 


4 YTntrodues co ordinates a, y, ¢ such that P becomes tho origi, tho 
tangent plane at P the xy plane, and é the w aus ‘Tho equation of J thon 
takes the form z= f(z, y), where f(0, 0)=f,(0, 0) =f,(0, 0) =O A 
plane © through ¢ 18 given by the equation z= vy Wo now itroduce 
r= 4/(y° + 2) ond % as co ordinates m X, then the mtersection of 2 and 
1s given imphiitly by the equation 


7a 


ava vara 


The curvature of the curve of mtorsection at the pomt #= 0,r = 0 is 
theiefore (ef p, 125) given by 


bf, Wate) 


ot 
Thus the centre of curvature of this section has the co ordinates 


or a3 


% ’ 
Rit ay VO at) fag FO) 


L—J 


eum Q, 7m J 
7" BV 8) 
that as, 16 hes on the oirele 
Fraly?* ++ 2) — 2 = 0, 
5, Take the tangent plane at P as the zy plane Then the equation 


of S may be taken to he z= f(#, y) A noimal plano is given by the 


equation # = ay, Take r= v (2? + y4) and z as co ordinates m the plane; 
then the curve of intersection 1s given by 


’ 
V (1 + a2)’ V(l+ a”) ‘ 
and 1s curvature at r= 0 by 


he Free (0, 0) I 


% & I 
+ al + 2 fry (0, 0) ite + Fyn (9; 0) ea 


the final pomt of the veoto: of length 1/V/% along the line ¢ then has the 
oo ordinates 


e = . I i na ee 1 gum 0: 
Vil+ oe) Vike V(1+ 02) VB ‘ 


that is, 1+ lies on the conic 
a ae of ety fry “+ Vly =1, 
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6. (a) By differentiating the two equations with rospeot t 
moto ¢ of tho curve, we obtain Peay 
a! 4- yy! $+ 22 = 0, awa’ + byy' + cza’ = 0 


Tiom theso rolations wo can find the 1alo a’ y’ 2, 1¢ the direotion of 


tho tangent If (€, 4, ) aro ourient co ordinates, the equations of the 
tangent 16 


(aa. aewtage te ee 


424 ¥ Zz 


(0) By difforontiating tho equations of the curve a seeond timo and 
using tho result of (4), wo oblam 
— ji nit 3 
geal! |e ayy! de gg! em — (o5/8 LE gy/2 + g"8) (‘ bY  (@—e) | (b—a) 
byy + (af yp a) = Af $e | 
and 
oun F\8 — pit = 
ages’? +} byy”’ + czz” == [een ue o(a — o) 43 o(b a 


a3 y? 23 
whore 18 a factor of proportionality Elonimating 2, wo have 


— dv  d(a~—c)® c(b— a} 
weet? ole ayy ole eal [en Fa Pah a ileal! ~"} 
(ase gy “bh 22") | gh ii sc 

an 7 w (o— bd?  (a@—cP | (b— 2) 
en (axe -}- byy" -f- cx {er -- i + I. 
This lincar equation in 2”, 4’, 2” remams valid if we substitute @’, 4, 2’ 
for x”, 7”, 2. Uonco 16 19 still satisfied 1f wo roplaco a”, y”’, 2” by some 
lancar combination da’ -- ya’, dy! + ny”, 22’ -+ ue” 1espcotively Now 
if (&, 4, ¢) is im tho osoulating plane, §— 2, y—- ¥, §— @ alo just auch 
a lincar combination (of, ix, 6, p 04), 
Tho equation of tho osoulating plano is hones found to be 
by! 


oz? 
ye ane em y) + 5g =O 


§ 5, p. 182. 


1. Lot P(e, y, 2) be » pomt on tho tubs surface 4, and Iet § be the 
aphoro of tho family which has tho powt Pm common with 2 Then § 
and & hayo tho samo tangent plane at P, ie tho same values of #, y, 2, 
Zn» ty Ob thot point, Its thoreforo auffieiené to prove that the relation 18 
true for any spho.o of um radius which has its centre in the zy plane, 
io, for u(x, y) = V {1 — (@ — a)? + (y — O)"} 


2. (a) Ve--Vy + Vem 1; (b) at yi ato 


4, Wo may introduco ¢ 08 paamotor on tho curve, so that the latter is 
given by w= a(l), y= y(t), 2 == a(t) and tho tangent at the pomt wath 
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parameter ¢ hes m tho two planes corresponding to 4 this gives the re 
jationa 


aa! <f- by’ -- 62’ = 0, dae’ + ey’ + fa’ = 0 


By differentiating the equations of the stiaight bnes with respect to é 
we thus obtam 


we -+ b’y -+- oe = 0, d’e-+ ey + fiz = 0. 
Wath the relation 
ac -- by -- cz == dau -- ey + fa 


we then havo three homogeneous equations m a, ¥, %, and the determinant 
must vanish, 


5, For the envelope we have the two equations 


zcost-+ ysmi+2=1 
—asint-+ y cost = I, 


These two equations give a family of straight hnes with paramoter 4 uf 
a curve having those lines as tangents oxists, 1b must also antusly tho 
equations obtamed by dilforentiatimg once again 


(a) ran{z+ V(e2—1)— 0}+1=0, (6) the omve 1 given by 
e=0—n/2,r—1. 


7, Use inversion, Sinco S;, 9, S, pass through the ongm, they aro 
izansformed mto planes, we have then merely to find the envelope of 


the spheres touchmg three planes, 16 # certain circular cone, which we 
reinvert; 


(8+ yb at — Oat + yt + ate + +2) 
— B(ut -+ yt + 2 Bay — Qaz — Byz) = 0, 
8 (b) #51 ~ at) + 121 — 6%) — 2abGy + 208 4+ 2bg= 
(c) a&2 + By? == 1, 
$6,p 202 

1. (44-Vb)/V2, (4—V5)/V2 
2. 4/20, a/10, 4/10. 
3. Maxima for ¢ = 0, y= +1, mmumum for s = y= 0, 


4, The maximum valueis the same as for the expression aa?-|- Qhxy 4- cy* 
subjeat to the subsidiary condition ea* + 2fay + gy? = 1. 
2/67 


? 


5. Of, ix, 4, (a) + 


(b) the function has an émproper maximum (p 184) equal to 1 95, 
when y/x = 0 64, 
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6. Saddlo pomts: y = 0, & == 1/8, 71/8, 1870/38, 405 
Vonimea ¥ = 0, 2 5n/3, 1n/8, 17n/8, eee 


633 


7. Tho ellipse obviously touches tho cucle, 16 the two equations 
must give a doublo root in a, hence the condition for contact i 
a%(b? — 1) s= bf ase 3/V2,b = V (3/2) 


8, Introduce the anglos botweon a, b and ¢, das variables the oyclio 
quadulatoral 


9, (—1/V14, —2/V14, —3/V'14) 


10. Cf the similar proof for tuangles on p 187 A mummum point 
O docs oxiat, Fiat show that if O 1s not one of the vertices, then it can 
only bo tho point of unterseotion of the diagonals Uso the fact that the 
final pomta of four umé vootors whoso veotor sum 3s zero form a rectangle 
Then prove that the sum of tho distances from the vertices 1s less for the 
point of mtoiacolion of the diagonals than for any of the vertices 


11, A= @/e, B== b9/y, O = c®/z, together with the subsidiary con- 
dition 
a3 y" ga 
atyat an" 


= ai ko: tb ai 
O)e= Sapp ay 05 0) o= Tete 


12, Tho vortices are given by w= + a/V8,y = + b/V3,2= bof V3. 
13, Tho vertices aro givon by w= a2/V (a? -+ b%), y= DY V (ak + B%), 
14, C= 1, vo i 


15, The grontost axis 14 given by tho maximum of V(2*+ 9+ 2), 
with tho aubsidiary condition that (x, y, 2) lea on the ellipsoid, Hence 
we have the threo oquations 


Vere PTH gis [= Aaze + dy + e2), do, 


Mulliplying thoso by (% y, #) respeolively and adding, we have 
Ro Viet -+ y-+ 2t)== 1, On tho other hand, we may rogard the 
equations as thico hnoar homogencous equations m a, tj, % whose 
detorminant must varsh. 


Appondix, p. 208, 
1. f(a) + fy) + £2) = Bf (a) 
4p {(@— a) + (y— a) + (@— a) } fla) + BerE"a) + &), 


where o% = (a — a) -|- (y— a)? + (@— a). On the other hand, the 
subsidiary condition gives 
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(— e+ ya) (e— a) = o(— FAG) ¢) 
_ 


Fay CO MY = a) + (w— allo —~ a) + (y — aye 


(| 8, $0 
( aart@) * Sete) + °) 
whore lm ¢= 0, 
“Uta 
CILAPTER IV 
§ 1, p. 222, 


1, F=Ofory > 0. 
2. Use the relation 


1 
PAST cos -+- fy, sing) = fig a — Wf ing cos + fyy cos* 


+5 Je (fe sin9 ~ fy 0089). 


3. Integrate a. by parts twice (special precautions necessary im tho 
oase where p < §/2) 


4, Integrate J,’ by parta, 
§2,3,p 247, 
1, 1/24 2 0. 3.0 


4. n/8 if region of mtegration is restricted by the condition z > 0; 
otherwise zero 


5, 1/60400 6. (2 — 3 log3) 

7. Introduce polar co-ordinates and imtegrate first with respeot tou 
pand §, n(2-} 2 logs) 

8. 4log(1 + V2) 


9 Divide up the imterval of integration into the segments 


—-lsos —a7h, —a/h — a/h, a/h SS], and find the hmats of 
the integrals along each segment, 


§ 4, p 265 
1, Apply the substatution ++ y= &¢—-y= 7 at — =) 


2 Introduce polar co ordinates (a) — ee eae tam 5. 


3 Substitute # = al, y = by, z= of on 
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_ i Introduco now rectangular co odinates (€7, af, t/) such that 
= (@E -- yg te 2t)jr. Thon d&dndt = dt’dr/ dt! (of Ex, 9, p 38), and 


I= f f foosee)at'd at 


throughout the sphere &’4 + 7+}. 2 1. Hence, ££ we perform tho 
integrations with respect to af and %, 


+1 
ore f ons (El — £4) ab, 
—i 
Answer, = ee _ cost ) whore 72 = 23 -+ 94 4. 23 


8. Substitute B= (b+ yn)/n, oo = —(y8 + waq)/r, and integrate 
with respect to 4’. 
§ 6, p. 2765, 


1, Apply Guidin’s 1ulo, using the fact that tho contro of an ellipse 18 
also its contro of mass. 2n%ab 


2, wabh?/2. 

3, Substitute w= @&, y= by, 2 = cts 

al mapa) 2+ yar aa) 
8 mathe 1 Vv (atl? -f- Bent 1. o'n*) 2 +f VY (ahi -+- Ob? mn? + “+ 627") 
4, (a) Comparo corresponding elements of aroa, 


(0) at f {1 — oon sg)}dqy (0) 2n(k — 4-2, 
0 


or ne 
@ 


5. ana -- (1 — eo) , Whore 2¢ 18 tho major axis, 


6. Volumo = 4ncp*, surface area = x(a -{- b)p, whore @, b, ¢ ore the 
aides of the triangle and p tho perpendioula: from 0 ta AB, 

7, Tiom the differontial equation (of. Ex. 1, p, 182) satisfed by the 
tubs surface u == uv, y) we have 


roe af [va be tig + u2)dedy = af faa. 


Tf wo introduce as paramotors the Jonglh of ara ¢ on ZL and the distance ¢ 
along the normal to Z, thon (of, Ex 22, Vol I, p. 201, and Ex. 8, Vol, I, 
p. 182) 


An afasf | Og oe ds, 
4 


where % denotes the ouvature of D 
8. Intograte frat with rospeot to « and y. (4) 1Gr3/O; (5) 8%, 
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R+V(R8 + At) 
9, ; RV (KR + WA) — eV (78 + ha) + A log a ed 
10. Introduce polar co ordinates, 12/2. 


87, p 288 


1, On the axis of the cone, two-thirds of the way from the ver tox to 
the centre of the base, 


2, a= Quy/3, y= = 0 

3, Of Ex 7, p 275, and Ux, 1, p 182, 

4, (a) wh(R'— PR’), (6) Qeh(R? — R){1(R? + RB) 4- Gh}. 

5, For example, 4+ B—-O= 2 if f f us’ dadydz, which 18 positive 
6 Substitute «= af, y= by, 2== ct, uso the expressions for tho 


momenta of mertia given m the text and the proporties of symmetry of 
the ellipsoid 


(a) emabelat +64), (0) mabo{(L— ata? + (1 — pBE-+ (1 —7")0%) 


7, The distance of the pomt (2, y, 2) from the plane wx + vy -- we = — 1 
18 given by 
we + vy + we + 1 
(u® - v8 + a8)" 


The moment of inertia of the ellzpsoid with respeot to this plane ws there- 
fore given by 


Aw -+ Bot + Ow? + 0 

uit tty’ 
where A, B, 0 denote the moments of mertia with respeot to the co 
ordinate planes and V 1s the volume of the ollipsoid, 1.0 A = 4a°bo/1E, 


B= 4ab%-/15, 0 = dabe®/15, and V = 4abe/3 We have now to find the 


envelope of the planes for which this expression 18 equalto% ‘The envelope 
18 given by the equations 


(A —h)u= da, (B— hyp = ry, (0 — h)w = 2, 


where 4 denotes » common multipher, which from the expression for the 
moment of inertia and the equation of the plane 1s found to be V = By 


squaring the three equations we obtain the equation of the envelope, 
namely, 


a y! za 


9. ar{o — E+ By — 1)? + oe -— 0)" 
{at BR Bt BEN t+ O)} (@— E+ (y— n+ (@ —O)9}, 
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5a 2a" -j- 68 -}- 3 
16 a -- 38 + 


Qra*h ha 
13. ao Ven ay! (f+ 1)I, 


14, Integrate fiat with respect to v and 4: 
Up ee 
an f Vale Cfe)}ida —~ we | OF oP 
fi 


10. (4, 0, 0). tL, 9 on 


where the upper or lower mgn 1 to be taken according aa the origin is 
inside the body or not 


Appondix, § 2, p. 298, 


1. § consists of unit choles orthogonal to 0 and heaving their centros 
on O (of, p. 208), 


Appendix, § 3, p. 307. 


1. Substitute t, = aE, reas Vy OS By En’ yhoo as bys 


2. By p. 801, 
F(a) ++ fa) 
Dem foes fgg ay de ty 


wm gt — ow 7) 


taken throughout tho mteror of tho (2 — I) dimonsional unit sphere in 
Wy se+%, space Introducmg polar co-ordinates, wo obtain 


r= ivf MVI =) +f(-VI-*) a, 


j — 974 


whero S{r) denotes the sphoio of rachus ¢ ond contre O in a... %,,8pace, 
As the mtogrand doeponda on ¢ only, 


NE fa) 
Te Wy, fa 2 dy, 


Putimng y = /i— 7 1 — 74, wo have 
+L n= § 
Imes fl fyl—y)F dy. 
on 


Appondix, § 4, p. 317. 
v¢] 
1, Put J,(a) = He ate-a¥"de, then I,(a) = —~I_.(a), where dashes 
0 
denote differentiation with 1espeot to a, Altornativoly, integrate by parta, 


- (*5-) when 2 18 odd, Vx an whon » is even, 
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2 Substitute &= aa -+ Ay, 9= yxe-+ dy, whore a, B, y, J are chosen 
BO that 
ER 4 Pee art + Qhary + cy, 


Then («3 — By)? = ac — b%, and the mtegral 1s transformed mto 


1 i] co j ; 
Coe fd la 


ao— b= 77, a > 0. 


3 Make tho samo substitution ag in Ex 2 and evaluate the rosulting 
integrals, (a) usmg the result of Ex 1, (b) mtroduomg polar co ordma.tos, 


n(aC + oA — 2B) Qn 
To ay ? !) Ee aap 


4, (a) Tormmg K“(a), where the dash denotes differentiation with 
respeot to a, and mteprating by parts twice (taking ae~4® ag ono factor), 
we have K’(a) = —K(a)/2a +4- K(a)/404, 16 


a ae 
K(a)= Oa 2a 4, 


= 09 t 
where O is given by O = hm4/a K(a) = lm f e~" gos —7- dt = Ts 
g = Tim 4/ (4) Sy. Je t/ 


K(a)= pte ®, 


(0) Integrate the formula i rs o if “e—* ooatde with respeot to ¢ 
from a@ to b 0 
1+4 
4 log rye 


(c) Substituting «= 1/f m the expression for (a), prove that £7? == 
—2I,i6 


I= Ce—2a, 


+4] 
where 0 == hm 1=f e-** dx 
a->9 0 


t/ne~ 2a 


(d) Substitute the mtegral expression for J, and change tho order of 
integration, Use the formula 2 sinaa cosbat = am (a + bi)jw -+ sin(a — Leja} 


ta] 
of, the expression for i a. dy on pp, 307-8, 
0 


m/% when @ > b, arc sina/b when a < b 
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6 There oxsts an ¢ > 0 such that for every A there wan A’ > dA 
auch that 


| [fe nay Se 


ior some value of & 


Appendix, § 6, p. 838 
1. Substitute a =: aE, y™ <= by, 
3. Intograte inst with respect to y and 2 


a T(2n) T(3a) 


4° Tiny Tan) 
4, 2B, 4p) = SE Be 


5, Show that 


(2a)1 Vn 
Gay (2a) = GOA (t) nl ® “b B) cane anya? 


then let n ~> © and apply Walla’s forms (Vol, I, p, 225). 


CHAPTER V 
§ 1, p. 369 
1 e&any 


2. Lotus re , ("7 cosy -- y amy), 


vr x itr sing ++ y ooBy), 
and lot #, and v, bo doflned by the equations 
= patty cos a qgat 


Thon t and % are twice continnously diffontiablo (and that at the 
origin also), and (24), = (%)y Lonce is at do -/- v, dy == 0 and 


v 
[uty—oe= fal ae iy — Pe tad 


by the footnote on p, 359. 
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§ 5, p. 892, 
1, (a) Cf Ux 3, p 37 


(c) Let R bo an abitrary rogion and v an arbitrary funotion vanishing 
on the boundary of B, Then by Gioon’s first formula 


7 if FE (thy,Yirg TE UaegBng TH Margery) 21 Tn tea 
ms =f f [rdudeydrades = — ff [ eAuveseadrdrsdys 
B 


Now 
Ops pg 
May =" 5 Ba, at “0s Om, + Ma, 800, 
Gy hy, ayy 
= Ug, , + Up, -+- Dg és 

and 
O41 yg eg 
Ym, =. Vp, + Upy + Up, a 

Hence 


/ i, if (tha, Yey Ht Yag + argMeg) Beis Uety dity 
-{ it ; (Fe Upp @, Pa Pa + x t%) dee, dat, datg 
ge J (= *ay%m, + 7” Up,Yp, tr Nis tps Yoy) dp, Urata 


f= f i i (Uy 2, + Uap. + Usp.) did, dps, 


V @, 63 
where we write U,; = a Uys 
4 


Applying Gauss’s theorem to the veotor (U,v, 0,0, Uv), we obtain 
au, +) 
—_ vd + 
f f f (2 4 a mt 1 Up, d ps 


Thus for an arbitrary v vanishing on the boundary of H we have 
I ff elail ito ta 


=f { foGa+ B+ F) andra 
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and heneo (of Iemma I, p or 
Ate se (i ial eu, 


ap, + Gs i) a Cylnb, 


- eal WEE) AVES AEE 
Ve; Cy, 402, ey sm) T ope a T bp, ey i) 


(2) Uso Ex 6(c), p. 168 
Alta — t1)(ty ~ lly —t a) Aw = (t, — byV ot) 5 o (Vall) 5 Ob, x) 
+b AW eth ge (Vela) 3) + (aaa V al ge (Vel) 5 


Whee 9(2) = (4 — a)(d —~ wo — w), 
§7,p 401. 


ef faem (ZB 2) [Josena 


where the volume integral 1a to be extended throughout the upper half of 
the ellipsoid, bay reg e this half-ellypsoid contributes nothmg to the 


surface integral), ; 5 -+ 5 + 3) abo? 


2. Since # 1s «. homogeneous finotion of the fourth degree, we have 


4 f if HdS == if (oH, + yH, + 2H,)d8 


=f [Fase ff fatacayae 


me G f f ah [a Qe, f ay tag) + y?(2etg + ay as) + AX2ag+ a5 Ae) ]dadydz, 
dre 
FE Gat ag + as + y+ ay + Ge) 


Appendix, § 2, p 406 

1, The tivo equations % = f,, v= f, can be solved for # and y, since 
(tw, v) v} 
A(%, ¥) y) 
hy = Vy Sy= 7% ence a function g exists such that * = g,(u, 2), 
Y= Pyl(ts v) 


2, = 


+0 Leta == ofu,v), y= r(z, v), sincat,=v,, we have (of p 148) 


- ds Gi acre a 
PAV yt AY WTAE + 8) 
w= 0 

(2912) 22 
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Miscellaneous Examples V, p 407 


2 If (8, 9) and (a, y) are reotangular co ordinates in IT and P respeo- 
tively, then the motion of the pomt M(x, y) can be desoubed by the 
equations E= waosg — ysing +4, 4= wang + yoosy +8 (1e by A 
rotation and a translation) Then 

S(A) = A(x? + y*) 4+- Be -+ Cy 4+- D 


(«) If A= ne+: 0, wo have S(AL) = anf{(a —~ v9)? + (y — go)*] + S(O) 
where Cis the pomt a@ = % = ~B/2nn, y = yy = —O/2nn, honce A, B, 
O, D have the values in Ex 1 (fy) If A = am = 0, but B? + 08 > 0, thon 
ae Ba + Cy + D 

Sy = V B+ 0? —- = Daan), 

a= VBE ewe (a) 


whero 4 = */B? + G2 and A 3s the Ime Br-+ OCy4-D=0 (B) If 
A= B= 0 = 0, we have S(M) = D = constant 


3, Por the motion of the plane P ngidly attached to the conncoting- 
rod AB we have n = 0, §(A) = 0, S(B) = nC? = my? lence A passes 
through A, and by symmetry A 1s perpondroula to AB at A Honco 
S(M) = wytd(M), where 1 = AB 


4, For the motion of the plane P ngidly attached to the chad AB we 
have 2 =], S(4) = S(B)= $= area of ‘Lhe pomt C of Stemer's 
theorem 18 therefore equidistant from A and B and S(4) = n0A? + S(O}, 
S(M) = nOM% + 8(0), hence S(A) ~ SM) = area of I’ — arca of IY = 
n(OA? — Of?) = mab 


5, If i is the length of I’, the Frenet formule (p 94} give 
fey A Ae ee 
[Gasm [dem fesee= fF ds = 0, 


Hf 
‘ am ds = f Le )ds = [1] — si [x§,]ds 


= — [(E8))2= 0 (of. p 85) 


6 Let n’ = (0, By), «= (%, y, %) If in Gauss’s formula 


f four vp+ondom—f f f+ 2 +2) aeayar 


we subatitute a = 1,6 = o= 0, anda= 0, b= —z,c= y, we get 


f [ads =O and f fr — 2B)do = 0 respectively 


7 Take rectangular co-ordinates (#, y, z) such that 2 = 0 1s the free 
horizontal surface of the fluid and Oz points downwards ‘The pressure 
on do 18 +42dq, where 2 18 the depth of do, By repeated applications of 
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Gaus9’s formula in three dimensions, with obvious choices of the functions 
a, b, ¢, we find for the components of the resultant of the fluid pressure 


[ [rsao=o, f [rae =o, f fredo= — f favdyae = —v. 


Tor the components of the resultant momont with respect to the omgm O 
we find, again by Gauss’s formula, 


f fev — 2B)do =f { fydcayae = Vays f [ee — xey\de = 
— ff f fedwdy da = —Vxq, f fee — yeaj}da = Q, 


(aq. Yo» % 16 tho co-ordinates of the centroid 0}, 


Now we note that the components of the force fare 0, 0, —V, and the 
components of 1ta moment wilh rospest to O aro Vg, — Vag, 0. 


8 Tom the parametiic equations 


w= &00sw00sy, y= banwcosy, 2 can 
OSucIan, — Se *) 
( S 5 Se< 7 
of the ellipsoid wo readily obtain tho formule 


pas = abo cosvdudy, d&/p = Diduduflabe 00s v), 
whore 
D4 =: §%% aos? az oos*y + a%o4 sin? costa + a8)? sin2y cosy 
10, Tho integial roprosentia tho flat sohd angle which the plane z=0 


subtends at the point AZ = (0, 0, 1). For a ducot analytical proof use 
plane polar co ordinates, 


12, Vouify the dontity 
see ac 7) on or ae pe ge (p—B)-b (2— 0}? 
Ge\ +3 I oy + p yrae(e— ay (y— BYP ++ (z— 4, 
for all pointe (w, ¥, 2) different from (a, &, ¢), From Gauss's formula in thies 
dimonsions wo concludo (1) that O = 01f & 15 a closed surface such that 
A = (a, b, 0) 18 outsido the volumo bounded by 2, (ai) that if 4 is withm 


Z, the valuo of the mtogral 18 indepondont of tho shapo of & Talcng 
for & a aphere with contre A, wo easily seo that O = 4n 


13. Tho integral 


On 2. (43 )aya : 5 (S") da? C=N aa 
- (ae vi ydz -- dz da -|- a dudy 


is indepondent, of & and depends only on tho boundary T° of 2%, for the 
identity givon in tho anawer to Hx, 12 implics that 


areca eateeanl + glace <2 
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By Stokes’s theorem and tho discussion of Chay V, Appendix, § 2 (pp. 893, 
404), the surface mtogral expression for aQ/aa may ba capiessed as a line 
integral [ude -+ vdy 4- wdz along I. Veuly that tho functions 

z— 6 yb 


w=0, v= —-, Wa mo 
satisfy the identities 


du av 8 2) du dw_ so ee u) by Be Oo fom *) 
by bz malo) & ae GaN y® 7’ Be ay =a ¥ 

14, Note the followmg facts (1) tho value of the hno integral © 
remains unchanged if I’ 1s deformed in such a way that I’ never sweop3 
over any of the pomts (—1, 0) or (1, 0) during its doformation, (2) O = 2n 
if I's a amall oucle around (1, 0) omented counter clockwise; (3) O= 2s 
if Dis & small circle around (—1, 0) oriented clockwise 


15 Thmk of Cas being a gid circle mado of wire and of I’ as bong 
a strmg Now deform the strmg I to a new postion I’ lymg entuoly 
within the plane y= 0 The numbers p and » aro not changed during tins 
deformation, and the first formula now follows dnootly if ex, 14 18 applied 
to the curve I” within the plane y == 0 and the Ime segment ~1 < «<1, 
y= 0,¢= Oofths plane The factor 47 (instoad of 27, a8 n the previous 
example) 1s duc to the fact that the solid angle Q moieases by dr along a 
slosed path for which p= 1, n= 0 

One way of carrying out the above deformation of I’ into IY analy ti 
cally 1s as follows Assume that [ does not meot tho z axis and lot 


m= y(l) ooso(!), y= y(amoglt), 2= a(t) (0 St S 2m) 
be the parametrio equations of I, Consider now tho family of outvos 
T(t):@== yi cos[ro()], y= y(t)am[ro(t)], 2 = a(t) 


depending on the parameter + which deoicases from += 1 to t= 0. 
Note that T'(1) = I’ and that I’ = T(0) 1s a closed ourve whioh lies m the 
plane y= 0, Note also that (for a fixed valuo of z) exch pomt P of Ir) 
rotates about the z axis as + varies, hence the solid angle Q which 0 aub- 
tends at P does not vary with 7, This imphes that Q,-— Q, will have 


the same value for I'(0) as for T(1) = I’ To prove the scoond formula, 
note that 


Q,— 04 = fan = [gman ap = — [ar Lf at 


[eee 
= £2 pie = [Pe 
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CHAPTER YI 
§ 2, p 428 


1, Uso tho theorem of the conservation of energy, and prove that 
r>o asl-> 


u 2, Tf (& 4) are the oo ordinates with respeot to the axes of the ellipse, 
wen 


B= @0080 = & + eG 
jA= bane = y 


givo the equation of the ellipse, and by the law of areas 


e ov 
h(t — =| (ox =) 
i 3) 0 Bo van da 


= ab f (1 — ¢ cosw)da, 
0 


[Note that the question ought to read “ the angle P’AIP,, 
whoo P’ is tho point on the auxiliary oncle correspondmg to P, the 
posilion of the planet . "J 


3, 4, Uso the theorem of the conservation of energy and the law of 
ATOOA, 


§ 3, p, 432 
1. (a) y=s lan loge/V (1+ 2%) (0) y= oV (1 + &%) 
2. (a) y= ce —(b) (2a + y2) = ot 
(c) v2 — 20u + y® = 0 (oiroles) 


(d) oxo tan(y/%) + 6 = log V (eo + y%), or, m polar oo ordinates, 
r= cht ¢ (loguithmo spirals) 


(e) 0 +- log | #| = aro sm (y/x) — : V(t — y) 


3, If ab, — ab + 0, wo have 
dq atby' at dola/é) 
dé a, + by’ & + b:9(a/8) 


whioh is a homogeneous equation. 
If ab, —- ab = 0 or a,/a = b,/b = k, then 
dy 


dy ( 
Al oo ii b 
ds at ba, ae 


? 
ha ++ G 


4, (a) 4e+ 8y + 5= cate—8Y, 
(0) w= o— 4(8y — Ta) — 4 log(y — 72). 
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5, (a) y= celine snae— 1, (b) y = (a + 1) Xe” + 9) 
ala as ame ad 


Om Tita” TERETE 
6, Introduce 1/y as new unknown function, the equation then be 
comes homogeneous 
1 1— ov 
x omV5 (f— §V5)—f—-4VE 
§4,p 444 


1, Useimduction Suppose that a linear rolation 6,3 -+ .. + -F 6,0,=0 
holds Divide by e%” and differentiate (n, -+- 1) tames, af P(r) is of degree 
tt, ‘The degree of the coefficients of the other e%’a 1s unchanged, ao that 
they remain different from zero 


2 Multiply both sides of the equation by (1 — 2)y~” 
% 
(a) yseat logett, (0) mows +S, 
(e) (y-* + a)? = (a? ~ 1) 
3 If we put y = y, + uw, the equation reduces to the lincar equation 


u’ — (2Py, + Qu = P 
ght 


To Te 
o +. dA aset de: 
0 


4, By equating the mght-hand sides of (a2) and (5), we obtain the 
common integral y = 24 


yan 


(= f(#, o}). 


To draw the graphs of the corresponding family of curves, frat plot the 
tivo branches of the curve 


y+ le—at=O (y= + +/(23 — 2x), 


which divides the plane into two regions where y’ < 0 and one region 
where y’ > 0 The tio finite branches of this curve are asymptotic to 
the two parabolas y = +27 Show that all the mtegral curves are agymp- 
totio to these paraholas by proving the two relations 


f(a, 6) = —a?4-0(1) aa w>+a(—e co g< ) 
and 


f(z, c) = a +- of1} as %—-> — © (c= 0), 


where o{1) denotes a function which tends to zero, 
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47 
6, Put 
Yi — Yq == @, Yi Yy == 0, Y¥o— Yar 0, Yy ~Y¥y= d, 
"Thon 
a’ -+- Paty, -+ ys) + Qa = 0, 
#0 that 
Pl + ys) = —9 ~ , 
Py, ~ ya) = aP, 
or 
2Py, = P=G. 4. 
a 
Sunilosly, 
Py, = vP~ Q— © 
Tfence 


d log (a/b 
die ) = Pla ~b) = —Plys — Yale 
and similarly, 


: meu w= —Plys — 94); 


by subtraction, 
b : a ‘ 


7. Gf, the relation 
b 
AHP) py, — yp 


in the proof of the precedmg example 
Patisular solutions of the special equation are y, = = and 
cose 


ped oe red ee 
cone (1 — ce®) cose 
8, The common solution e* of (a) and (6) 1s obtamed by eliminating 
y” from the fwo equations 
(a) Ce" +f CoM, 
(b) eye" + 0,2, 


§ 4, p. 449, 


1. Krom tho fundamental theorem of algebra 1t follows that f(z) may 
bo written f(z) = (2 — a,hi(e— ats. = (2 ~ & a (of Vol I, p 220), 
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where the p,’s are positive mtegers such that fh». py 4; and 
F(a) = {'(4,) Feee [rn Nay) = 0), 
Now 
Tort) me F(R) 
On differentiating this relation (u,— 1) times and pnlting A= a, in 
the result, we get (cf Leibnitz’s rule, Vol, I, p, 202) 
Tet) = f(t, )e%v® = 0 
Exe) = [f’(a,) + af (a, Je == 0 
Lrte%%) = [ f(a) + Quf’(a,) -- a9 f(a, Jew? = 0 


« ‘ 4 a ' 4 * 


Leeotr eee) = [ (HY *) phyB ay) + Ge fltv2(a,\a 


claro (4 = . Haye] aut! == 0, 


So we have » partigular solutions 


—1 
Qe meer, re alt gh? 
ere aelts®, are gilts 1 da 


. ' ' + ¢@ 


en 20%, * 49 atte 19g, 
which are linearly mdependent, by Ex 1, p 444 
8 
2. (a) y = ce" + oe” con 1 “+ ose #* gin id 
(b) ¥ = 6,6" + Cote” + 0,6", 
(0) y = 6,6” + C26 ++ 6,220, 
(2) y = 08" + oe + oeV 2 +. ge V 90, 
(e) Substitute 2 = ef, 
Y= 04% ++ Og fat 
3. On substituting in the differential equation, wo got 
(aby ~ 1)P(x) + (gby + bo) P"(2) + (Agha + yy + gh) P(t) f=. «4 0, 
and this 18 an identity if ayb)= I, yb ++ aybg= 0 
The second case reduces to the first if we subs 


1 
4, (a) ae «+» bonce y== P(x) — P!(q) = $99 — Sa—~ 6, 


(d) eater L+t—A+-..,3 honce 
y = J P(a)dn — P(e) + P(e) — P" (a) = — $+ wt do 
5 (a) y= Je", (b) y= here, 


» +++, ftom the expansion. 
titute y’ for y. 
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ae 3 7 
6 y= on(* 7 ha of :) ++ 6,68 +. 6, 6%, 
36, p 485 


1 (4) Use the fact that the ourvilmenr integral 
f (322 +. Guy?)da + (Gxty ++ 4y%)dy 


la indopondent of the path, Integrating between (0, 0) and 
broken ine (0, 0). . (a0) .. (a, 4), se nae (0, 0) and (x, y) along the 


vy 
i 9 (BRR Say dee + (Baty + dy? )dy = a8 + Baty? + y! = 0, 


(6) By mapection we find the general integral 
V(1-+ o + 94) ~ aro tan(y/x} = ¢ 
2. Wore dy/de is « function of y/a alone 
3. xy — Qay— Qoy— 2== 0 (integrating factor y= 1/y4) 


4. ‘Tho equation is lmear 1n a and its general integral 18 (ay? + 1)? = oy, 
The identity 


a a a 
a(S LD) a ES ryt + (Bey ~ Day] 
displays an imiegrating factor of the equation 
B. (a) a + yi ton l= 0(—2 <6 < ») and the hne a= 0 
(b) w+ 2? = o8 
(c) The differential equation of this family of confocal conics (of p 
158) is found to be 
a? a Th eaedi a + b4 
A eT 
y’* + ay 
which ig wnalioed if y’ w replaced by --1/y’; the family of elbpses 
(—b* < 6 < oo) 13 orthogonal to the family of hyperbolas (—a? < ¢ < —b*) 
(d) y = log | tan(a/2) | + ¢ and the vertical limes a = An (1 an mteger), 
{e) The family of curves (tractrix) 
a-o= +(V (a? — y%) — a ar cosh(a/y)) 
and the same family reflected in the x axis, 
6. (a) The family of parabolas y = ca* 
(b) The family of hyperbolaa ay = ¢ 
7, (a) y=, (b) yes —2 + wlog(—z) (0O> 4% > —o), 


8, y= ap + aV1-+ p'— ap aremhp 
{£012} an? 
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9 wm ce Pat bn 
y= op + ae Pi + tn(p -+ a) — d(p + a) 


a 
Note that for c= 0 this gives the parabola y = a? — C What is the 
geometrical meanmg of this result? 


10 (a) y= sn(z + 0), singular solutions y = +. 1, 
(b) e= + F(aroamy + yV1— 4%) + ¢ 
(6) ¢= F (Vea y)y — 2a aro tan «f Y ) + 6, 


2a— ¥ 


which 18 a family of oycloids end can be expressed 2 the paramotrie form 
a=c-+al(p—sing), y= a(1— cose) Smgular solution y = 2¢ 
vAi+ty 
(Q) @= + f R 7 + a dy+c (—l1SyS1);\ smgular solutions 
y= 1 (The reader should prove that these curves are not sine aurves.) 


ee 0} 
WW UN=y/l+y%, MO= BS oem tals and the differential 
equation 1s ¥ 


(1+ y)?y + hy” = 0. 
By the general method this 1s easily reduced to 


Fear eng 
6 


dt yp (c an arbitrary constant}. 


The various cases, all of umportance in the differential geometry of kul- 
faces,* are as follows 

(1) k= ich(> 0), o= —y*(< 0, y?< Kk?) ~=The curve 18 everywhere 
smooth, and oscillates, alternately touchimg the lines y= 4/ 13 — vy", 
Tt looks hke a sine curve, but 1s not one 

(2) k= x3,¢=0, The ourve 1s a oirole of radius « with centre on the 
% BXIS 

(3) k= «*, o= y*(> 0) The curve consists of a sequence of 1den- 
tical arcs, jomed by ousps lymg on the line y= y, and all toushed by 
y=a*fie ty? It looks hkea aycloid, but 1s not one 


(4) = —K*(< 0), ¢= yi >? ~The curve consiats of a sequonce of 
identical ares upside down, with their cusps on y == y and touched by 
yo s/y— i? 

(5) k= ~—r3,o=myi= x? The ouve is a tracirx 


(6) R= —k*, e= yy? <x? The ourve has an ainfimty of ousps, 
perpendicular to the lmes y= y and y= —y alternatively, 


12 Ehmmate 5 from the equations obtamed by differentiating the 
equation of the cirole twice and thrice, (1 -+ y’*)y’” — 3y’y'* = 0, 


‘See Eisenhart, Differential Geometry, pp 270-4 (Princeton Press), 
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13. y= wsinat; smgular golutions y= wand y= —z 
14. If y{w} = Dea”, thon 
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a (~1) 
% cn x Pia) 
y(%) omy 


If we substitute the power series for cosa? in the 
expression for J,(v) 1 
Tix. 4, p, 223, and interchange summation and mtegrat i 
pormiasible?), we got Seen enn 
1 © gi +i p2v 
J x) =~ py —— {—]y i} — 
deh mo Ls Ve ay 


tho value of f gon at ule = t 
QT eee ee eng Eo 


and referrmg to Vol. I, p. 223 The power series for 4 
thorofore identical, ne 
§6,p 481. 

1, Porason’s formula gives a potential function u(r, 6) inade the umt 
oirolo, with boundary values f(0) Now ul, 6) 1g also a potential function 


(of, Vol. 1, p. 470, Bx, 3) with the same boundary values, and 1t 18 bounded 
in the region outside the unit circle, thus the expression 


~— 5) [one att 
Qn Jo 1 ~ 27 cos(8 — a) +7 
ia » solution of the problem, 
2, The potential 18 


ieee t+ Ve ties @ tf 
s-14 VERT ETP 


Since on the ellpsord 2 == la cose, A/a + yi l/oi— 1 amg, the 


potential 19 


adil 
y log > 


the confocal ellipsoids 


2g a + oy 
fade oprnniens Bee | l1aeS 

ia” a — 1) Vaca) 

are equrpotential surfaces The les of force are the orthogonal trajectories 
and hence (of, Ex 60, p 466) are the confocal hyperbolas grven by the same 
equation when 0 & a S 1 and the ratio of # to y 18 constant 
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3, Let & be « sphere of radius p and centro (#, y, 2), lymg inside &, 


Since A (’ = Oand Aw = 0 1n tho region bounded by 2 and 4, by Cieon’s 
r 


theorem {of p 390) we have 


_ 1 du (l/r) i lau 0 a0 
o=f [Guo * Ss “sd -f (<a an as 
where in the first integral » 18 the outward normal to § and in the sooond 


athe) 1a) 


the outward normal to Z Now on the sphere % we have — Be 


1 
=} t= const =p, thoreforo 


[fo Ree= =f [F,20= 8 
” On 


since «18 & harmonic function (of p 475); mn addition, 


~ gel fons oa a ren { [es 


and as p —> 0 this expression obviously tends to u(a, y, z), for it ia the mean 
velue of w on 3, 


§7,p 480 


1 (a) w= f(x) + gly) (fand g are arbitrary functrona), 
(2) % = f(x, y) + gla, z)+ Aly, 2) (fg, have arbitrary funotions) 


{c) The most general solution 18 obtamed fiom a parhioular solution 
by adding the general solution of the homogeneous equation tty, = 0, 


1 ie dé i aE, ndn + f(x) + gly), where f and g are aabitimy, 
0 % 


2. Apply the hnem transformation 


t= G+ 4 
y = 3& + 24, 


um fly — 2) + ola — y) + el, 
3 Me 2 +2341) = 1, 
4, u(x, t) = fie — at) + gle + ai), thon for a > 0 


O = u(x, 0) = f(x) + g(x) 
O = u,(a, 0) = ~af"(a) + ag’()s 


by differentiatmg the first equation and comparing with the sesond, we 


have 
J'(w) = 0, g(a) = 0, 
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or 
f(%) = const = 6, g(z)=~—o for #20. 
Kor ¢ 2 0, moreover, 
p(t) = (0, t) = f(—at) 4- glat) = f(—at) — 6, 


that 1, f(§) = ¢+4 o(+) f&<0, Asw+ at = 0 always, and hence 
q(@ -+- at) = —o, 16 follows that 

G6 fora —~ ai 20 
Ld ie | (= fore —- at SO 


if both # and ¢ ara non nogative, 


5. If ula, y) = Za,,e’y", then 


Oy 1= | ae 
eth Wt Der 


In addition, 
to= ay = 0 for vel and ang=bL 
Hence 


ve a a _— 
way) = DAE m= S00) 
yor vi 
where J, is the Bossol funotion of Tix 4, p 223, 


6. (a) Tiom the differential equation we get 


(f(e))* + = 1 
or 


(f(x)? = 1 — (9'(u)). 


As the left-hand side does not depend on y, nor the mght hand side on 
«, both sides are equal to a constant (which has to be positive or zero), say 


4, that 1, 
(a) =o, 1- WW) =e 


uae bh a/im ay +5 


8 & BOlution, where o and 6 aro arbitrary and c? = 1, 


Hence 


() w= fle) + oly) grv08 
i= 


=: const = g 
gy) : 
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80 that 
um ae + 2 -y tb 
(where a and 8 are constants) 
Tf u = f(a)g(y), then 
‘ (f(a))* = 4 | 5 (g(y))? == const, == 20; 
80 In this case 
ua V { (20 + a)(2y+ NE 
where a, 6, ¢ are arbitrary constants 


7 A one-parameter family 1s obtamed from the tawvo paramote: family 
of solutions z = u(x, y, @, 6) by making @ and b dopend in some way on 
a parameter ¢ 


os f (i); b= ge), 
ze u(x, y, f(t), g(t). 


The envelope of this ons parameter family 1s obtained by finding ¢ from the 
equation 


O = 2,22 Ug f’ + tg’, 


and substituting this expression for ¢in z= u(w, y, f(t), g(t). Tho result is 
again solution of F(a, y, 2, 2» %y) = 0, a8 


2== U(x, yy a, b) 


Upp =F Uy + Ugly = Uy(@, y, a, b) 

My = Uy Tr Uyby = Uy (ae, y, a, b) 
and z= u(w, y, a, b) satisfies the equation F(a, y, 2, dens Zy) = 0, 
8. y + % ar bey 


U=2 


| 


we h e-}- h 


CHAPTER VII 
§1,p 497, 


= [ey am ‘Z + (1 — Yo)* 
le —Y 


0 
2 P= ———_— 
82, p 608 


1 Parabolas y= c# + ss 
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2. Ctirele with centre on z-axis, 
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B— & 
3, Y= a aera 


cs 
4. y= Timi b fora > 1 and y= aloga + b for n= 1, 


5. y= ale ~ byt) at nt m 0, y= a ihn = —m 
6. ay” + aly’ +- (b’ — chy = 0 


Hit b 
(for b == const , f byy’ dv = 5 (ua® — 91?) 
only deponds on the end-points of the curve y = y(x)), 
" 
7+ ti % < 5 


8 Consida: F(a, y) for fixed w as a function of y, let this function of 4 
have a mimmum for y= %, Then F(x, y) 2 F{m, 9) for o certam neigh- 
bourhood of fj and F,(%, #7) = 0 § will depend on the parameter x, 16, 
§ = 7x) ‘Then for any neighbourmg function y we have 


wy wy 
f Fx, yla))da & i Pla, Ha)) de, 
My Ly 


where f(z) sptisfies the equation F,(a, j(x)) = 0. 
9. (a) y= 0. 
(b) Use Schwaiz’s inequality For any admissible +, 


\ == y(1) — y(0) =f v'ae S AC fee) (frre) = VT, 


and the equality sign holds for y= # 


§ 3, p. 510 
1, Ifv= I/ff(r), then 7 is given by Bx 2, p 497 
F=f VEE POE PaO H 
Euler's equation for the variable o gives 
a of?r? ain? 
i F 


Fy = const = 0 


along a ray Now let the polar oo ordmates be chosen mm such @ way that 
the plane 9 = 0 passes through the mitial pomt and the end pomt, 
since @ = 0 at both these pomts we have » = 0 for some intermediate 


point, by the mean value theorem, thats, 0 = 0, but then o = 0 for the 
whole ray,1e 9» =. Hence the whole ray must he in the plane 9 = 0 
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§ 5, p 518 


The law of conservation of energy gives 


as\? 1 
p+. Us p= 5(5) = const. = 5 0 


da 
hence a= const = 0 = initial velooity. 
Thon Hamulton’s principle asserts the enti? pare of 
f (i — U)dt = ‘a ‘Tam Gof dt = cf "ds, 


atationary ohaacter of Hamilton’s mtegral nnplics that the length of 
path 1s stationary 


Miscellaneous Examples VII, p. 520 
1. From the differential equations for geodesics (p 618) we find that 
de 
for s oylinder, 16 uf @ does not depend on z, as const, hence the 
geodesios on a cylinder make a constant angle with the ay-plane. 
y”” 
2. (2) g(r) re Vl -- 4'*)8 == Q 


By (42 -- dy’ is ie __ oy 48 y/y"8 as 
Oa ye TTF RT Oe 
()yby’ + y? 

(@) (— yy” = 0, 


Bi (a) pd == (ty + by)pg + (by b Oy) Py FBP gy + 2b Q ay Fr EPyyr 


(b) Ate = 0 
eo fat f= 
vs mete gs cab areas 


5. (a} Bulor’s equation gives 


f+ 24u= 0, 
1 
from this equation and i pda = K*, we have 
Vf" fan) AK 
nie meV i) 


(2) For any contimuous adnuesible @ we have 


I =f fea <S (fr) (fear) a VC fre), 


the equality sign holding for p = u 
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CHAPTER VII 
§ i, p. 520. 
1. Pory = 0, 
2. Use the principle of comparison 


3. The coefficient of 2” in the expansion of oos*z + sin®z for 2 > O18 


% 
be ee te S aig 
—" peo vin — vl ni ea v : 


{of Vol I, p 28, Bx 2(b)). 


4. Tho series 18 convergent if, and only 1f,| 2] <1 Forif|z|= 6 <1, 
thon 


6g” 1 
oo ae eae Oe 
Si oF =i? 


a’ 
1-2 


2” 
and we may compare with the geometric senes If |z] > 1, thon ee 
tends to —1 as v moreases, whereas in & convergent series the terms must 
tend toQ If|z|=1, either there are terms in the series which are nob 
defined, or at least 1ta terms are not bounded, since 2” may approach I as 
closely as we please 


§ 2, p 685 


Let f(z) = u + w, g(z) = wu! + w’, fo = p + 29g, where p = uw’ — vv’, 
y= uv + ou’ Assume that w, v and also wu’, v’ satisfy the Cauchy-Riemann 
equations, and provo that the same 1s true of p, ¢ 


§ 2, p, 536 


1 The funotions (a), (6), (c) are contimuous everywhere; (d) 1s discon- 
tinuous at z= 0 


2, None 
B/C fhe UE oe aed + BB + (Be + % 82) 
BBE + ate + (a Bz -- « Bz) 
Now for aa — @S= 1 the difference between the numerator and the 
denommator 18 
22 vont 1, 

so that the numerator 1s greater than the denommator for | 2|> 1, and 
smaller for |z|< 1. If 88 — va = 1, the conveise 1s the case, 
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& Th z= ret, § = E+ 49, thon 


If rp -= const = o, then 
ga "2 
1 yi ‘1 i\? 
a(s+3) a(-3) 
if @ = const = ¢, then 
fa ff 
cose ' coste—1 
(of Ex 6, p 158), 
6 Virst transform, by puttmg ¢ = az 4- 2, mto the umbé ozrolo; then 


apply the transfomation ¢/ = 3 x : 


7, The equation of a cuole or straight lmo m the ¢-plane is of the form 
abl + BS + BS + y = 0, 


where « and + are roal; if we here substitute the expression for €, we get 
an equatton of the same form for z 


For a fixed pomt € = z we have the quadratic equation 


oz? +. dz — az— hb = 0, 


which has in genoral two different solutions <A orole though the fixed 
pomts is, as we havo just shown, transformed into a cirole and must again 
pass through the fixed pots, the family of orthogonal o:roles transforms 


into itself, because circles become circles and the transformation is con- 
formal, 


§ 8, p 645 
2. The series 18 absolutely convergent, by Vol I, p 882 
§8, p 661 


1, By the Cauohy Riemann equations the partial derivatives uy and vy 
of » are given; a function » with these dorrvatives does exist, since the con 
dition of integrability tpg -+ Uy, = 0 18 satisfied (of, p, 353), v 13 uniquely 
determined, apart from an additive constant ¢, and 1s given by the ourvi 
linear mtegral 

(a, ¥) 
v(@, y) = (oydy +. Uy dat) + 6, 


(0, Yo 
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[t also follows from the Cauchy Ricmann equations that v 18 a potential 
function, 


§ 4, p 653 
1, It 1s onsily seen that 
f (S) a 
— 2 tn wk 
18 an analytic function of 2, By differentiating under the integral sign and 
using “Leibnitz’s 1ule (of Vol I, p 202), wo find that AM¢{z) 19 


A(z) = a 


git pb et 


A. fh (¢) 
b> ( “vt (t—l)..e(m— wt v-b fa ee 


One ver 0 
“Ee” Of cer on am 


Only the terms with p—v S diff. from zoro, as otherwise G, is ) 


vanishes On the other hand, a term with p — v < 2 vanishos for 2 == 0, 
if wp <2, thee are no othor torms, so that AX) = 0. If uw Sx, thore 
romans only the torm with 4. — v = 2, 80 that 


ie a fe 
an) = “fe (¢- co a = F020). 
2 - £0 4 — 2 here O is tl l 
.jaf=|— ste eo mo, Where O is the oirole of 


radius ¢ about the o1gin, 


3, 7 ke i dz 18 equal to the sum of tho1es:duos of f in tho mtorsor of &, 


Now if f has a 4oro of ordor 2 ab z = &% 


F(a) = @ — %)" 9), 


Ja) __ note) + (% — ao)" 
1a (2 — %q) (2) 


where (zo) + 0; 


i") 
Tie 


4, (a) Tho number of i0ots of the oquation P(z) + 0Q(z) = 0, by 


Tix, 3, 15 
Pia) + 08) 
af Plz) + 0Q(z) 


The donominator diffora from zoo for every 0 for which OS 0S 1 at any 
point of O, the whole intogral is thercfore a continuous fiction of 9, 


80 the residue o ab z= gy 18 2rin, 
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As ita value 19 always an integer, it 18 constant, and hence the samo for 
6= 0 and 6= 1, 


(6) Iftal<rt— “ then r > 1, so the equation 25+ 1 = 0 has five 


roots inside the me |z] = uf we put Plz) = 26+ 1, Q(z) = a2 wo 
have on the crrole { z|= 7, 


1 Qz) |= |al[r<P®—1<[A+1]= | Pe], 
5, Of, the proof of Ex 3, 
§ 5, 3, p 659. 
1, The left-hand side of the formula is the sum of the residues of the 
ie 
function 2*/f{z), and is therefore equal to = 7 7 dz round a oirole 


enolosing all the roots «, But this mtegral tends to zero as the radius of 
the oirele tends to infinity (the centre remaming fixed), 


Miscellancous Examples VIII (p 667}. 
Ry — 


1, ~ -— must bo real 
Ry" &3 
2 hes | 41 = 74 muat be real For af 0 is the circle though 
tq — Bt Z,— %y a +} B 
Zy #o 2m We may transform CO by o hnear transformation € = 


werd 
into the real axis (of Ex 6, p 537), by Ex 5, p 687, A ts unchanged; 
then a necessary eondation that the umage of z, shall le on the same circlo as 


the images of 2, 2,, 2, 18 that 118 real, whioh 18 equivalent to A being real 
3. The equality to be proved is 


Vila — %| [25 — 24| + V [ae — 26 | | % — 24| 
= V | zy — %4| |Z —~ #4 | 
(4, — 2g)(% — 4) 
a 4 =a (2, — %q)(@_ — 4) 


Now the expressions undor the square roots are mvariant im a linear trans 
formation (of TEx 5, 6, p 687). If by a suitable linear transformation we 
transform. the cirole into the real axia, we have only to prove the relation 


AB OD4- BO AD = AQ, BD for four points on a straight line, whore 
ibis trivial 


or 
(2; — @a)(23 — 4a) — @q)(23 — %) 
(% — @s)(% — %) 


4, € == el takes every value exospt ¢ = 0, as 1s casily seon from the 
relation ef = e—*(opsa + 48inv) Now we have to choose § so that 


= cose = 5 (8+ =) 
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this quadiatie equation always has a solution 
Ce ot Vo — l, 
and this solution is not zero, so that a colresponding 2 exists, 
5. Cf Ex, 4, If t= ef, then 
I 
Boe 
tanz = : — = 9 
b+ 
4 
or 
Ll+e 


l~a 


C= 


there 18 a finite {+ 0 only when ¢+-b1, hence tanz=o only has a 
solution if 6 19 neither ++, not —+ 


6. If z= 2+ w, cose 18 real if = nn or y= 0, and sinz= 0 if 
moe Te fF OF Y= 0 (whore » is an mteger), 
7. (a) 1 = 1 (for |z| > 1 the individual terms tend to «, for |z| <1 


compate with tho goometrio series), 
(o)r=O0 (c)rel ~ 


8. Cf Vol I, p 176 


ef? 
9. (a) Integiate iva 


. _vi 
YS (am 2 + con't?) 


over upper semicircle, 


aiet® 
(b) Integrate iia over uppor semicirole; 
; v2 


i rg 
pra over upper somicirole 2 a, 
wad eer 
to ———-_ =; OVEr & TEgion hounded by 6 large oircle 

(2) Intoae® (@-F Ty@+ 2) perc fiaet 
about tho ongin and slit along the positive real axis; —~———--". 


(o} Integrate 


SIDA 
10, (a) +-2nt ab ¢== Yon, —Int ab z= (Qn +: 1)m ay 

8x : ™ 
(b) 1-211 ab 2 = 2am + 3 — Ont ab z= ann + 3 
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(c) Use the functional equation I'(2)= T(z + y+ D/ee+ 1) (a+ 9) 
ed 


Qn ab gs — nN 


(@) 2m7 ab 2= am 


11. Write aa = a“ - a cotné 1s bounded on tho squares 
~ —2 


%,, and tho integrals of sli over opposite sides of the square almost 


cancel one anofher, henee 


lim f = OW tee tina { aaa sge mm =: 0, 
0, 


no 40, @ n> 4 Oy ui — 2) 


If we put together residues of opposite poles, the sum of the rosidues 
converges and wo obtain cots = 2 (es -- : + a + ‘) 


{ef Vol Lp 444), 2 
12, er, ee oe ee rock PI (1 in 
1+: 1+ 
Tience 


log(1-+ 2) =z—-=++o- £- + ky, 
2 3 n 
wheto 


Tf we take z= e? and the straight limo from 0 to e” as path of mtogration, 
wo have, for ¢ + —1, 


| R f= [ae|s2 dt = 
o 1 + 2% =f “rt in + 1Y 


whore ™ denotcs the mmmum of 1+ e?for0 Sis1. Heneo if 
a= et + —I1, Zt, tonds to 0 


I i 
3) = E(e—ap- Bw) 


now 
1 ae f° 1 a 
(v= 1) By Soya gE 
<__t! le | 
(Qy— 11 | By — 1) 
and the series & es is absolutely convergent for a > 0 


» (2y — Lyte 
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(b) (1 — 24-*)t(z) 


| oe eee ~~ +f = 
i get gat aa aoe 93 “a gt 
1 1 1 
oo 1— 5 ++ ra ve -. = f(z). 


= = a—1 fd) 
(c) ane (2) = f(1) fo ea ha l, 
where 
g(z) == 1 — 21-4, 


MISCELLANEOUS EXAMPLES 


1, (a) If thero were o lmoar telation ax + by + cz = 0, where ag 
a=: 0, thon by scalar multiphoatzon of this relation by + we should got 
ama + bys + can = ax® = 0; hence a= 0, since xv? + 0 

(bd) Tho 1clation as -+- by + ex = 0 18 equivalent to the system of 
Imear equations for @, &, «, 

ary + bys + oa = 0 

fg “+ big -+ 0% = 0 

arab bg ++ o%, = 0 
Thoso oquations havo the unique solution ¢ = 6 = ¢ = 0, unless the deter- 
minant venishies, 

(o) Tho veotor equation v= av -+ by + cz corresponds to three 
o1dimary linear equations for a, , ¢ which certainly have a solution, sues, 
by (6), tho detormmant is not zo10, 


2. Tako a co o1dinato system Ow, Oy, Oz Thon (a) reduces to the 
multiplication theo.em fo1 detoiminants, (b) reduces to the identity, 


yy! 4- Vay! “|. Lata ats ~|- Xeotfa’ +4 Vals = Voky ig’ Ay 
ity’ Yara’ + Yara’ rts’ “+ Yella’ + Yate’ Hols te’ Ys. 
ae Wg Mus! Wy yt : 
Yor Yat Wa Hi Ye 


which ja cagily vorified by splitting up the left hand determinant into a 
sum of nino dotorminants, (c) may be verified by calculating the com 
pononts of , y, 4 (d) 18 an immediate consequence of (c) and 1(5), since 
by (¢) 

[sly] + [rfex] + [zLao]] = 0. 


Tinally, 1f +, 4, # aro veotors lying respectively in the three concurrent 
straight lines, then tho plane through + which is perpendicular to y and 2 
passes through « and [ya', ic sls normal has the direction of [sfye)]: 
tho throo normals lie in ono plane, hence the planes pass through one hne, 
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4 A rotation of Ox’y’ through the angle } leads to a new systom 
Ox’’y” A direst passage from Ory to Ory” gives the dosned result. 


5 (a) In the co ordinate system Oa, Oy, Oz take the vootors (@, By Yi) 
(cp5 Bas Ya) (ey Bsr Ys) Lf the detoiminant is orthogonal, the yeoto1s will 
form a new orthogonal oo ordinate system Ov’, Oy’, Oz’ 

(b) Tho passage from the system Ox’, Oy’, Oa’ to tho system On, Oy, Oz 
18 given by the determinant 

Oy YW Ky 
Pi Be Bs 
Y1 Ys Ya 


which again must be orthogonal, 


6 Pass from Ov, Oy, Oz to Ox’, Oy’, Ox’ by the following thico rota- 
tions (1) Rotate Ox, Oy, Oz through the angle @ about Oz, so as to form tho 
new syatom 02, Oy, Oz, (Oz = Oz). (2) Rotate Ox,, Oy,, O4, though @ 
about 02,, obtaming Or, Oyo, Ozy (Oa, = Oty, Oz, == Oz’) (8) Rotate 
Oxy, Oys, Oz, through } about Oz,, obtaming Ov’, Oy’, Oz’. In each of 
these slops the change of variables 1s to bo performed according to Ix, 3 
Finally, ehmmate the intermediate variables 14, yy %12 Vy Yoo a lis 12 
best dona by multiplying, m tho correct o1der, the threo dotormmanta 
corresponding to the above rotations 


, 


7 Note that cos.02' = cose cos) — sing sin oon 0, 


8, If @ 18 o unt vector in the direotion of the normal to the plano and 
& a unit vector lying n the straight no, then ¥ — @ 18 tho angle botwoon 
aand & It follows that 


ie gi OY ee 
3 / (A? + Ba 4 O07) 08 -- p4 - y*) 


9,¢=38,y=22=]1 


cos§ --sind 0 GOS & 008 8 cosy 
11, D=j{sm6 cosd 0| X [sing sin B any f 
0 a an({A®— y) am(y—«) sin(a —~ f) 


the first factor 1s equal to unity 


12, Adding the third and second column to tho first, diopping the 
factor A + 22, and subtracting the first row fiom tho sooond and third 
row, wo have D = (A +- 2B)(B — Aj? 


= {(a-b yt 2) (Pb yf at + ay — aa yey} 

13 In order to seo that the determinant represonts a Imoar funelbion, 
subtract the first column from tho other columns, By substiluting 2 = —~a 
ora —bin A, we got A and B, 

14, As uv = 1, Lerbnitz’s rule (of, Vol I, p. 202) gives 

wy + uy’ = 0 
wy + Qu’y’ + uv” = 0 
wily + Ba’’y’ ml Bu’y? = we noe’, 
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Theso equations, considered as Lnear equations for »v, v’, v, have the 

determinant —D, If we solve the equations for » by the rule given on 
p 26, we have 

1} O « 0 

O QW « 

—uv'’ 3u" By? 


= uv" fD, 


io. vo” = Do/u® = Djud 


15. (b) Put 2== logu, for 2 we then have the equation zy = 0, 10, 
%, doos not dopend on y, Let z, = p(s), then 


fa 

@ a= if p (w)eda + Ply) 

If we put 
me 
FOO ay, PO giy, 

then 

a= ot = f(x) x gly) 

17, Differentiate F(u,, u,) == 0 with respect to a and y, 


9) +068 


19, (a) |f(e-+ hy + &) — f(x, »)| 
_ Dice + dy ha + Oh as 
VEL +(e + AY Aly + bP} + VEL + 27 + 2y"} 
S| Sha + dhy +h 4. 2h? | 
S 2) M+ B+ Qhe + Qky | 
SS 2h + WA + AV (HF -+ A) V (a? +o) 
SQV (WF - he) {1 + 24 a2 4- 47} 
if wo assume that 48+ <1, Thuseg 
\f(@+hey+ h) — f(a, y)| <¢ 


for V (i ++ he) SS 


18, ww of the form 


é 
2+ av (et + yt) 
20, Let #= ai, y= bt; then 


32 
] at lim a@*}4 es 


aja 
hm 9(e, y) = im ——2* 
ane ¥) r—>o 2723 +. 6942 — at 


but if (w, y) approaches the origm along the parabola y* = a, fim y) = 4, 
gle, y) = 1 
21 Let 0 be given by the equations & = alt), y = y(t), where a(t) and 


0, 
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ytt) have continuous demvatives Let two points on O ootrimyprsed ta 4, 
and fy Applying “e mean value theorem, we got 


=f" Ve + yidt = (th — ty 2644)? + ory), 


d= Vi (4) — a(t) + Cyl) — yal 
= (ty — By) a(t)? -+ y(t)4, 
Where T;, Ty Tt; lie betweon ¢, and fy, 
d@—1= oltg — t), 
51n06 


Vin! + Wt — Vata)? + y(t)? > 0 as fy t »0 


22, As the series has positive terms, 16 18 sufficion’ to prove ble x a 
vergence and find 1t¢ sum for any order of tho terms Puta | & ~ my ttm 


nt 3 a a ] Hu 2 v\" 
gu = & (i) aan Bea el! 


ait a= 
_& 2: y ai ( “. 
ed yf % , 
ainoe fhe relation 


"i a 
x 4 az = ne{1 + 2)P-t 


aad 


holds (Tlus may be proved by differentiating the sdentity 
ni 
3 (") zt = (1 + 2)"), 

9 \t 


Qn 
! i 
nO Wt 


Thus 


24 If dots denote differentiation with rospect to tho longth of are & 


we have 
b= A/ x8. 
Now 
= eB 2't, 
i _ a, dt (xxl) 
i= Va i=+ (3) a Cee 
hence 
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25. By definition 
aw. y/ =s I, 
henoe, by differentiating, we get 


la ik 
If we put 
cy!” — B6y! = yy 
Wo have 
al = yy’, yl = yal, 
and henae 


BIB fl mae of 
Now aa 2 = a, 2” = 0, the osoulating plane (of Ex 1, p. 98) 18 given by 
ay — a) + (n— ghar” + (S~2y=0, 6, 0) 
ié obviously contains the normal of the oylinder, given by 
(6 — we” + (n ~ y)y = 0, Ge 
By (@) the ourvature (cf Ex 24) is given by 


Ace ied) oe PPE Ce 
(x"8 + y? + at} (1 + a* 


By (b) the binormal veotor (of Ex 7, p 94) is given by 


ag” Y 
aoa ar : ra ae OCLE SD ee ChE aes =) 


—ay aa’? 
i (Ges Wita aca) 
ay 1 
= (Fs Vitae rer 


Sinco + 1s the Jength of the derivative of this veator with respect to the 
length of aro (the element 4 whioh 1s {1 + a*}ds), we have 


ya? 

<= {2 me (2 -E at)? Sib a (1+ (1+ at" 

26. CE. ix 1, p 98, Tho equation of the osoulating plane is, 
ff? = Elf cond + f sind} + 9(f”aine — f* 0088), & 


' ' 


the distance of the plane from the origin ig 
FAS UV +f +L 


which reduces to V(1 -+ 1/A?) in the spemal case, 
27. Cf Ix, 24 
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28 (a} According to Ex 3, p, 10, the plano is given by 


fai,® men bi? = st oly — & 
fat? — 2 Sbt2 — y ely-—- 2} = 0. 


(b) By Ex 1, p. 98, the osoulating plane at the pot ¢ 13 the Imut of 


the plone through three pomts which tend towards the samo pomé, and w 
therefore given by 


At the pomt of intersection (v, y, 2) of the osculating planes at dy, ty ty 
this equation must be satisfied for t= 4, and é= ft, and t= tf, Hence 
fy, ty, ts are the three roots of the equation above. Thercfore 


32 

— hb t+ by, 

¢ 

83 

2 = tb, + bits + eats, 
REA 

— = bbot 

4 rats 


These expressions for 2, ¥, 2 antisfy the equation of the plane in (a). 


29, If b, 6 aie kopt fixed and @ alono varices, wo have s = dbesmA, 
ds= besos Add IJhom a? = b+ ot ~ 2bc 003.4, wo have by differen- 
tiation ada = besmAdA, hence 


a 
dz pay cos Ada = R cos Ada 


30. Denote the components of the vector AP by a, y, % Thon 
de -- ydy -}- 2dz 
= V¥ (a9 + yp at Se ea? 
AP (a2 + y*-} 2%), d(AP) Ve@ppree a,aP 


31, Using o self-evident notatron, we have 


d ad 


By Ex 30, 
s(PA) = @P == —a(au + by + cw) = —u — (abv — (ach, 
Now 
Pda = au + (abjva + (aclwa — au— by — cw 
=: [(a@d)v + (acjwla — vb — we, 
32, P= av-+ dv-+ cw, hence P = au by + Gw-+ au-b+ Sd-4+ ow 


Introducing the oxpression for ¢ from the previous example and the similar 
expressions for & and ¢, we get the required expression for P. 
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(v3 -}- 49)? = 4(a929 4. 67/9) 18 the equation of the cnvelope Note that 
if tho conie 18 a roolangular hyperbola this envelope 1s an ordinary lemms 
combo (2% 4. gf) == daP(ad — 92), 


35. If P doseribos the pedal ovrve I” of I, construct on OP as diameter 
& cizcle in the plano perpendicular to the plano of I’, the envelope 1s the 
stufeco generated by this variable circle 


37. An ollipse 


38. A plane touching the parabolas has an equation of the form 
—o% 4 oy + oz 1 or —o8e + ey — 2 = 1 
he corresponding envelopes are 
fy +- 2}? = da and (y —~ 2)}* = 4a 

39. ‘Tho proof resembles that for n = 2 (Appendix to Chap TU, §1, 
p. 204) A posstavely defimte quadratic form Za,,%,%, can be brought by & 
suitable transformation tty== Loy Yy (= 1, ..-, 2) With a non vanshing de 

kal 
formmant into the form Yayet= ne tyr ty > miei. + 
ay*), Whore m is a suitable positive constant. Yor the appleationa it 18 
important to .omember that a necessary and sufficient condition that 6 
form == Da,yzyt, aball be poutively defimte 1s that its principal firat 
minors of order 1, 2. «+, 7, a8 mdicated below, 
Gy «Fig Ay, 


ig, ign = ag 


Oy Qan 


shall all be positive @ is negatively definite if —@ 1s pontively definite 
40. Sketch the ourve f= 0 and investigate the sign of f throughout 
the plane. 
41, Té P; =m (a4 Yy)s i= PP, we have 


8 
df= Sarr, = Ercy — yode—(e— aes 
i tr? 


whioh is posttively definite. : 

42. At the pomt P,, Note that the fonction f= 1b fy Tt fs 3 Om 
tinuous in the oa plane: but not differentiable at the pee an 
where ié has conical ports (ke the function 7 = tz — % — Hy, 
whigh geometnoally represents » ou.cular cone) Investigate the derivative 
of f at P, in all directions round this pomt. 


43. According to the first rule we have to compute d*f trom (3), with 
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Uy 00s lm Pry oe, ty, substatuted fiom (1) Note that (1) implica 
that 
Po, = LO dd, dt, Pug, + Pp, Fem = 9 (Y= 1, ee YE 


if this 1s multiplied by 2, and added to (3) for all valucs of p, wo have 
P= PP= IP, , dry4dxy, because Gruyeee, @r,, diop out on account 


of the relations (2), 
44 Tor P= f-+ Ag (disrogarding a positive factor) wo got 


1, 
CPr= 3 dv,dtys with dp = dy +... $a, = 0, 
a4 
Ehminating @2,, we have to show that the quadratic form 
lawl 1,n—-] 1,n~1 
OP = (day eae + dag) — Deda = Ddrs -- 2 dv, dite 
tk 4, 
13 positively definite 


46 Tho co ordinate axes 


47 y= .{1-b ) Tho two bianches of tho aurvo foaming the ouwap 
at the ongin le on the same side of thon common tangent 


48, (a) If we put f =a + my +nz, p= ev? 4- YP 4-28 — CP, Bs fmm Amp, 
then the conditions for stationary valuos are 


Das )paP-h an = Apy?—1, mm AgeP—1, » « {Al} 
Multiplying these equations by 2, y, 2 respeotivoly and adding, wo linve 
la 4- my 4+ nes rem wk, (ZI) 
Caleulating x, y, 2 from (A) and substituting nm » = 0, we got 
Ap = (78 -- me ntytlagt—p 


Substitutton of this expression for Xp in (2) gives tho statsonary value. 
(6) Cf Ex, 43 Here we have 


OF = —dp(p — Uv? 2dr’ -- yP~2dy |. 2?—2 qa), 


ag Ap 5; : this quadratic form ig positively or negatively definite nooolding 


49 Mimimum for x = 1, y= 4, saddle point for ¢=: —1, ym 2 


50 Let AB touch 5 at P Let A’B’ bo anothor tangent, and leb the 
new pomt of contact be P’ Then if de 18 the anylo botweon Ad? and A‘E, 


and we noglect terms of the secout onder, the difforonce of tho arcas o 
A’R'O and ABO 1a - = 


as = (aps — BPs) 


For the triangle of least area AS == 0, that is, AP = BP, 
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51. Apply tho transformation 
w= voosa— ysing, y= asinae+ y cosa, 


52 Lob § denoto the omvo fla, y) = C and § the ourve ow, y) = 
J and 8’ havo a point of contact in (a,b) In gonoral, f(x, y) ~ G18 posttive 
on ono sido of § and nogative on the other side m some neighbourhood, 
similarly with p(w, y) — CO’ and 8’. Ifeg f(a, b) 1s a maximum of f, then 
f(@, 4) - GS 0 on 8’, 1.e, 8’ 18 wholly on one side of S, then S 15 also on 
one side of 8’ That 15, (a, y) — O' has o constant sign on § and eg it 
is equal to soro at (a, b), 16 has cither a maximum or a mimimum there 


53. Tho cquation of tho gonerating tangent 18 


pind -- ycos0 = a(0 sin + cost — 1), 


Tt 
ad 2 fi 1 
55, Sr wad = ( re sa) 

AES fe) w/o : 1 — 27 cos?) si 

Bnd 
— dQ = — . are tan (= ik ) 
1 ~ 27 cos*0 Vim 2 1— 

we have 


d % 1 
afl) = & (1 Game) 
ind thorofore 
f(a) = wlog(1 + V1 — v4) — w log2, 
66. According to p, 278, 


n= ff VEG — F* drdd 
Os f'(0) 
= | aof Vr 4. £8 dr 
fh 70 
Dy 
ws [V2 4 log(1-+ V2)] | 4f’d0 (of. Vol I, p 218), 
4, 
whioh is [V2 -+ log(1 ++ V2)] times the area of the projection 
(i:53050, OSrsf(0). 
BY, Ay A— Bithe= §, A — $ BR? = 4), we have A= 10, B= TS IR, 
Tho attraction at an internal poms 1s equal to the attraction of the total 


masa of the pomts inside of the sphore of radius 7 concontrated at the 
gontro of the sphere, 
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AM Vy tram Pats ve were ig ted re AP aH Ee foam 2 fee da he siggy 
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wate Sardies ts ivy {4 i, y,* rr py os ey 4 ty &F » ¥ 
$3,000 gh Vdaeas odes that 
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nad | (y Wty | ter WE WE 
Lf {34 fo 4 af 
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i X 
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65. The generators are the Imes of the surface given by # = const, 
or by y= const ‘Thus, as d8 = (1+ 2,2 -+ z,3)'/2dedy, 


4 E j 4 gE 
I = aevennene ;-— 2 a 
J uf “Ee ae i. “Ops e+ 


ae &y 
== aro tan G+ 2 ue 
ad * d flog(1 + acosr) r dt Tt 
66 © Kla)= [ = (wee eee) = f nee ere em 
a 9 da cost oe pitacory W1—a 


thus K(a)= 7% arcsina-+ const, the constant 1a determined fom the 
sondition (0) = 0 


67. Intioduce new variables u and v by the cauntions u = 24/y, 
v== y'%/e, The aroa thon becomes 


bt @ O(a, ¥) b ab res 
ei Tar ails af uw uf v a) 


(of p 268), 
68. Take a co ordinate system O2x,, Ox,, Ov, and denote the position 


vector of a variable pomt on I’ by x, Then a=4] x X dx has the re 
tT 


quired properties, for a,,== 4 f (wv, dt%,— %,d2,) 18 the a1ea of the projection 
r 
of T' on the plane 02,7, 
69 The motion takes place in a plane, since p 18 a central force proved 
for the conse p = 1/r? on pp 4238-4) Hence 


ae 


It follows that 
ey —~- ey = const = h, 


—tE— 4 
te + i = pm — 10, 


Henco 
d 
~. (at Lot) 
$5 (a+) = —4p 
Nhe distance of the tangent from the origin 1s 
| RY — wY | ie A 


Very Vtg 
(F O12) 23 
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therefore 


or 
as meg 
dt P 


which proves the first statement Jor the cardioul we have q = r4/V 2ar. 


70 Let (%, 41), . + @y ¥,) bo the athacting particles, Thon the 
resultant force at a pomt (x, y) has the components 


v— 2B, 5 ¥— Ye : 
OF aah ea {Vik oP 


If we mtroduce the complex quantities % = + Wy, . , Zy = yk as 
a= a+ wy, Z= X +4, wo have 


where f(z) denotes the polynomial (z — z,) (2 — %,) and 4 tho complox 
quantity conjugate toz The positions of equilibrium correspond to Z == 0, 
16, to the zeros of the polynomual f(z), of which thoro are 2 — 1 af, most, 

Positions of equihbrium in the partioular cago (0, 0), (VW (at — 6%), 0), 
(— V (a? — BY), 0) 


71. By defimtion 
= —~ Ma — Quy 


= — Ry 4 Qpat s : ‘ t a (A) 


Or differentiatmg the two equations twice and combining them wa get 
an equation involving « onl 


Ut (2 + du) + Ady = 0, 
and a corresponding equation involving y only, 
Y + (209 + dua)y + My = 0, 


Thus # and y are Lnear combinations of e+ Met VIF py) (of, Ex. 1, p, ddd), 
or of cost V+ BAY, cos(u—VREb vy, sin(u + VAP uy, 
sin (yu —V 2 4- u2)t, with constant coefficionis a, b, 0, d, and a’, b’, 0’, df, 
From (A) it follows that a’ = —o, b’ = —8, = a, d’ ad Using tho 


intial conditions 2(0) == y(0\ = (0) = 0, 2{0) = u, we obtain the rosult 
given. 
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72 (b) The equation becomes of tho form toated in (a) f we mul 
tiply 1t by 25 It has tho particular solutions «= a? and v= 25, heneo, 
by (a), a thnd solution is given by w= 1 + 2%, the general solution 1s then 


A(l -++ 23) -- Bad + Grd 


73, The curve aatisfies the differential equation 


or in polar co o1dinates 7, 8, with 0 as mdopenttont variable, 


193 . 

ar Se 

cas) ~— an 
that is, 

dlogr a 

“do Load cond ++ tan 0, 
whence 

Oe), 
tan (S -- a) 
7 eae ie, eis 
a cos ~~  goghF19 


(of. Vol I, pp 214-5), 


74. According to p, 482, a solution of the fiist equation is of the form 
a= f(z + at) + gr — at) 
On substituting this expression in the second equation we have 
fg = 9, 
Le, either f= const, or g= const Hence z= f(x 4- at) or z= fla — at) 


1a tho most general solution of both equations 


76, Put u == (22 + 98 + 24)0/2 and let K be of degreo f Then 
2 


ni 

AU = Ugg tH Uy TF Ugg = (0 4 1)? + y? -f 24) : ' 
Bn aK aK 

OR" oy ag (of, p 109), 


ith 
Hence u = (2% -} y3-+- 2%) = * is a olution, 


76, (a) The value of the integral round the small ouoular detour 
tends to zero as the circle becomes smaller If wa put z= ef on tha 
(F912) 234 
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unit arcle and = % 2= respectively on tho axos, Cauchy's thooren 
gives 
1 1\v _ ie 
0 =/ (o + 4 et) de +. of? {ef -- @ t0)mgiOn fQ 
0 v 0 


— Yrr t 


= i ‘(ot ae atldy +a 2m i: gos"! Det"? dO 
0 a 


tr(#— 122) m 
ate [(- y + yaa 


by equatimg the imaginary parts of this equation, we got 


gm if wa O cada ddan = i (—y- ee yt-ldy 


=} pan 5 am) Hi (1 — qymqer-m-DBda 
= $em s(n — m) a(m + 1, — sy) (of. p 837), 
(b) Use the relation 


an mie (ey - 7 
5 Yr 


3 “(Goel (of p 838). 


77, Tf w+ 0 and if O' 18 a contow im tho region m whioh f is rogulor, 
and contaims y bué not 0, thon, by p 649, 
a oe 
dy (yf ayhtt Qaida (E+ aye FIL — yy 4 


If we put a= y = V @ the latter integral becomes 
ni tf (t) ' 


Oma y, (2 — wera 
If we then substitute 4 = +, the mtegral becomes 


a f flv) 


nates CL 
dada (t— wyr ti me 


where ( ig a contour contaming # but not 0, tus mtogral 1s equal to 


qn 
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78. | emma oy) jt = (Se) (AO = ere) 
2 D) 
== + (cosh2e — cos 2y) 
= 4(cosh2e— 1) 
Integiate along the boundary of a square with mdes a= 4+m(n + $) 


md y== =-7(n -+- 4), whore 7 18 an integer, As n—> o the mtegral tenda 
to yo10, henco the sum of the residues tends to zero. 


INDEX 


Abel's integral equation, 340-1 

Acceleration vector, 87 

Accumulation, point of, 95, 5°73. 

Affine transformation, 27-33, 74, 78,133 

Algebraic function, 44, 118 

Amsler'a planimeter, 297-8 

Annlytc extension, §63 et seq 

~~ funclion, 532, $36 

Avgle between two curves, 126 

——— two cuiyes on surface, 164 

—— — tivo planes, 11 

om two sutfaces, 130 

Are, length of, 86, 162 

Area in more than three dimenaions, 
poowts 

— of curved surface, 268-74, 342 

— Of plana region, 347 

— of polygon, 19 

— of region bounded by straight lines, 
aoq et seq 

~~ of aphero, 270-1, 273, 392-3 

—of surface of revolution, 274 

— of triangle, 13 

Avena, orientation of, 375 

-— Jnw of, 425 

Astroid, 176, 339 


Team, 280, 435 

Bernoulli’s equation, 444 
Bornoulli’s numbers, 55° 

Bessel functions, 224, 255, 468 
Beta function, 335- 

Binomial serica, 549 

Binormal vectoi, 94 

Bohr’s theorem, 324-30 
Boundary of a set of pointe, 98 
Houndary-value problem, 433 
-~—~ for I aplace's equation, 478 
lirachistochione problem, 491, 505, 519 


Cnblo, loncded, 434 

Cardioid, 179 

Catenary, 493, 520 

Cauchy's convergence teat, 96, 102, 523 

Couchy’s formula, 545 4 seg 

Cauchy's theorem, §39-4%, 55% 

Cauchy-Riemann equations, 166, §32 
535) 536 

Caustic, 179 

Cavaheri’s punciple, 266 

Centre of curvature, 87, 

— of mass (centroid), 12 38, 277 

Chain rule, 72. 


o7n 


Circulation of fluid, 371-2, 396 

Clairaut’s differential rahen, 466, 

Closed regions, 42, 07 

— sets, 97; 9 

Complex functions, 541 

~~ numbers, §22 

Compound functions, 9 et seg 

Confocal conics, 158, 537 

— parabolas, 127, 139, 457 

am quadrics, 158, 168 

Conformal representation, 157, 
166~7, 5358 

Conservative fields of force, 415 

Content, 235, 287 

Continuity of function, 40, 44 et seq 

—of integral with respect to para 
meter, 217 

— uniform, 97 

Convergence of double sequence, 101 
et se 

— of integrals, 257, 259) 26o, 263 

— of power series, 52 

— test, Cauchy’s, 96, 102, 579, 585 

. — for complex sertes, 523 

—uniform See Uniform convergence 

Convex functions, 325 ef seq 

— regions, 100-1 

Co ordinates, change of, 5, 6 

— curvilinear, 138 

— cylindrical, 142 

— orientation of, 2 

—polar See Polar co ordimates 

Coulomb's law, 469 

Curl of vector field, 92 ef seg, 393, 404 

Curvature, 86, 125 

— centre of, 87 

— of surface, 168 

— vector, 86, 93 

Curves, families of, 124, 169 

in implicit form, 122-9 

-— in apace, 8 

— on surface, 162 et seq 

— singular points of, 127-9, 209-11. 

Curvilinear co-ordinates, 138 

—— net, 135 

Cusp, 128, 210 

Cylindrical co ordinates, 142 


158, 


Definite quadratic form, 205 
Density, 235-6 

Derivative See Differentiation 
Determinanta, 14, 18, 19-22 
— differentiation of, 58, 59 
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Determinants, funcional Seo Yacohian 

— multiplication theorem for, 36 

Differentiability, 60, 65 

— of complex function, 530-3 

Differential, 59 et seq , 67, 72-3, 193 

Differential enustione, existence theorem 
for, 451, 459-63 

—~ Claraut’s, 466 

~— Euler's, 497 et seg , 502-4, 508, 513 

~~ homogeneous, 441, 438, 442, 445-7; 


449 

-- linear, 4498-42, 559-60 

—-— of first order, 429, 450-4 

— — of second order, 442-3, 463 

——™ with constant coefticients, 449 

—non homogeneous, 431, 438, 442 

—~ partial, 468, 481 

—~ Rrecati’s, 443-5 

— systems of, 462-3 

Differentiation and continuity, §4 

~ change of order of, 55, 57, 218 

—~1n given direction, 62 

~~ of complex function, 531 

-~— of compound function, 71 

~~ of determinants, 58, 59 

~~ of integral, 219, 2 40 

—~-— with respect to parameter, 218- 
22, 312 

— of power series, 526-8 

— of vectors, 85 

“— space, 235 

— to fractional order, 340-1 

Dint’s theorem, 106 

Dipole, 471 

Direction cosines, 3, 6, 12 

Dirichlet’s discontinuous factor, 320 

Dirichlet’s formula, 321 

Discriminant, 172, 180, 210 

Divergence of flow, 371, 389 

— of vector field, 91 et seq , 404 

Domain See Region 

Double integral See Integral 

Double layer, potential of, 472-7 

Double hnut, 46, 101 

Double point, 210 

Du Bots Reymond’s proof of Euler's 
equation, 499 


Ellipse, 127 

Ellipsoid, 131, 264-5, 285-6 

Llliptee integral, 221 

Energy, kinetic, 280, 416, 511 

— law of conservation of, 281, 416, 512 

— potential, 415, 511 

Lnvelopes of families of curves, 171-4 

— of families of surfaces, 179-81 

Epicycloid, 179 

Equilibrium, 416 et seg 

Equipotenttal surfaces, 470 

Errors, calculus of, 68 

Euler's differential equation, 497 et seq, 
502-4, 508, 513 

— integrals, 323-38 

— multipher, 457-9 

— relation for homogeneous functions, 
109 

— representation of motion of flutd, 212 

Exponential function, 534, 544 


INDEX 


Extremals, sor 

Extieme values, 183-6 

— — sufficient conditions for, 207, 
——with subsidiary condstions, 188~- 


190 


Falling body, 418 

Familtes of curves, 124, 169, 

~— — differential equation of, 45 #75 

— of surfaces, 140, 170 

Fermat's principle of lenst time, 495 

Field of vectors, 82 

Tlow of fluid, 370, 384, 388, 396. 

Yocal co-ordinates, 158, 392, 

Folium of Descaites, 117, 132. 

Force, field of, 372, 384 

~— linea of, 384, a 

Forces, space and suiface, 3917 

Fourier integral, 318-23 

Fresnel’s integrals, 317 

Function, algebraic, 44, 018, 

analytic, §32, $36 

— complex, 533 

— compound, 69 et seq 

— differentiable, 60 

—— homogencous, 108-10. 

implicit, 1TI-2E 

—many-valued, 569 

— of function, 494 

— of acyeral Hehe 49, Ad 

— rational, 44, 45) 55 

Functional ¢ cena See Jacobian 

Gamma function, 323-38, 545, 565-6 

—~-— extension theorem 01, 335 

— — infinite product for, 333 

Gauss’s fundamental quantities, 162, 
I 

Gauss’s product for gnmma function, 


490 

Gauss's theorem, 360, 364, 370, 384 ef 
$€9 , 40%, 402-4 

Geodesics, 493, 517-8 

Geometric serics, 524 

Grachent, 89, 92, 124, 131 

Gravitation, 282—5 

Gravitational field, 83, 90, 951,407, 413: 

Green's theorems, 366, 390 

Guldin’s rule, 274, 294 ef seq 


IIamilton’s principle, g1o~2 
Heime-Borel theatem, 99, 

Tidldes's inequality, 201 

Ilomogeneous function, ro&-10 

~— differential equation, 431, 438, 442 


445-7, 
Fiyporbolow 161; 168 


Tmplicit functions, existence and con 
tinuity of, ra4, ay 

Inertia, moment of, 278~80, 286 

Inflection, point of, 125, 

Inner product, 7, 85 

Integral as function of parameter, 216+ 
a1 

— convergence of, 257, 259, 260, 264 

— curves, 45% 

— differentiation of, 219, 238, 240, 


INDEX 


{ntegral, evaluation of delinite, 554-6 

— improper, 256-64, 307-13 

~~ —— convergent, 257 

— lime, 343 et seq 

mean valuc theorem, 232 

— multiple, 215 ef seq 

—-~—reduction to repeated f{ntegrals, 
247-8, 241-6, 266-7 

~ of product of functions, 228 

~— over surface, 300-7, 974-84, 

—--in more than 3 dimensions, 301 
et seq 

— transformation of, 247~54, 368, 373 

Integrating factor, 457-9 

Integration, change of order of, 239, 


€ onan 

— of analytic functions, 939-41 

— of power serics, 526-8, 

-— of rational functions, 556-7, 

-~ to fractional order, 339-40 

Intensity of flow, 371, 389 

Inverse functions, derivatives of, 14275 

Inversion, 135, 1§3, 187, 168 

— in space, 159 

Crrotational, 372, 397 

Isoclines, 454 

Isolated point, 210 

Tsopermmetrical problem, 
518-20 


214, 493) 


Jacobian, 143-4 14h 181) 184 156~7, 
248, 253, 307- + 377s 


Kepler’a laws, 422 et seg 


Lagrange’s differential equation, 466, 

— ie haa equations, 512 

— identity, 19 

—— multipher, 190-9, 516-8 

— representation of notion of fluid, 212 

Laplace's equation, 76, OB 397, 47% 

— — boundary value problem, 47 

-— ~~ from variation problem, §15 

—~— in polar co ordinates, 76, 309, 391 

Lemruscate, 116, 128, 132, 210, 

Length of arc, 86, 162 

Level lings, 90, 

~~ slrfacts, GO, 131, 470 

Limit of double sequence, 46, 101 

Lane eleinent, 163, 273 

Line integrals, 343 et seq 

—-— main theorem on, 352, 358, 397 

Lanear differential equation See Dif- 
Serential equations 

—— equation, 23~6 

Linearly dependent functions, 439-40 

Lanes of force, 384, 470 

Lasaajous figures, 422 

Logarithm, 541-4, 564, 567 


Many-valued functions, 563 
Mappings, 133 ¢t seg 

— of surfaces, 161~4 

Mass, 235-6, 276 

— centre of, 12, 38, 277 

— moment of, 276-7 
Maxima, See Evtreme values 
Maxwell's equations, 485-8 
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Mean value theorem, 80 

-~-~— for potential functions, 477 
— — of integral calculus, 232 
Minima Sce Evireme values 
Minmmal surfaces, 515 

Mobius band, 379. 

Moment of inertia, 278-Bo, 286 
—- of mass, 276-7 

Momental ellipsoid, 286 
Multiple integrals See Jnutegral, 
Multiple point, 128 

Multiplier, Euler's, 457-9 

— Lagrange’s, 1go-9, 516-8 


Nabla, 92 

Neighbourhood 42,99 

Newton’s fundamental equations of 
mechanits, 413 

— Inw of attraction, 413 

Node, 210 

Normal, 124, 130, 163-4. 

— vector, 86, 


o, O notation, 48 
Gpen regions, 42 

Ordor of vanishing, 47-9, 551 
Orientation of co ordinate oxes, 2, 
— of surfaces, 3775-81 

Orthogonal curves, 126 

— trajectories, 456 

Oscillations, small, 419 

Osculating plane, 93, 94, 518. 
Outer product, 13 ef seq, 85 


Parnbolas, confocal, 126, 137, 149. 
Parabolic co-ordinates, 139 
Parametric curves, 165 

Partial derivatives, 51 ef seq 
Partial differential equations, 468, 481, 
Pendulum, 280-2 

Planes, angle between, 11 

~— equation of, 8, 9 

Planetary motion, 422 ef seq 
Planimeter, 297~8, 

Piateau'a problem, 515. 

Potsson’s integral, 479 

Polar co-ordinates, 138, 149-4 

-— ~~ derivatives in, 75~ 

~~" in space, IAL, 254 

— inthe i, 254 

—— Laplace’s equation in, 76, 369,391. 
~—— volume in, 267 

Poles, 469, 552-3 

Polmnomials, 44, 45+ 

— [fermite, 82, 

— multiple mtegrals of, 228 
Potential energy, 415, 51% 

— function, 91, 53° 

— of double Inyer, 472-7 

— of torce, 283, 456, 

— of mass distribution, 469 at seg 
— of spherical surface, 284-5 
—— mean yalue theorem for, 477 
Power function, 544-5 

Power series, $25 é¢ seq , $47-9, 553 
Pressure, 392 

Primitive transformations, 91, 32 


at seq 


149 
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Quadrutic forms, 204-7 


Rational functions, 44, 45, 556 
Real numbers, 569 e¢ seq 
Regions, 41 ef seq 
Regular function 
tron 
Residues, 552 
— theorem of, 553, 556-7 
Revolution, area of sutface of, 274 
— potential of solid of, 28 
— volume of solid of, 266-7 
Riceatr’s differential equation, 443-5. 
Riemann’s zeta function, 545, 568 
Rotation, 5, 12, 19, 38, 83, 
— vector, 92 


See Analytic fune- 


Saddle eae 188, 207, 21L, 
Scalar, 34, 88 

Scalar product, 7, 85 

Schuler’s pendulum, 282 

Screw, orientation of, 2 

— surface, 276 

Separation of variables, 441 

Sets of points, g6 et seq 

Singular ports of analytic functions, 


552 

— — of curves, 127-9, 209-11 

— — of surfaces, 211~2 

Sinks, 370 

Solid angle, 408, 474 

Source-free vector field, 404 

Sources, 370, 371, 469 

Space differentiation, 235 

Sphere, area of, 270-1, 2°73 

— centre of mass of, 278 

~~ line element on, 168 

-— moment of inertia of, 280 

— n-dimensional, 302-4 

— parametric representation of, 160 

— potential of, 283, 284-5, 

— tangent plane to, 131 

— volume of, 267 

Spherord, 275 

Stationary character of integral, 497 
et seq, 38” 

—~ values, 186 

Steimer's theorem, 279-80 

Stereographic projection, 160, 16%, 

Stokes’s theorem, 365, 393, 402-4 

Straight lines, equation of, 8, 9 

— — shortest distance between, 19 

Strophoid, 177, 210 

Superposition, principle of, 438, 480 

Surfaces, angle between, 130 

area of, 268-74, 300-7 

~— element of, 270 

—- family of, 130, 170 

~~ Gauss’s fundamental quantities of, 
162, 168 

-—1n implicit form, 129-31 

~~ mtegration over, 300-7, 374~84 

~~ normals of, 130, 163, 164 

“= parametric representation of, 159 

~~ singular points of, 211~2,. 

—— tangent plana of, 64, 130 
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